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FOREWORD

In acc:rdance with the plan of the Science Council on Magnetism

at the Academy of Sciences USSR and the resolution of the presidium of

the Academy of Sciences of the Latvian SSR, the Institute of Physics .

of the Iatvian SSR Academy of Sciences has called together in Rjga, in

June 1960, the second conference on magnetohydrodynamics.

The work of the conference was done in four sections: theoretical

magnetohydrcdynamics, plasmatheory, experimental plasma physics-, and

applied nagnetohydrodynamics.

In attendance at the conference were approximately 500 persons

from different cities of the Soviet Union. More than 140 papers and

communications were heard.

The present collection contains the abbreviated texts or abstracts

of most papers delivered at the conference. The texts of the papers

were presented by the authors themselves, and the editorial staff made

no charnes in them. Consequently, there is no adherence to a rigorously

unified notation for the physics quantities in the collection.



VTH-ORETICAL PRCBLEMS OF MAGITTCHYDRODYINAMICS

FUNDAM.ENTAL EQUATIONS OF RELATIVISTIC

MAGNETIC GAS DYNAMICS

K.P. Stanyukovich

Moscow

In the present paper we present a rigorous derivation of the equa-

tions of relativistic magnetic gas dynamics in the case of finite con-

ductivity, and a transition to the classical limit is given.

We do not give here the precise dependences of e and tI on the

character of the processes that occur in the medium, but these quanti-

ties are assumed to be variable.

In specific problems where there is a considerable electric field

in the systems own frame of reference, and also in other cases, com-

plete solution of these problems calls for knowledge of e and p as

functions of the process or of the state of the system; this, however,

Is already in the realm of relativistic plasma kinetics, in the deriva-

tion of which we shall not engage in the present paper.

Many problems arising in the case of good conductivity of the

medium can be solved by means of the relations indicated here, some of

which are presented for the first time in the form proposed here.

Of greatest interest are motions possessing syaetry.

1. DERIVATION OF FU11DAM.YNTAL EQUATIONS

Let us derive the fundamental equations of magnetic gas dynamics

in general form for the relativistic case.

The motion and energy equations can be obtained from the well-

laown expression [1]

FTD-TT-62-1301/1+2



-- O-• (,'-,-F •)=0.(1)

where

( + ( ,-p + (2)

is the macroscopic symmetrical. energy momentum tensor;

+C- i + UU. + U7X/M

is a tensor that takes into account the dissipative procerses (viscos-

ity); q and C are viscosity coefficients; c = pc2 "Is the volume energy

density, where p is the density (including the internal density); u =

a/6c6; u4 = i/S are the four-velocity components; a are the compo-

nents of ordinary velocity; 6 = - (a 2 /c 2 ), where a is the total

velocity. Besides, the quantities p and e are reckoned in a reference

frame in whIch each element of the medium is at rest (the K reference
0

frame), and Tik is the symmetrical electromagnetic field tensor.

The usual expression for the tensor Tik with s 1 and L I 1 has

the form

T"..
Here F'ik and Hl' are referred to the K' (observer) frame, rela-

tive to which the K frame moves with velocity " (along the x ais).

This tensor is not symmetrical. However, the tensor Tik must also be

sym.-etrical (the tensors Fik and H k are antisymmetrical).

It was already shown by Abraham [2, 3] that a symmetrical tensor

Tik can be expressed in the form

where

u= ; {,,.,+ + ±J; ,r= Ff",

-2-
7 ~ ~ ~ ~ - 2 --'1-1



The expressions for Tik can be "---.-en in the form

. 4.

However, it is most convenient to use an expression of the form

4' Aq~ -IuQ=- g(6)

It is easy to verify that in the reference frame (K) in which each ele-

ment of the medium is at rest, the expressions (4-6) for Tik are equiv-

alent and consequently they are equivalent in any inertial reference

frame K'.

In the system Kwe have uk=u U= O, Uk= u4 =i, and therefore

the separate entry tensor is

L4 =Q, A.f 0.

Further, F, = iF.4, and therefore
o=.F,. (Hip,,+ H,&, + jHz,).

The first term of this expression obviously is equal to zero. In fact,

when 1 = 1, 2, 3, we have uI = 0 and when1 = 4 we have F14 - F44 = 0.

It is obvious also that when I = 4 we have 04 = 0, inasmuch as

F,,(H.l,-•+iH,.)=iF.,(HM+-HJ, a HI=-H; fr

When I = a we have

Inasmuch as

f o 0, f. 0. !.4 ~ - 4

we get .

ddxj ax, ax,

If i=4 then Whe•xk =0. -hen i ai we have

In the K' frame, relative to which the K frame moves along the x axis

with velocity a, we have

FrD- Tr-62-1301/1+2



0

a

I 4 I

l ' Q. ;• _-= 0£ to..

" "0 00 -

W
-0

aQ, 0

a_ Q 0 0

Inasmuch as

where ds = 6edt, we get

Div it = U div + _7F

.diva +-,. a Ca +grad);+

where

ri H y;- La r 4)_.= {"~. fEl1J; [EH 1,; EH . [tl,++C .

We can write

• I d[Efl++ -' {d+v .+a a
a+ , c(:P d t ra, &na

cx, c"t dt di4-c- t ,

l3 a dEH1 t - I -.-T =(-~ ~ d---T 4,,f,..iva- 4 .

The tensor Tik refers to the K' fra-e, and t'he-"efre the tensor compo-

nents Tlk, Fl, Hk,' 'ik should also be referred to the K' frame.

Thus,

T4 FX. -(12)

In the case of an arbitrary vector a we =ust =ik UL, to mean

-4
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the tensor obtained from the tensor i= UkLI by means of the ordinary

Lorentz transformations. The same remark pertains also to the vector L1.

The field tensors are

-0 0;B-E I-H,;-I D1f -B. 0 -iE/ ', [ ;i: 0-

L IE', IE', oe D Id. ID,'; Id, 01

where D', #', •', •' are the vectors of the magnetic and electric

fields and inductions, referred to the laboratory frame (K') (station.,

ary observer).

In order to change over to the K frame in which each element of

the medium is at rest, it is necessary to carry out the Lorentz trans-

formation.

In the particular case, assuming that the motion of the frame is

along the x axis with velocity a, we arrive at the relationsE+B ,!E.-S o,

D~ D, D, !(D,+ H.) D_ (D - (1)

where I, I and I, D are referred to the frame in which each element of

the medium is at rest, it beir-3 assuoed further that • = pM and =

In the general case it is necessary to take the projections of the

velocity a along the coordinate axes ax, ay, a2 and carry out a gen-

eral Lorentz transformation, or assu-.,e that the orientation of the x

axis changes frrm ore ele-Ment of the edium to another. For motions

havirg central symmetry it is necessary to identify the x ax1s with

the radius r, and then the tranafcr- aticns will be valid for a special

element of the medium (the observer is at the sy•atry center).

-5-



Let us write Tik in the form

T14, 21- ,ll-. (15)4-.

where in the K' frame Tik is given by Expression (3):

As is well known [4]
a•. 1, .1 i. • ,.

=-,kj + el. (16)

Here J'k are the components of the total current vector (the sum of

the conduction and charging currents).

A.•U (4, =A• 4- Ia (IT

(6 is the charge density), and J= a x' Jy 3z) are the ccmponents.of

the conduction current;

. 1, 4 E•-, a& ±x U z)1_A+ (19)

where f'V is the force exerted (in the K' frame) by the field on the

conducting medium.

From (1) we have

aT7. aT,. ,' F, , - a & O(ti) ' (20)
-- -, =; D + 4  a 4-= ax, -

Calculations yield
S' ' -,-• o-•.,' ' ' -' •3? ;(21)

F ! ' j'B'iz ±fi'E-.; tPk a~; (l
C C C C

+ ~ ~ 4 H2 2 EOH0 t, (2
T3 dx, , ds, ' 4 -d-, 42 J.)

•,. 0(:•) OE~ (E:) _~ Ia(,) [_z ."4= ~ T --- -a z,0 djk4=ýý 1=--•

a la) la[F-I d (ri) (23)

4 6 "pop!"



(We see that inclusion of the supplementary tensor •' gives in gen-
ik

eral a small correction to the main tensor, of order 1/cT, where I and

T are the characteristic length and time for the investigated process.)

Thus

Am, _- [ -'- E (24)JI d= (q, 1941-••-.---*--' ad "
4:0 +s 4:~ C3Og d Div u

where 1 = 1 when a- 1 and • = 0 when a= 2, 3;

-" + at +• OL• += If . d, -ti
*4 c 8:c ftc[ T7 / r. t de0 s

+qL1 d(iIgII1 aag (5
W_ +EHJDivu}

4 1---..'c CW•o•'li da (25)

W.. a- - (26)

4. a (27)

In order for the system (26, 27) to be closed, we must use Maxwell's

equations
OF,, .OF':. aF:~ "aH&,, 4=
Mot; a + 0 - - J(28)

In vector form these equations are 1mown to be

divf=0; rt 1 + -

_5 I as(29)
di, D = 4-V; rotE=--

We recall that the system (29) has only sLt independent equations,

since the components rot T' and rot E- are connected by the relatio:.3

div rot T' = 0; div rot 0- . Ln additicn, it is necessary to use

Ohm's law and the equations of stat- (the connections between f and -

rand 'T. For a movLin medium CM_'s !aw has (in the K' frame) the fol-

lowing form [3 ]:

MY@



""(30)

where X is the conductivity.

In vector form Ohm's law is 'p
for El'a for E, ja

a%~

lxe'. +=I 1.o). 6. _a "t

,: I(;.F-. +"' =) 67* + X (31)

When a = 0 (in the K frame) we have

I=J., =XE. (32)

where r is the conductivity vector.
pr

The equations of state for moving media have the form (3 ]
Mot (33)

fHiial -" "Fj•,; F•n, + F•. + Fr'", -- "t (Ill~a,,+ nig,+ H•UI). (33)

In vector form these expressions can be written

for Eja for 0.L"

ti- a, 2

for H'a for H'ja

-~~~ -~ -a 4. 1 5 1 i±L+,1
-+ W ( ) ++1U7)

Here E-, E and H!, No- are s=a2l corrections to the quantities •" and

•'. aet us now transform the fundazental equations
ara (,+ C);Zla. +, I:-•odT= (+. , - - t") (35)

'We introduce the heat content W = (p +.E)V, w~here V is the specific

vole; then, neglecting the visccsity, i.e., puttinZ T O, we can

-8-
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rewrite (35) in the form

0(•,,+ •V , + V vr,.

Inasmuch as dW Tdo + Vdp, where T is the temperature and a the en-

tropy, we get

+ •, -+ V -,,, .•-; = - .. (36)

Taking the scalar product of (36) and ui, we obtain

VW T-L- + Vju,. (37)

We now write relations for the material flux density

0 (nu .) a v. ( 38"

where n - 1/V is the number of particles, Vk the components of the

vector that take the heat conduction into account

C,---- 11 -aL•, +=- 7x-.1'

c is the heat conduction coefficient, and = W - To the chemical po-

tential of the medium.

Neglecting heat conduction, we obtain from (38)

(39)

and therefore

T do dQ_ (4)

where dQ is the elementary amount of Joule heat.

Inasmuch as the ratio T/V (for any medium) is invariant (against

the Lorentz transformations), and ds and do are also invariant, the

relation (40) will hold true also in the K' frame. When u 0, u=

we have in the K frame

-9
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T ds T d7 I' o--jihpk). (41)1, i" ' j+_• •t (41) 4

Inasmuch as E = J/X, we have

T d, T . Td _ (+ (2)

or

dQ - -Vj- + V - asi"

T7. Tt + 8t1:

where dQ/dt is the Joule heat produced in the medium per second as a

result of its finite conductivity.

In any frame K' we have

dQ rr ,1+ d, + ~te (43)
Vds Vd- S T 8--X 8= s"

In the case of infinite conductivity

dQ VIP d (41•-"=' "t 8= d"1t

If p is constant we have

dQ/dt = 0, (45)

Let us now rewrite (36) (neglecting viscosity) in the form

d (,) (p (46)
ds +-, re

When I = a we have, using Maxw .ell's equations

VOC±d t d rrot T6 1 - L -I sL +E3 div1+
4+Ad Ox 1 ,-1-+

+ ~ ~ ~ L d, (:i+ rý~a E1 a La + Div -

+ djM [E' H?~} (47)

(13 1 for a 1, • 0 for a = 2, 3); for _ 4 1 we have

y Wa - " = -L -E ro -If-0 -

- 10 -
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Here

• d = 0

In these equations it is necessary to change over with the aid of the

transformation (14) and the equation of state from the quantities •',-•'

and •', !' to the quantities " and ". Equation (48) is not indepdndent

and can be derived from the equations (47, 39, and 41).

The continuity equation (neglecting heat conduction) can be writ-

ten in the form

0 Di d=. +-
u= a, v + -a (49)

or in" the form

dlnV olnV .OnV .. "• a

It is easy to verify that the system (47, 50, 29) together with

the equations of state and Ohm's law is a closed system (in which the

number of unknown functions equals the number of equations).

From Maxwell's equations we can obtain, by eliminating the elec-

tric field components (7' and •') a single equation relating the com-

ponents of the magnetic field (•' and •') with the velocity. In fact,

inasmuch as 4

0--- + ,M +*and

we can write

C _.+, -q +(51)

Further, Inasmuch as

- 11 -



-rctlf- ±". (52)C C€ .6t (52

we have

- + - C--(rot Ir--a-p)E+[fj (53)

Taking the curl of both hal-v'es or the equation we get

-rc~j3=1 -- kcj- -.- +at di A

+ al•1- f -rot if + I •l

Expressing X in terms of the -- gnetic viscosity vm = c2/7X, we arrive

at the equation

~.O ' rot [aS" .. - -jZ . -

In addition to ( 5 4), in solv!mg the entire system of equations we must

take into account the remain",g three Maxwell's equations; we have al-

ready made use of one Maxwell equation (52).

Ifa'=(r; t), i.e., the velocity in any noncurvilinear system

of coordinates is directed a_!ig. the radius vector, or if there are no

charges, 6 = 0, then.

--- -rot Ic l=' ---rot ",, - rot if -+ I (D ) (55)

If the conductivity is infinite v= 0, then

Ia -rot jaIl=0. (56)

If the =ediim- moves with a velccity approaching c (6 0), then the

term ro"[.•l--,rot +±-•-j =,0., the free charges also tend to zero (6 = 0),

and Eq. (56) holds true, wfc ",hen a = c only a pure field can exist.

It is convenient to in:r.duce the vector potential "' of the mag-.

netic field " = *'; (57)

- 12 -



then 'E= -(l/c)('/t), where it is necessary to put div •' = 0; Eq.

(5•) can then be rewritten as

'-a rot?') =s C -,o.! a + v. -roIf +- C-J" (58)

Carrying out the transformations we arrive at the equation

t [a rot -:vý.a+ v,,O I -- or

C at C -t -VP 7o (59)
;0 -4* -.

:70 iý :7 2T -1here H H1 or H = H E E or E LP2 (see (34~)).

Inasmuch as we have on the right side the quantity we

can conclude that a disturbance propagates in a dispersive ("viscous")

medium with a velocity a* = c/t-z.

If e = 1, IL=l, then, inasmuch as E 0 = H0  0, we arrive at

the equation

o-[ - . (60)

If 6 = 0, then Eq. (60) for specified Tdetermines E'. When c = 1, p.

= I Eq. ( 5 4) can be reduced to the form

. [V(.,). (I- rot + (61)

In the classical approximaticn, (54) becomes

-j-rt~aB=,-j + ot'3--.-j- [ a~rtB ---

at ILc8d

If = const, p. =-.---(,-e.62) assi=es the for=

-13-
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CS

+ ("ot (63)

It is very frequently possible (and customary) to neglect the displace-

ment currents (the quantity p); then (62) greatly simplifies

when pi = const we get

orot[aB - AB+ ,- otB (65)

Equation (59) assumes in the classical case the form

I 4 +E . (66)

If we neglect the displacement currents, we obtain

l -- arot"=, t-- rot? y; (67)

when j = const we get

a-atort=- (68)

This equation is very convenient for the solution of specific

problems.

2. PLAT-E AND CYLDMIRICAL WAVES

Equations (35) in a cylindrical coordinate frame, in the case when

the velocity is directed along r and is a function of (r; t), assume,

inasmuch as

d d +=- a-t (at= a; a2=a3=0) Xl~r,

the form

-14-
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iU

V N' -t dr I --"i W Wi I&--"'"•;

I (69)

Equation (50) can be written in the form

I(dIn V(0, V ) a +!a + 0 (70)

where N = 0 for plane waves and N = I for cylindrical waves. Since

DivU= ! + 7 O I + O V

we have -

- ' 4 +. ho/al,- _'+ +2 a" a, d+ Na]L"'I• d (1

(,,, ,. .d +.

,+El,, d ()8:, ,jE2A + tJ+

+4!- .cW- [ I 8-..1 Na

+ 7,- 1-- - I la+ ala. +- -r (72)

4d t -r ( 7 1)
I oD'"-'

...,4- 1= rott'-B T - a ,---,, d -vD -+

44= -"HJ, c8t

EH .C+ da++ A a+-2+ 4aj"

Max4ell's equations and (5C4) simplify some''-t in this case. The s7mp-

lest and most interesting case of motion is "When if2 = f3 = 0; then p =

Hepre, obiu ly, J 2 , 3 = 0, from which it follows that thereI

can be two cases of motion: either E = E2 = E@; H =H = Hzor E =E 3 =

= * H=R = :',in a cylindrical coordinate system in the K frame.

- 15 -
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We then have identically in Eqs. (72) f 2  f' 0 and 6 =O.

In the first case we have In the K' fram~e

In the second case

Ir10 +I. -D. 01 E'[-,0 E. a Bv)

(and corresponding expressions for B' and D').

In the case of plane waves (one-di-mensional motion) the problem

reduces to the first investigated case. Then

N=O. E,=E,: r==x.

We consider now the case of infinite conductivity (X-.m). Then

E-=O; Er=0; = Dr

/L- ,,? ri H:.; B= ' B•., v,•1 o
Cee

I4=I C at~ 8= dr'()

- ~-froiIl". -1D.~ + E7..zdivD1a.
(75)

dx= dz

Mt Ii, .,•- at 8= T (76)

The equation ý'/ot - rot [•' I = 0 for the m-agnetic field (54) as-

sumes in cylindrical coordi-'ia:es the form

it dr at - r 0,

but it follows from the cond-ition div B = 0 that Br = const.

If H = HZ or H = H 9, th-zn -we have f2,3 = 0 identically in (75).

Let us examine in greater deta-l the two cases, when H = Hz and

- 16 -
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when H = H The first case was already considered by us previously

forN = o [4].

In the first case we have in. the KI frame

,I I a•D, aB -8 8

D;aH, all

lYaB h we d he jan tH 0'& (78)14 4-.C jH [On0 7/c)tkW g*JJ 2OL

In the second case we have in the KI frame

H,; H _a a_ , B , a=--0 =•- -'- -'- -- "_;3L -- B?,
CO Wii

-- O = --~ aH,- -

Ir (l 0 Wr+ d aH + HI Op

I _ J A( + 0H Oall H.2 W I (79)
4-x I Hr Jr 04 +Cdt W/ 2 3TIJ

aa D
tW•- .+ Or = 0.

Both cases can be ccnbined. Inasmuch as

if=Ba D'OH (80)

we have the following ecriations:
Wa

cWdt OJr 4=LI O 4 r PT 2 Or r' (81)

"- O+ q '_L"- I-- -- T.; (82)
1401 Ot 4zq1 Tr 0r1 c~ot 0 vtJ

P, 1 +, ± ,-"'--*,, - (83)

77-Pp"- rMP" .7 -.....



Or d i 8-, aOf Orl (84)'

Equation (82) is the consequence of Eqs. (81, 83, and 34). Here, m = 0

when N = O. When N = I we have m 0 if H = Hz and m = I if H =H.

The continuity equation (70) can be written in the form

V e + 0 . (85)

Comparing (83 and 85) we find

BV b b(a), "- = b (a-. (86)
where b(a) is the entropy function.

If H =Hz (when N =0 and N = 1), then

BV=b(a). (87)

If H = Hv3 then

BV= b(a)r. (88)

We now introduce the total heat content

BHV = "b .(89)wn - 4-. +-p. =

then Eqs. (81, 82) can be written in the form

d * " -O iPVOdt IBIIV (0mb a Olnb•

T+ or (90)
c~jd t ._r4../2*d

o w * T • a 7 ! H 2 V , B l t V IIa l~ ln b a a Iln b l9 1-6d-t -dt T•- ý" k/--Y.r ---- "ti - at 1,] (1

Inasmuch as

d.SI W*a " \
- -+ (92)

IHdt at J

we can readily verify, by taking (84) into consideration, that the

equations (90 and 91) are actually equivalent.

Thus, the solution of the problem reduces to the solution of the

equations

- 13 -



~.~id ii'. 3IV~ Ilb C~I
3 I I II i

sWS

+-o-- -- 'O =b(o)r;

T d,: drj .(93)

It is necessary'to bear in mind he're zhe equations of state of' the

medium p = p(V; T) and the identlty

o (.m, (9ko~r~ =!.(94)

If. = const and a const, then the problem reduces to the solution

of the equations
* ov r•1

d oW = IVg , (95)
d Wt- C -it- + •-7- ".

We must specify here the isentro:i eculation

W =W{), (96)

and then

(97)

It is now convenient to're',rTite the system (95) in the form
+ a "- .... 0 InWi (,9-." )= , 'l -+a +- (•

(o + • - -I; a.• .J r + r - - "( 9 9 )

It is convenient also to intz-, o. i zener.al-:=d velo'Ci-- o- c-f..a

in the medium [5]

and then (93) assumzes the forz

.J ri _ C Llif

(p:9V-1]



¢S

with o 0 for an ultrarelativl.stic gas and "6 1 for a relativistic

gas, then

- -- 4%=jV- 4:i •

=~ ": •'I (:,. (01)kA---- --( e (61

Inasmuch as

d W -I l'dp + JV0 VP.u.
the supplementary magnetic pressure PM can be determined from the re-

lation

dp,u=-T-d(BHtV).

Equations (99, 100) are very convenient for the solution of specific

problems.

3. CLASSICAL TRANSITION

It is easy to obtain the classical approximation equation by
starting from the relativistic equations.

The equations of motion and enerzy (disregarding viscosity and
heat conduction) (see Eqs. (4? and 43)) assum'e the form

d c •tct A, - - --()D -EsdivDl-
* { ', , .. (W,02)

d I Y, Wd a op C fTi- oo
Vdr + - Otft t I +

+ E- +t ra (103)""f -
Since W i + c2, where i" is the classical heat content, these

ecuaticnz can be written, neglectn '.n-e displacement current, in the
form (-an=1sch as V I/p)

da. Op I

- "20 -'p.



[ •-4+ H2(104)

di ada Idp_ Etf- El + /
at-+ Id T d p +8-.-;I+ dt • (105)

The continuity equation - see (49) - can be immediately written down

in the form

dlnp
- - +diva=O. (106)

Introducing rot=; 9= we can arrive at an equation that defines

Sin the form (see Eq. (59))

at - [arot Ti~ = v. IL d, + C I T.- rot? , . (107)

Here, however, the last two terms are insignificant

The equation for the Joule losses assumes the form (see Eq. (43))

S+_d,) + dL. (108)

The energy equation (105) is the consequence of the equations (104,

106, and 108).

In the case of infinite conductivity (X cc) we have

dQ =IP diL (109)

Thus, Joule losses arise in the case of variable magnetic perme-

ability.

4. ALLOWANCE FOR Th• DPE-NDENCE OF F AID p ON THE SPECIFIC VOML4E AND
ON 0• THE14ODY2A.I!C PAP-40 3S

For several media (for example dielectrics and semiconductors),

the parameters E and p depend in explicit form on the specific voltume

of the element of the medium under consideration and on other thermo-

dynamic parameters [6].

Let us calculate this dependence in general relativistic form.

For this purpose we must add to the energy and mcment'x= tensor Tik

- 21 -



the correspon ding sy-.etrical tenscr M k, which should in the classical

limit yield the ordinary expression

T - ., + .11.) I (D.E + B.Hý) +

• -

or

+/3() + "VJLI ~ 1 9 +~~ 5 1  -+ 2v +

+ W I.-+V-.(110)

(where the derivatives are taken at constant E and H);
-b-b -b -b1

M~=; 4z'- CfEHJ 3 ; T.=-PEBH

+E' +pIP (in)

Here VT are various independent thermodynamic parameters. In particu-

lar, when r = 1 we have VI = V, where V is a specific volume.

It is easy to verify that in the case when E and p depend explic-

itly on these parameters, the tensor Mik should have in the K' frame

..the form

Sa f +" ,. .. (112)

In the frame in which the given ele-ent is at rest we have ua = 0,

u4 i; therefore

.uF,.H,= -J,.H,4 E?. (113)
I I

F,. H,. 2I• C:,,l- E

Furthermore

4 2

- 22-
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DB
_X a-

I-, _ + IP II I I

Af0-o. (114)

It follows therefore that

+f V. + IPK' 'J (115)

d V.
,dM, am." Oam4 aMa

-• =" "'-+ t ='-•, sirlce A14.4-.

Further

am.'. aIM4(116)-WT- ()X) -F • =7x-;-"(n

since

MlkZ= O.

'Therefore

M,_ i a •.---+ v (117)
• -a, --- ,- 1

In the K' frame we have analogously

a =~ - a-- {-+',H,+ ""."-""'i (118)
dxV. 4x3 " OVt"

where

TV T ,,...,

Since the expression F'imH'lm/4 + UnUrFIn ' ir is a scalar quantity,

we have in any reference frame

4l:II + 22 (fE- + ill11) 2 -(rtl- 1- !1P);

and therefore

V + 10

Here V'1 are parameters in the K' fr-n-e, for example

Thus, the quantlty aM'/_xm Is added to the force f'(L' so that the total

force is

-23-
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(.

-+. - dx

j~~~llI 1 ~4. d :i) EH-f E1jdI+d d + - +ElJ, Div
Sds 4z , dx2 -J ----- Dv d

8Xs{K)V IPV ~j(120)

The force fV'4 remains unchanged.

In these expressions e and p are functions of the parameters V'..

and therefore

The expression for the Joule heat remains the same as before.
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SaSE PROBLEMS IN ANISOTROPIC MAGNETIC GAS DYNAMICS

S.A. Kaplan, A.A. Logvinenko, V.V. Porfir'yev

(L'vov)

In applying the methods of phenomenological magnetic gas dynamics

to an investigation of a low-density plasma it is necessary, as was

shown in [1], to take into account the anisotropy of the pressures. To

be sure, ideas have been advanced recently that the time of equaliza-

tion of the longitudinal and transverse pressures may be relatively

short, owing to the internal instability of the plasma. In some prob-

lems, however, particularly in the investigation of rapid motions, the

anisotropy of the pressures may lead to the appearance of singularities

in the motions.

In magnetic gas dynamics with anisotropic pressure, one can also

use the phenomenological equations of magnetic gas dynamics, in which

the scalar gas pressure should be replaced by the tensor

Here pI and p. are the longitudinal and transverse pressures, while H

and Hk are the ccmponents of the magnetic field. _n addition, It is

necessary to include in place of the scalar heat function the "heat

function tensor" which is analogous to (1) and has as the corres-

ponding coemponents '1 and WI, which are the longitudinal and transverse

heat functions, respectively. A similar tensor is used also to express

the tensor of the sqc.are of the sound velocity
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T- save space, we shall not write out the entire system of equa-

tions sf anisotrcpic magnetic gas dynamics. By way of example we pre-

sent cnly the expression for the energy flux (neglecting dissipative

processes)

qW+I/ If~uH) . (2)

Here v is the velocity of the gas and p its density.

V-_ consider here two examples of motion in anisotropic magnetic

gas dynamics: discontinuities and flow around slender bodies.

11 the investigation of discontinuities one sets up the usual con-

ditiors for the conservation of the flux on both sides of the discon-

tinrity. In particular, the condition for the conservation of the en-

ergy fxIx _ has the form

j+jH (WO)=o.(3)

The br=_ces stand here for the difference in the quantity on the two

sides of the discontinuity, a pvn = const is the mass flux, and Hn =

= const- is the magnetic field component normal to the discontinuity.

Euat'!z (3) has been written out in a coordinate system in which the

discoztinuity is at rest, and the .agnetic field is parallel to the

veo:i-y both a-head of the discontinuity front and behind it.

Cre might think that the width of the discontinuity (which is

prcbza:ly on the order of the Iarmor radius) is shorter than the relaxa-

ticn length of the longitudinal and transverse pressures. In such a

case -.=e can assuze

{ 1 ) - ( } ----0.

It then follows fron (3) that

== -const()

in f-=' agreement with the condition of Chew, 1ow, and Goldberger [1]
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4 (?tip 0.
Wf

Using now the conditions for the conserva.tion of mczentln flux on goin;

through the discontinuity, and introducing the notation

' = _.- o._..,(5)
•H, p, =0'

where the subscript "I" denotes the values of the quantities prior to

the passage of the wave front and "2" denotes the quantities behind

the front, .0 is the angle between the direction cf the velocity (mag-

netic field) and the normal to the discontinuity front, we obtain af-

ter simple but cumbersome calculations an equation for the determina-

tion of the Jump in the perpendIcular pressures, the analog of the Hu-

goniot adiabat are

S. ~sin , ,

+ 1,1.in (4, -0 ,) (cos D -- cos o (6)
8.t sin I, Cos

2 O:

In particular, if the pressure was isotro.Tic ahead cf the discontinuity,

we get

1-4sin (0:- j, coso: -coso,) ( )
P'-- 2 =P ;., 1 8.1 s.'n (I., CGs2 (7)"

It follows therefore that a decrease in the magnet-c field and in 4he

gas density in the discontinuity.' is ac: ----.and•,d bv an .incre-ýaze .. ,he

transverse pressuz'e, and vi.ce veY_3a. L_ this 4 rc- con-

tinuities a:e d-Uectly the o7ccsiOte_ of hock ".. ........

Anisotropic Jiunps ar'.e "iz.lted in maýgnitude. Ln pazrticul-ar, in

with an increase in the narneri_ . ...3 cf.ie znhc:..!d ha"e H-. <

while in Jurps w•ith a decrease in zhe man tlon shoulld h- -

cos .A simiar investiatlon cl the r.O ce•t.•es of _s-

tropic d-sconti-nuities ;*,as rade by cne of us (1•o&-vinenko) Lin a di-*e-

ent paper.
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To investigate the flow around slender bodies in gas dynamics, an

equation is set up for small deviations from the main flow. In aniso-

tropic magnetic gas dynamics this equation has the form

.(c2±+ U2.vP-[ UqC a(uV) qivz +

+ !(uv)' - (vV)2-'v - ('c) grad (u-,)=o. (8)

Here 7' is the perturbation in the velocity, V is the velocity of the

main stream (velocity of the body in the stream), and ' = iTjfi, where

Tis the intensity of the magnetic field. We note that the directions

of it and 7 may not coincide. Equation (8) has been derived from the

furndamental system of equations of anisotropic magnetic gas dynamics

for the stationary state by excluding small quantities (perturbations

in the main stream), except for the velocity, as is customarily done

in gas dynamics, and V is the nabla operator. Introducing the notation
2 2 u2

ca = c + and transforming the last term in (8), we reduce this

equation to the form

--b A2 4 - ~ -1- 4 .4

-. i., -)div -C(v)v-itot cc )v)I. (9)U-

A solution of this equation under the suitable boundary conditions for

v' does indeed determine the variaticn of this quantity in space.

The complicated equation (9) can be simplified by replacing it

with a system of two equations. Taking the scalar product of (9) and u,

and taking the divergence of (9) (i.e., the scalar product of (9) and

the V operator), we obtain

[4. A - (V )zl ()• 1.) = (c2" - , ) di-. ((U7) V').

IL. A -(7V) IVY (UV) 2 ) divV
U2

div lu rct,(( ;V v')j. (10)

However, these equations in this form are too ccmplicated to solve

(they were solved by M.I. Kogan [2] under a set of simplifying assu=p-
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tions in isotropic magnetla gas dynamics). In anisotropic magnetic gas

dynamics they can be si_-plIfied either by assuming the flow to be

potential, rot 77' = 0, or by introducing the somewhat artificial con-

dition ca =C , which is eqiivalent to assuming that the magnetic and

longitudinal pressures are approximately equal. We have seen above

that this condition does indeed hold true behind the front of the dis- .

continuity. .

For potential flow (rot 0' = 0) Eqs. (10) are rewritten in the form

02101 - ,, i7)1 (9A, -* 06

______ (c,-(;,)2u'-V)2 ) div'vo. (0)

Here Oa. Tus, div 7' and (Ue') can be determined sepa-

rately. The solution of the first of these equations is obvious, while

the second equation can also be reduced to the usual form of wave equa-

tion by changing over to an oblique system of coordinates. The complex-

ity of the problem lies not in the equations, but in the need for spec-

ifying as7-m-etrical boundary conditions.
a2In the second case (c~ c2), Eqs. (10) assume the form

(C2. - (V Vh ([IV') o0.

We first solve independent!y the first equation, and then solve the

inhcogeneous wave eofa-ticn ",lth 1mown right half. In the present ::ase

the main difficulty also lies in forr-.ulating the boundary conditio-s.

Thus, an account of anifl-otropy in the investigation of flow around

slender bodies in a gas - stream does not lead to noticeable

cc--•lications and to as :.--lcated calculations. The qualitative re-

ltz ! -•r!l1 apparently u-,:hunchuged, but quantitative changes ar-.s-

irg cn the- account of t-he *azotropy are quite possible.
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DISCUSSION FOLLOWING THE PAPER

R.V. Polovin
Khar'kov

The paper considers shock waves in an anisotropic plasma. The

authors are not interested here in the structure of the shock'wave and

confine themselves to the consequences of the conservation laws. In

the case of anisotropic pressure the nuzrber of conservation laws is

one less than the number of magnetohydrodynamic variables. The question

therefore arises of how to write out the lacking boundary condition.

The authors propose to choose as this condition the continuity of the

longitudinal pressure. We have also considered this question, Jointly

with N.L. Tsintsadze, and have arrived at different conclusions.

In the absence of collisions, it seems natural to assume as th-e

lacking boundary condition the conservation of entropy. If the expres-

sion for the entropy per particle is written in the form

s (k/2) in (p 1 1p2/p 5 ), then for stationary shock wave of low intern:ty

we shall have the relation

V it+ P + 341) (1,

where vjx is the velocity of the shock wave relative to the medium, i7-

cated in front of it, u1+ is the velocity of the fast magnetohydrody-

namic wave, p(1), p (1), and p1 are the longitudinal pressure, trans-III
verse pressure, and the density of the medium ahead of the shock we,

= -- I is the density discontinuity on the shock waves; the l:n-

gitudinal magnetic field H n is set equal to zero. If p(1) < p(1) h
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the evolutionality condition vlX > Ul+ contradicts Zemplen's theorem

(6p > 0). Therefore, if stationary shock waves exist in the absence of

collisions, the entropy in them increases.

If we assume that the magnetic moment per unit mass p 1 /4H is con-

served in the shock wave, we obtain for a low intensity wave

Y V2.-'- '+- "; (2)

(the subscript "2" pertains to the region behind the discontinuity).

According to Eqs. (2), Zemplen's theorem leads to the evolutionality

conditions v x > u 1 +, v2, < u 2 +. Thus, no contradiction is obtained In

this case. Another fact in evidence of the conservation of the magnetic

moment is that the magnetic moment is an adiabatic invariant, and

therefore it is conserved, with exponential degree of accuracy, in

slowly varying fields.
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COI•RIUTION TO THE THEORY OF STATIONARY FLOWS

IN MAGI'ETIC GAS DYNAMICS

* M.P. Shirokov
Moscow

In view ot the absence of induced electric field in stationary

flows [rot r= 01 and the need for including in the initial system of

equations the electrostatic equation, certain new solutions have been

obtained for the magnetohydrodynamic equations for stationary plane

parallel flows and plane shock waves.

GENERAL RWRIS

A feature of stationary flows in magnetic gas dynamics is the ab-

sence of an induced electric field, since in such flows rot 0 = 0. For

this reason, the field in such flows is determined by the distribution

of the space charges 6 outside and inside the gas, using some solution

of the equation

div E -- (4)

or electromotive forces that are applied from the outside. Yet in solv-

ing the magnetohydrodynamic problem this equation is usually discarded

and the system of initial equations is reduced to relations that c.n-

tain only the pressure p, the density p, and the velocity and magnetic

field intensity vectors u and i. This leads, for example in the case

of an incompressible conducting liquid, to the following system of

equations (1I

~40
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•,-'(,7,... -• vp -I- -+---I it I-)
("'v 8P8=1

with corresponding boundary conditions for the vectors u and I. The

solution of the problems formulated in this =anner leads, generally

speaking, to a random choice of one of the solutions of Eq. (1) and to

neglect of its other solutions, which may be of appreciable interest..

We give here some or these neglected solutions, which pertain to

plane parallel flows and shock gaves.

I. PLANE PARALLEL FLOW

Let the conducting incompressible liquid move in stationary manner

between two plane parallel walls perpendicular to the x3 axis in an

external magnetic field HO= H = H0 = 0 perpendicular to the walls,

in the presence of a pressure gradient P = dp/dxl = const throughout

the flow region. The system (2) then assumes the form .
Hdm, + dH, = .,

x 4 =2 d(3)
d ~ H. dHl

I4 4+ "a P-cns

Its solution subject to the following bounda~-' conditions on the walls

X3 L H ((+L) =-H,(-L) =const. (4)
X -,=o (5)

-has the form

"I=A 1- _ _ (6)

!t=P 4.-zLI~a .Mx3  (7)-0'Ch2 , " A sC h --- --

where

is the Hartmarn number and A is an arbitrary- constant determined by

the boundary conditions (14) for the magneti2 field H1 at the channel
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walls. From Ohm's law and from one of '.1axwell's equations we have
dl =,,4.7 (9)
dx3.

Substituting into this equation the values of uI and H, from (6) and

(7) we get

A 7i;(10)

From this relation we see that the choice of some particular set of

boundary conditions for H,, conditions which determine A in (7), is

equivalent to the choice of some value of the external electric field

E, produced either by the surface charges on the channel walls, which

are perpendicular to the x2 axis, or by a potential difference T ap-

plied to these walls from the outside. In either case, naturally, these

walls must be assumed to be made of a conducting material, say metal.

Walls of precisely this kind were used in the experiments of Hartmann

and lazarus [2] who used mercury filling in rectangular channels in an

external magnetic field H0 = H, H, = H0 = 0, perpendicular to the

velocity ul, and in some experiments by Lehnert [3]. The question

arises, however, of the choice of E or, what is the same, of the bound-

ary conditions (4) for H,. Usually, as was also done by Hartmann [2],

one assumes in (4) const = 0, i.e., one assumes that

H(-L)=--H,(--L) =0, (4a)

the vanishing of the field H1 on the channel walls being motivated by

the requirement that the tangential component of the magnetic field be

continuous on the wall (see, for example, [4]), in spite of the fact

that this condition is obviously satisfied for any choice of constant

in the boundary condition (4). In fact, Condition (4a), as shown by

integrating (9) with respect to x3 within the limits -L to +L, reduces

to the requirement that the total current through the transverse cross

section of the channel vanish. The same integration, with allowance
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for (4a, 6, and 10) yields

Pc -( M Ct,,M - 1).

with the average velocity over the channel cross section being

" "C == ---- (. Cth1 -- ). (12)

This solution by Hartmann demonstrates well the random character of

the choice of electric field E when the magnetohydrodynamic problems

are reduced to the determination of only the hydrodynamic and magnetic

fields. It is apparently indeed valid when the rectangular channel

walls at x3 = +L are not conducting, while the walls perpendicular to

the x2 axis are metallic (in practice with conductivity a = c). The

channels used in the experiments of Hartmann and Lazarus [2] satisfy

these requirements and therefore the use of Formula (12) was Justified.

The same cannot be said concerning its application to the experiments

of Lehnert [3] and Murgatroyd [4] on the flow of mercury in a magnetic

field, using channels made of glass and of steel insulated on the in-

side by a special coating.

Hartmann's solution (12) with Boundary Conditions (4a) for H. are

cited in all books [1, 4] and articles without mentionirng that it has

a limited region of applicability. Yet there exist also other solu-

tions, which describe flow ccnditions that in our opinion can be ex-

per'mentally realized in a more clear-cut fashion. We wish to call at-

tention to these.

If the conducting walls perpendicular to the x2 axis used in the

above-described rectangular channcl are Joined together by a wire of

infinite conductivity, i.e., short-circuited, the electric field of

the channel will become equal to zero. Then, putting E 0 in (6) and

.. (10), !e obtain in place of (12) the relation

-36- s0
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PC2 M cthM%- I
M•cth 31 (13)

In addition, in the parallel circuit Joining the conducting walls we

can introduce an electromotive force which produces any value of the

field E in the liquid, and the external mechanical action can be re-

moved, i.e., we can put P= 0. Then the conducting liquid will flow

only under the influence of the ampere forces and in accord with (6)

and (10) its average flow velocity in the channel will be

EcActhM-- (14)
"- -H McAthM

The solutions (13) and (14) are interesting because they give a dif-

ferent dependence of the average velocity on the M number when M >> -.

According to (12) this velocity is proportional to I/M in this case,

other conditions being equal, something that was confirmed although

not quite clearly in the experiments of [2, 3, 5]. Yet in accordance

with (13) it is proportional to 1A2, and in accordance with (14), al-

though it is again proportional to l/M, nevertheless when M = 0 we

.also have u = 0, this being due to the fact that in this case H0 = 0

and the ampere force which sets the liquid in motion is also equal to

zero. To the contrary, according to (12 and 13) we obtain when M = 0

the same connection between u and P, corresponding to a pure hydrody-

namic laminar flow.

It seems to us that it would be interesting to check the conclu-

sions drawn from the solutions (13 and 14) by means of specially set

up experiments.

2. STATIONARY SHOCK WAVES IN A GAS OF HIGH CO.'MUCTIViTY (a =

The general theory of shock waves, including nonstationary ores,

in such a medium [1] is based on the use of the conservation laws on

the front of the shock wave and of the hypothesis that there exists an

electric field completely defined by the relation
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rrjH (15)

In the case of stationary waves this equation, generally speaking, is

not satisfied because there is no induced electric field (rot "= 0).

As we have already noted, in this case E is determined by the electro-

static equation (1) and the corresponding boundary conditions, and may

have different values, including vanishing ones.

Owing to the nonfulfillment of (15) and owing to the electrostatic

character of the field E, stationary waves may arise, not described by

the ordinary theory, the very existence of which, as far as we know,

has nowhere been mentioned.

We shall consider the simplest of these waves, which can be real-

ized in plane parallel flow of a strongly conducting gas (a = a)in a

channel of rectangular cross section of the same type as used in the

experiments of Hartmann and Lazarus, with an external magnetic field

likewise parallel to the x axis. Unlike the Hartmann problem we shall,

however, assume that this field has a Jump discontinuity in the plane

x= 0 given by

.ni<o, 1i4=--f =consl;

<.. lIY= to + All cost, (16)

The walls of the channel perpendicular to the x2 axis are short-cir-

cuited by'a wire or are corrected in parallel to a-n extern&a. emf which

produces a uniform electric field

x, <x +-~ E4, =consL (7

When gas flows in the direction of the x I axis in the plane x,=

=0, the Jumplike change in the external magnetic field will bring

about impact of the gas against the magnetic field with forration of a

shock wave front in this plane. Cn going through the shock wave, all

- 38 -
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the conservation laws will be satisfied in this case; these, if we de-

note by means of braces the difference Q" - Q, of the quantity Q ahead

of and behind the front of the shock wave, assume the form
(pill) 0. g +1 + E' (H.

2 )
{pu? +P + 0} fguj)=HI (113,

where

", = €const (18)

I=IW+pu (19)

is the haat content, W is the internal energy, and v = p/p. We shall

assume that the channel walls x3 = +L are sufficiently far apart (In

the limit L = =). Then we can put on the wave front portion x, = 0

that Hl = 0, u3 = 0, and consequently the conservation equations as-

sume the form

4:13) = O,.|

.2 (20)

I '+ -2}+ -4.- 0- "3 .

We assume further that on both sides of the shock wave front gas flow

is established in electric and magnetic fields (16 and 17) applied

fr0m the outside. Then and (H3) = AH in Eq. (20) can be regarded as

specified quantities, and in addition the function I = I(p, p) can De

assumed known, so that frcm the values of p, p, and u1 ahead of the

shock wave front we can determine with the ald of (20) their values

behind the front. Thus, the problem of the impact of a conductinz gas

mass against an inhomogeneity of a magnatic field LH is completely

solved.

Eliminating z and u1 from the system of equations, we determine

the equation for the "shock adiabat," confining ourselves for simplicity
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to the case = 0

'"" pl H?) 0.;,, ; (21)
W"- - W, 2 6

The analogous equations in the theory of ordinary shock waves

have the form

W,,-W,+ (P'+O)l'-V)+ (•,'-,_)(l/-., ) =0. (22)2 16S

Comparison of (21) with (22) shows that the new type of shock waves

differ appreciably from the ordinary ones. This difference becomes

0
even greater if the external electric field E0 differs from zero.

We consider also another interesting case of shock waves, arising

during the mechanical Impact between a gas flowing along the xI axis

with velocity u 1 against the body over which the gas flows, in an ex-

ternal homogeneous magnetic field 0= H0, = 0 in the absence

of an external electric field • = 0. The-problem is completely analog-

ous to the preceding one. The only difference lies in the fact that in

place of the inhomogeneity of the magnetic field on the channel axis

we introduce an obtuse body made of a well-conducting material with a

cross section profile that is symmetrical with respect to the plane

S= 0 and is the same in the planes perpendicular to the x 2 axis, sup-

ported by the well-conducting channel walls perpendicular to the x2

axis. Thus, these channel walls are short-circuited and the current -

is determined by the relations

"H 3 =j--o (23)
C hh

since in this case the electric field is E = 0.

For such a shock wrave, the same relations (20) will be satisfied,

but in simpler form. One of the obvious simplifications Is E0 0. In

addition, because of the homogeneity of the external magnetic field,

there will be no discontinuity in its targential ccmponent on the front
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of the shock w.ave, scmething t.!at follows directly from the integration

of the Maxwell equatLcn d/ = 47rJ-/c over the width of the shock

front x" 1 -- x' d, whdich we shall assume to be infinitesimally small.
0 r

Thus, in addition to EO = 0, we must put also in (20)( -31 = 0,

after which the equations assLme the form

(Pa", 0 (pj 2+p)=O; t = (24)

Consequently, a magnetic field without sharp artificial inhomo-

geneities will not affect a shock wave of mechanical origin. We note

that the mechanical use of the ordinary theory of shock waves would

lead in this case to another conclusion, one not agreeing with reality.

According to that theory there should arise an electric field E deter-

mined by Relation (15). In order for the tangential component to be

continuous on the shock wave front while the normal component of the
magnetic field HI is equal to zero, it would be necessary to have a

Jump in the tangential component H3 given by the equation

p' Hs,

We do not wish to state here that ordinary shock wave theory is in gen-

eral incorrect. We merely note the cases that are not included within

the range of applicability of this theory. The fact that it does not

apply In many cases to staticnarj shock waves is due essentially tz'

the absence of an induced ele:tric field E, defined by (15), for these

shock waves.

It is somewhat stated tat such a field, which is not of induc-

tion origin, will rnevertheless exist as the result of relativity th3ory

also in stationary stre -mst of a conducting medium, for if 9= 0 in the

fra-e in which the -ediu= is at rest, then in a different fr&me (say

the laboratory fr-e), in "n•'.ch the medium moves with velocity u, elec-

tric polarization arises wlith electric field El, which cancels out the
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induced field [(]/c and is therefore determined by Relation (15).

From this, in particular, it is sometimes concluded that such an elec-

tric field, given by Eq. (15), arises at the location of the stationary

shock wave front.

However, if the occurrence of such a field • is possible, it does

not at all follow that it arises always in stationary flows and in

shock waves. It is very easy to point out flows and shock waves in

which the conditions (15) for its occurrence are not fulfilled. Such,

for exa ple, are plane parallel flows of a conducting medium in rec-

tangular channels, which were theoretically and experimentally inves-

tigated by Hartmann and Lazarus [2], Lehnert [3], and Murgatroyd (5],

and also stationary flow.s and waves described in the present paper. In

general, in any stationary flow of a conducting liquid in an external

magnetic field, in channels with conducting walls, it is known for

certain that there will be no electric field described by (15). On the

other hand, it is very difficult to point out the conditions under

which such a field could exist. For example, one might think that in

.channels of rectangular and round cross sections with nonconducting

walls, with which Leh-nert [3] and Murgatroyd [5] experimented, the

charges resulting from the polarization of the medi•um would concentrate

in thin surface layers near the wails and would yield a field Z given

by (15) in the entire szream as a whole. But then the current T and

the a=--zere force [JH]/c would vanish everrahere and there would be no

interaction whatever b-:wee the stream and the ragnetIc field. If

such interaction is observed in such a ma-rner, that in one region of

the flc-, in spite of (15), w'e have - > -[Wf/c, and in the other we

have • C--[--/c and cri:y in the sy.i_.etry plane do "we get T = --[ /c..

A.e foregoing a•e.•__ equally well to staticr-az-y shock waves.

Thus, .M-r3hall [6] develcped a theo.ry of such -waves for uniform flow
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of a conducting gas in a perpendicular magnetic field, starting from

the assumption that on both sides of the shock wave front the electric

field due to the polarization of the medium, E = const, satisfies Rela-

tion (15), which is equivalent to assuming the vanishing of the cur-

rent and the lack of interaction between the medium and the magnetic

field on both sides of the shock front. Marshall, however, does not

concern himself with the real physical conditions under which such a

flow with formation of a shock wave could be realized. Yet, in all

probability, Marshall's one-dimensional stationary flow with a shock

wave of this type would be completely unstable, since the smallest dis-

turbance would violate Condition (15) and would give rise to ampere

forces that would change this flow.
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EFFECT OF CONDUCTIVITY ANISOTROPY ON THE
STRUCTURE OF A MAGIETOHYDRODYNAMIC SHOCK WAVE

G.A. Lyubimov
Moscow

We consider the problem dealing with the structure of a shock

wave in a gas which is sufficiently rarefied to permit the electrons

"*to have a helical range (WT > 1).

Ohm's law is expressed in such a medium in the form

The problem of the structure of the shock wave in an analogous

formulation was considered in (1], where only part of the equations

describing the problem were considered, so that the qualitative results

obtained do not hold true for the complete system of equations and con-

sequently for the entire problem as a whole.

We shall henceforth assume that the energy dissipation occurs in

the wave only as the result of the dissipation of the electric current

energy, i.e., we shall neglect viscosity and electric conductivity of

the gas.

Since we cannot describe the research in detail, we shall indicate

. here only the research scheme and the formulation of the conclusions.

The problem of the structure of a shock wave reduces in the class-

ical for-mulation in this case to a system of five algebraic equations,

which represent the laws of conservation of mass, the three momentum

proJections, and the energy, as well as two differential equations
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which represent the projections of (1) on coordinate axes that lie in

a plane tangent to the wave.

The projection of (1) on the normal to the discontinuity surface

serves to determine the transverse component of the electric field EX,

if the electron pressure is known.

It is thus necessary to solve the following system of equations
• PU =- Ill..

If-u+ P +-8=,

8x,
U, -- , =12. (2)
Pun.

,,,, - H , = 13,
2I T-1,P

dli =•!n(,n, - 'dl,)+-(uH,-uHnj
it. =3[-H (wH. -,tiH) + (uH,- W.)

The constants m, I T, 02, 3, e, and H. are determined from the param-

eters of the flow ahead of the shock wave.

We introduce dimensionless quantities defined by the formulas

U UOU* , 0U 0 U WUaw*.

* RT=e O' .P = Paza,

nH= h, =-ph =zz.

The subscript "0" pertains to the para=eters ahead of the shock

wave. Changing over in (3) to dimensionless coordinates, we obtain
h-' ,, (u. -2h'.) (z'hkJ, +A.) - -'A's 1%.

-h, (,* - 2 2') (h, (4)

where

1=..

+ P.+- A;.
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Changing over to dL-ensionless coordinates in (2) and eliminating

from the latter v*, w*, and E*, we obtain a relation between u*, h,

and ha:

2) ( .T ( (T 1 )- 12( *2 + (T' 0.)'- -1 *2

To complete the solution of the problem it is-necessary to express u*

from (5) in terms of hy and hz, substitute it into (4), and integrate

the system (4).

let us investigate the system (4)-(5) qualitatively. In the u*,

hy, hz space Eq. (5) defines a certain surface, on which the integral

curves of the equations in (4) should lie. Since the solution describ-

ing the structure of the shock wave goes over at x = + into transla-

tional flow, the points on the surface (5), corresponding to x =+-,

lie on the intersection-between the surfaces
(u' -- 2h) (•'h), + h,) -- 'l = 0, (6)

(u•: -2i:) Ch- •*k.h)- = 0.

Relations (6) have been obtained by equating to zero the right halves

of (4). The points of intersection of (5)-(6) are the sirn-ular points

of the system (4).

The character of th-e integral curve of the system (4), and conse-

quently also the qualitative sigularuIties of the flow within the zone

representing the shock wave, depend on the character of these sing-ular

points.

The character of the singular points is determined by the sign of

the discrimi•ant of the characteristic equation, made of the coeffi-

cients of the linear term-s in the right halves of the equation in (4)

A2ý + -2J2h)4,-D= • .hl "hA( -2A-h

Without dwelling on the details of the further research, let us
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formulate the qualitative conclusions to which the research leads.

If the shock wave is fast and its intensity is such that the

velocity behind the wave is larger than the gasdynamic velocity-of

sound, then the motion inside the zone of the wave is continuous. Fur-
.22

thermore, if a* hi is small, then all the parameters in the flow zone

change monotonically, but if a*2h2 is large, i.e., the helical range

of the electrons is large, then u* and the components of the magnetic

field nea•r the initial points do not change monotonically (the initial

point is in this case the focus for the system of integral curves). In

the latter case the end point of the magnetic field intensity vector

describes in space a regul;ar curve, but it does not rotate in this

case around the normal to the discontinuity surface.

If the intensity of the fast wave is large, so that the velocity

behind it is subsonic, then a continuous flow cannot exist within the

zone representing the shock wave.

The flow near the initial point is the same as for a wave of low

intensity. The flow zone is terminated in this case by a gasdynamic

Isomagnetic discontinuity.

If the gas velocity ahead of a slow shock wave Is subsonic, the

flow is continuous. The flow is monotonic in the case of small a*2h2
x.2 2

and in the case of large a* n near the end point the motion Is similar

to the motion near the initial point in a fast wave with large a*2hý.

If the gas velocity ahead of a slow wave is supersonic, then t'

fl1w begins with a gasdyna•i-c isomagnetic discontinuity, followed b-: a

region of continuous flow. The behavior of the flow near the end point

Is the same as in the preceding case.

Thus, the character of the flow within the zone representing the

shock wave depends in essential fashion on the magnitude of the helical

rahrge of the electrons and on the character of the wave itself (fast

-4T-
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or slow). As a* 0 the flow goes over into one describing the struc-
-p

ture of an ordinary na~netohydrodynamic shock wave.

An essential feature of the structure of the shock wave in a gas

with anisotropic conductivity is the presence of a transverse electric

field component, and consequently space charge, within the zone of the

wave.

We note that in a medium with anisotropic conductivity the thick-

ness of the shock wave is larger than in an ordinary magnetohydrody-

namic shock wave.

If car ,1, then

C3-(1 + "-2,4);

if tr >> 1, then

c2 (-2+14) ,24='0:• 4rou0.'•

In this case for a medium with a large helical range of electrons the

thickness of the shock wave is of the order of the larmor radius

C2 cH clPm1r, 0  - R. -
4iutett 4r.eizzttum ,.zmtt

For comparison we indicate that the thickness of an ordinary =ag-

netohydrodynamic shock wave is of the order of

12
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SOME PROPERTIES OF MAGNETOHYDRODYNAMIC

FLOWS IN SHOCK WAVES

M.N. Kogan
Moscow

§1. STABILITY OF SHOCK WAVE

According to [1], shock waves are stable against small disturb-

ances if
"D-< Val <W. "1- <"2- (1.1)

or
Us +< V.1, 'V-,< Va< R2,h 1 2

where vn is the component of the stream velocity normal to the wave,

w = H/j(4 7r is the Al'fven velocity, wn = H./j/r, a = i is the

velocity of light, and

'42~ [Z: + a IC2 + :.2-) -4a'wV.2

The subscripts "l" and "2" denote the states ahead of and behind the

wave, respectively. The coordinate system is fixed to the wave.

In the investigation of plane stationary flows it is convenisnt

to use the planes of the velocity hodograph and the magnetic fiel1'

since we have in these planes the characteristic manifold [2] and the

polars of the shock wave [3]. Figures 1-4 show the shock polars plotted

in Reference (3]. These polars were derived from the conditions fzr

the conservation of the mass, momentum, and energy of the flow and the

conditions that the entropy increase.

The results of the stability analysis on the basis of (1.1) and

(1.2) are shown in Figs. 1-4. M v/a, N = w/a, V1 is the critical

-49-
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velocity off sound, and a is th neof' inclination of' the wave to

the coinciding velocity and magnetic field vectors ahead off the wave.

In Figs. 1 and 2 the stable modes are designated by continuous lines

and the unstable ones by dashed lines. A clearer picture is obtained

N149

( g r/ f x 6855

NI 91 / 1670 M:FA 2.

EOig r. Io

V.V

I 

I

IO0":5 

Ve ~
Fig. 2

In the plane of' the manretic rield hod--,raph, since Ccnditions (1.1)*
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modes are those in which the tangential ccnponent of the zrgnetic field

does not reverse sign on going through the wave. It is easy note that

the stability regions, in accordance with this rule, will be those

shown shaded in Figs. 3 and 4.

.Let us note some properties of shock polars.

1 i. A stability occurs where multiple valuedness occurs, i.e.,

where the same conditions ahead of the wave correspond to several pos-

sible modes behind the wave.

When N1 > 1 such a multiple valuedness region exists [31 In the

range

A- v7 2,(1.3)

where x is the ratio of the specific heat.

When N < I a multiple valuedness exists at N1  < 1 . The polars

corresponding to this mode are completely unstable.

2. The ordinary direct shock wave is unstable in the range (1.3).

3. In the range (1.3) there exist unstable fast shock waves (Vnl >

> ul+)-

4. Small shock waves of the first kind [3] are stable both when

M1 > 1 and when M1 < 1.

5. Waves traveling against the strean are stable when
,\t1 ,11 j .\'i <C ..f1 K :•i: (,\, !) fcr .V, < l

and when

< MI < KI fcr NI > !.

6. All the polars are stable .:hen they are qualitatively similar

to the polars of ncr.nagnetic gasdyn.:-5.cs, occ-rrnir when ,9>%-IX
2_, 7 2 zSI'V----f-- for N1 > I and when '"i > 1 when N! < 1.

§2. WIDTIS OF DISCON",DT-.S

To estimate the thickness of the shock wave we can use the equation



t

.S,uTs ;U"'=, + •,(';, +, +o'+ w) + (ry + 1; (2.1)

Here u, v, and w are the components of the velocity vectors along the

axes x, Z, and z, p is the density, T Is the temperature, a is -the en-

tropy, H is the component of the magnetic field along the Z axis,

and 71 are the viscosity coefficients, X is the heat conduction coeffi-

cient, a is the electric conductivity, and c is the velocity of light.

The x axis is directed along the norral to the wave. The velocity vec-

tor _1 lies in the xy plane. The primes denote differentiation with

respect to x.

Intograting (2.1) over the width of the discontinuity we obtain

the following estimate for the thickness of the wave 6:

where "e

+ ~ 4j3 ~)(11)r - (,&V) 2 + (A&ZzV~J,] ~ ; % tu 1TAs

63 e (6'•zTAs "

Here AA = A2 - A1 and the qr-antitles that are variable in the front

are replaced by certain mean values. The quantity Lw differs from zero

in rotational discontinuit!-•s.

Denoting Ap by L, .,;e otrain the fol!ow-ian estLmate for weak shock

waves of the first kind [31];

V . Vf

where v Is the kine.nat±. vfszsi'ty ard vI,- c 2 /4 7,a is the magnetic vis-

cosity. --

S0 "• 2
As shownm in [31, when 2,7 = 1- + . where e is a small quantity,

weak waves of the second k±•-%d exist. In movirZ along such a polar, the

entropy drop changes frcr, Ls -3 to is - L. However, the corresponding

charge in Av and n lead:; to tha esti-mate 6 -". Weak shock waves of
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the second kind go over into the !lmit to rotational discontinuities,

in which A = 0 and .s = 0. Therefzre the thickness of such a discon-

tinuity is infinite, i.e., there are no stationary discontinuities of

this kind. Inasmuch as in an incompressible liquid the only possible

rotational discontinuities are shock waves, it Is clear that the solu-

tions with shock waves obtained for flows of an incompressible liquid

cannot be realized. They are, however, of certain interest for by using

similitude criteria it is possible to change over from them to the cor-

responding solutions of the elliptical-hyperbolic problems for a gas.

Along with waves whose thickness increases with decreasing inten-

sity, there exist in magnetohydrodynamics waves whose thickness in-

creases with increasing intensity. These are waves that are close to

tangential discontinuities, the thickness of which, as can be readily

seen from (2. 1) tends to infinity as a -r.
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PERTURBATIONS OF THE MAGNETIC FIELD IN WAVE
AND JET MOTIONS IN A CONDUCTING MEDIUM

L.I. Dorman
Moscow

§i. PERTURBATION OF MAGNETIC FIELD IN WAVE MOTIONS OF A CONDUCTING
MEDIUM

Let us find the perturbation of a magnetic field occurring in the

propagation of gravitational waves over the surface of a liquidl situ-

ated in a homogeneous magnetic field, in the case of small magnetic

Reynolds numbers. We shall assume here that the amplitude a of the

wave is much smaller than the wavelength X. In this case we can neglect

in the Navier-Stokes equation the term (vV)v compared with the term

2/•t, and the velocity distribution in the moving liquid Wil have in

accordance with [1] the form

Va=-Ake'COsi(kx-j0I)v, = Ake'1 cos (kx -- wj. ,

where k = 2i./X, t = J , and g is the acceleration due to "gravity.

The coefficient A is connected with the wave amplitude a and with the i
velocity of propagation u = 2/wk = • by the relation A = 2ua =

= ajA. Here the z axis is directed vertically upward and the XY

plane is chosen to be the equilibrium plane surface of the liquid. The t
perturbations of the magnetic field r for small magnetic Reynolds num-

bers and small Hartmann numbers is given by the equation V

where a is theconductivity of the medium and T is the external field
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(in our case, homogeneous). Substituting (1.1) in (1.2) we obtain
Ah,= =7I ek,[iH~cos (k_•,,)+H, sin (ki _- ,,)][

k,,o " 'forz<O. (1.3)
A. h, - e'lH.,in(,x-wt)-H.cos(kx-ad,]J-

AA,,= O}rbr>o. (1.li)
hhu- 3

A.'-0 nzo

We seek a solution of (1.3) and (1.4) in the form

h5 (Z o Ak2tIHcos (kx - t) + H, sin(kx - wo. (15
W, (1.5)

Substituting (1.5) in (1.3) and (l.4) we obtain for 9(z) the equation

iu f or z <0,
IFOf)- ,(z) -to for Z>O, (1.6)

the solution of which has the form

(z) 2kfor 2o. (1.7).
Ic~e + ce-, for C >0.

From the fact that the solution must Oe bounded at infinity, it follows

that c2 = c3 = 0. The constants cI and c4 are determined from the con-

dition that the solutions must be Joined together on the boundary at
z = 0, namely cI 0; cY = -I/4k 2 .

Substituting the obtained value of 9(z) in (1.5) we obtain

h,= R.[Hcos(kx.-t)+Hsi- (,kx--t,]X

I-(1-2kz):if z<O,
x , if Z>o, (

where

IZ A ~.7lta ;a 1(Ca= -e- = -- 2- - (1.9) •

Analogously we get . I
k,= (1.10)

. - -- R. [H, si (kx- - wo - H, co. (1) - W)! X

- (el(I--kz,,) if z<o 1.,)•

if' ....
C6g



- - Thus, the field perturbation is represented by a vector with amp-

litude

R.rf2__j (-kýif 3i4O, (.2

which rotates in the x,z plane with frequency w. From (1.12) It fol-

lows that the maximum of the perturbation Ihi is located'at a depth

z =-1/2k =-X/7r. The dependence of Ihi on z is plotted In Fig. 1.

Fig. 1. Dependence of the amplitude of the perturba-

tion of the field on z.

By way of an ox?_-ple let us estimate the field perturbation due

to gravitational waves in liquid sodium and In sea water. Since in the

former case a - 10 17 we obtain, putting a - I cm and zo'1 cm, -

-10- and in the earth's field at H - 0.5 gauss we get h ~ Moe at z=

0 . Such a perturbation can b-- readily measured. Putting In the second

100

case a 2-1 , a - 1 meter and X. - 10 meters, we obtain according to

(1.9) Rm - 4-10-6 and in the earth's field at H - 0.5 gauss the ex-

pected field perturbation is h -0.2-y on the interphase, approximately
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0.2 4 y at a depth of 1 meter, and it should decrease rapidlywith in-

creasing distance from the interface in accordance with the curve of

Fig. 1.

Concluding this section, we note that the result obtained can be

readily generalized also to include ripple and gravitation-ripple waves.

In this case, in accord with [1, page 290J, the equations remain the

same as before, but

w(1.13)

where a is the ccefficient of surface tension an'. p is the density. We

then obtain for in place of (1.9)

xaA nua (I.14
R.--- .- (1.1)

If g/k >> a/p, then gravitational waves will occur, if g/k <<

<< ak/p, the waves will be capillary (or ripple), while if g/k - ak/p,

the waves will be capillary-gravitational. The dependence on x, t, and

z remains the same as before and is given by (1.8), (1.10), and (1.11),

where Rm should iin general be taken to be as defined by (1.14).

§2. PERTURBATION CT .MAG2BTIC FIELD INI THE CASE OF JET FLOW IN A CON-
DUCTING LIQUID

2.1. Straight LIne Submerged Jet w.ith Exoonential Velocity Distribution

Assume that the distribution of the liquid velocity has the form

Z'O o,='O; ;= (2.1)

and the unpertu.rbed h ....neous magnetic field is 9= (Hx, Hy, Hz.

Hence

S-V,-~:Tho. (2.2)

Substituting (2.2) in (1.2) we obtain the initial ec ations for the

field perturbation

-",=a . ,= .;

"fCos- -c + sn?] (2.3)
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We seek a solution in the form

k,= !(p)fIIcos?+÷, siflJ. (2.4)

Substituting it in (2.3) we obtain an equation for f(p)

v-• (2.5)

Its solution is given In the form-

"+ 1) '-

From the condition that the solution must be bounded as p -. o and

p 0 we obtain c2 = 0; c (2.4rov0 p)/2, hence
2. '1 (2,.7o,, +, ,,

- R4.tQ - i. cs; +iisin a), (2.7)

where

. ravOp. 2.8

For the remaining field components we obtain h. = 0; 0 = 0.

• I I I ! I I i , I I--T•

Il I $ $ I I I r I • I

Pig. 2. Dependence of the amplitude of the field
perturbation on P/P 0 .
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Figure 2 shows the dependence of hz/Rm(Hx cos c + Hý sin ?) on -"

P/Po.

2.2. Field Perturbation in the Flow of a Viscous Conducting Limaid in
a Submerged Pipe

Let p0 be the radius of the pipe, v0 the velocity on the pipe

axis, the z axis chosen in the flow direction, the external homogeneous

field it= ( y H )z and
.=; ,=0; V T (2.9)

Then, in accordance with (1.2), we obtain
0,,=o; Ah, o; = 8=o .. F+ , sin !?), if P o.

ilk '24 cp.(.cs ' (2.10)
0 if P > p.

We seek hz in the form

-)(H. cos + Hsin )(2.11)

For f(p) we e~btain the equation

,I [8 1'22 P. if p <p0,
1 ,,+ f (2.12)

+ - 0-,o if p>pV.

The solution of Eq. (2.12) has the form

C 2 P=,4- +'2p, if PP-.
1(•) W scp "1 -O Pfp (2.13)

- + C'P'if- P>P*.

From the requirement that the solution be bounded as p 0 and p -

we obtain c1 = c4 = 0. The conditions that the solutions u-st te joined

at p = P0 yield c2  -2novO/c 2 ; c3  7 yvo P/C 2 . Substituting (2.13) in

(2.12) we obtain

- R .(If, cos ?+ H ,sin PO (2.!4)

if ?Pa.

where

S .- (2.15)

- 60 -



For the remaining components we obtain h. = = 0.

The dependence of hz on p is shc'n in Fig. 3. The jet in a pipe

submerged in liquid sodium at a - 101IT, vo - 10 cm/sec, P0 ' 3 cm,

gives a field perturbation defined by Ra - 1-.In sea water at a -

103-310 . flow with a cross section defined by p0 - 100 meters with a

velocity V0 - 3 Iam/4w gives rise to a perturbation def ined by EM -10-

and in the earth's field this yields h - 5y.

@8

41

owo

424

Fig. 3. Character of decrease in the field per-
turbation with Increasing distance from the
pipe axis.

1. L. D. Landau and Ye. M. Lifshits. Mekhanika sploshnykh ared

[(echanics of Continuous I.eda], Costekhizdat [State Publishing

House for Theoretical and Tec!'-Ical Literature], Moscow, 1950.
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LAMINAR FLOW OF A CONDUCTING LIQUID

IN A HOMOPOLAR ENGINE

V.S. Yargin
Moscow

In the present paper we solve the problem of isothermal flow of

an Incompressible conducting liquid in a homopolar engine of finite

height. The case of small Hartmann numbers (M) is considered. Using an

expansion in M2 as a small parameter, expressions are derived for the

flow velocity, the magnetic field, and the current field in first and

second approximations. The coefficient of hydraulic resistance is in-

troduced and its dependence on the geometrical dimensions of the setup

is investigated.

The homopolar engine is an axially symmetrical setup consisting

of two coaxial cylindrical electrodes, bounded on the ends with dielec-

tric covers, and filled with a conducting liquid. In addition to the

electric field between the electrodes, a h..o.eneous axial magnetic

field H0 is produced in the apzaratus. Under the influence of the ampere

force produced in the crossed fields, the liquid in the homopolar en-

gine is set in motion.

The theory of this motion has been little studied. Only particular

cases of isothermal flow of an incompresslble liquid were investigated.

Thus, S.I. BragirskI! [14] has lnveestiated the case of large numbers

M= (ýLFoL/c) and N =21i 2 L:/c 2 pv, when the arSnetic forces are
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much larger than the viscous and Inertial forces. Chang and Lundgren

(5] investigated the flow in a very thin homopolar engine, neglecting

the influence of the side walls; they have considered only one of the

possible solutions, in which the velocity and the azimuthal magnetic

field are inversely proportional to the distance from the axis of the

apparatus. The work of G.V. Gordeyev [6] concerning the flow of liquid

in a homopolar engine of finite height contains erroneous assumptions,

which will be discussed below.

In our paper we consider stationary isothermal flow of an incom-

pressible liquid in a homopolar engine of finite height at .small Hart-

mann numbers (M < 1).

The problem posed can be completely formulated by means of the

following set of equations [1, 3]:

(UV) u- •@(Hj) 11 Vp +-V
4-..p P

.(UV) it-(11V) U=D.V'H, 1

VU= 0,

where v = r/o is the kinematic coefficient of viscosity, Dm = A
2 /ndG

is the coefficient of diffusion of the magnetic field, and

It is assumed here that the ordinary conditions under which the

magnetohydrodynamic equations are valid [1-3) are satisfied.

Le'; us change over to dimensionless quantities, putting

H, ---Hh,; H, --- H•,4, H, = H~h,
S....• -p=.•=po~ + , .,,

where LO and L1 are the outside radius and half the height of the ap-

paratus, pO is the pressure near the outside wall; H1 is a constant,
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for the time being undetermined, havi.-• the dimensionality of the mag-

netic field intensity; V0 = HoHIL4-v1 is the characteristic velocity;

E = p/pV0 is the Euler number, and S '= !j2i/4•oo.-

Then, taking into account the cylindrical symmetry of the problem,

we obtain the following system of equations:

+, (, VE'- + •' +h h t

dr 0Z -(2)

+

vvR --- ,- 7+ , h- + "
.(, orv.•v.Or~-- d. -r/ (3)

Or Or(4)
V2h,' = V . . -. a , h v-

or , + ,o--I", F 'a (5)
hr _V-.'h hv, ov V

+Vh.V'h-; ~d -- -- j + 0 ••"

( O 3 O'k. )

"-; -r Oz (8)

where R p=LoVij is the Reynolds n'-zber; 6 = LI/LI; a H13 .T; V2 =

- (e2/ar2) + (6/r~r) + (6262/rz2) Under the conditions of our problem,

a <1.

In these equations the connecticn between the =otion of the con-

ductirg medium and the magnetic f=l_. is characterized by the Hart=ann

number. If M < 1, the interaction te.ween them is weamk and the system



of equations (2-8) can be solved by expansion in 112 as a small param-

eter.

Using this expansion and neglecting in first approximation the

axial and radIal velocities, we obtain the following first approxima-

tion system of equations:

v-,, -•-+ L--7 _0;{9

___ . (10)

E -'j+S E(11)

V-h- V = 0. (12)

From among the second approximation equations, we give the equa-

tion for h(2)

which is determined only by the first-approximation quantities

k M; V.0)(13)

The boundary conditions for the velocity will be assumed in the

form V,=o

"I.= ' -::.(

where e = r = r 1 /r 2 .

On the side walls, in view of their ideal conductivity, we have

E; =0. E,=0.

On the ends we have E= 0 and h, =--Ioz/cLoHr or h, =-6z/r,

z =_+1, if we define the constant H1 as z +1,

Hl,= 21,. j, (15)

Going over to the =agnetic field intensity and using the assump-
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tions made above, we obtain the boundary conditions for h

II = 0

f= (16)

h 0 , 0 (17)

r=1.

In the first approximation the magnetic field is independent of

the liquid flow and is formed by the axial field h(l) = 1 and.by theNz

azimuthal field h(l) The latter is described by Eq. (12) with Bound-

ary Conditions (17) and represents the field of & current flowing in

the inner electrode

h"v " t (18)
1r

This magnetic field corresponds to a radial electric current J

= const/r, which is independent of the coordinate z.

It is possible to neglect the velocities Vr and Vz if the follow-

ing conditions are satisfied

E> I; HT +

which follow from Eqs. (10 and 11). In this case p = 1.

Thus, in the first approximation the pressure is constant over the

entire volume of the apparatus, the electric current has only a radial
_!

component which is independent of the coordinate z, and the velocity

of flow Is described by the equation

dT(' +o•" IaV(P,,+ V17" i (19)

The applicability of the proposed method of solution for liquid

metals is determined by the possibility of expansion in 142 and is 4

therefore limited to the region of weak magnetic fields. For electro-

lytes, a more important factor is the possibility of neglecting Vr and
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VZ, i.e., the condition E > 1, which limits the flow velocity (V0 <

< 103 cm/sec) and the magnitude of the ampere force (JIHo). This is

particularly noticeable when J 1 > 1 a/cm, when the condition M < 1 is

automatically satisfied.

A comparison of the system of equations and boundary conditions

(9, 12, 14, 15) and of Reference [5] with that proposed by G.V. Gor-

deyev [6] shows that the latter was inconsistent and consequently Eq.

(2) of his paper contains a term aHoa 2 V/`cz 2 . Under his assumption

that only a radial current exists and with his formulation of the

boundary condition for the current on the side walls, which hold true

only when M << 1, the term mentioned above should be discarded. Its

retention leads to the violation of the current continuities law. In

addition, the author shows the problem for a boundary condition that

is known to be incorrect, assuming the current in the liquid at the

end covers to be equal to zero, which is clearly a misunderstanding.

As a result of these circumstances, the solution given in [6] is

in error and it is necessary to give a new one, something that is done

below for the first approximation equation.

The solution of Eq. (19) will be sought in the form

V; (r.z) =R(r) Z(z) + V.(r) (20)

(the symbol (1) has been left out for convenience in notation).

Substituting (20) In (19) and separating the variables, we obtain

equations for the determination of the functions R(r), Z(z). and V(r)

Z =0 (21)v÷-'--v'z 1211..........

where Xn is the variable separation constant,.

The boundary conditions for these equations follow from (14):

. 6T- I.



R,,,:: ~ 11 ((-1=-0; v )= V. 0) ;
(z 1) + V. 0. (22)

After finding the solutions of Eqs. (21) and substituting them in

(20), we obtain the following expressions for the flow velocity

V; ![)=tA(r-!) +rlnr+ XvI.Bi(Xr)cfrhzJ (23)

where BC(Xnr) are cylindrical functions of order 1.

, (0.4) = J,() - • N• ,)•,

is the root of the equation J (e)n) NI(XLn) T- J1(Xn)Nj(e.X) = 0,

A,&n---- 2 ; Am=- 4b.; 1.

I e__ --B___ ,_
B. N,) -B. (91.)b. L.: •(•,,-J -12 Bo(u..x.)r

The influence of the end covers on the velocity is described by

the term Z A.B(,ry)ch(.iz). For the central cross section (z << 1) the
Ja.

value of this term decreases with increasing length of the apparatus.

When 8 - 0 we get

V; (1Az)*- . ) [A( r+t

which coincides with the solution obtained for infinitely long cylin-

ders by G.V. Gordeyev and A.I. Gubanov (3].

The profile of the velocity field depends on the ratio of the

radii. The maximum of the velocity is always shifted toward the inter-

nal electrode. When e = 0 (tlhe internal electrode is a filament), the

velocity has a maximum at r = 0.368 and reaches 0.18 V0 . With increas-

Lig e, the raxlmum of the velocity increases, approaching the center

of the distance between electrodes. The influence of the end covers

smooths out the velocity profile without changing noticeably the posi-

tion of the maximum. This Infl z:nce is particularly noticeable for

shortened cylinders.
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The average flow velocity is

-36, •_ the'- :,[, ,~*1(• I?,,(.j-..s,.,(,x.j B...•jI. (21)
a-A| A4

where Sl'l(r) is the Lommel function (7].

The average velocity increases with decreasing 6 and e. As 6-. 0

and e -. 0 we have VI -.V79 and amounts to approximately 0.6 of the

maximum value.

Substituting (23) in (13) we obtain an equation for the determina-

tion of h(2):

• OhT, hZ'

or! r dr' 0 Z doS B )(25)

Its solution has the form

e=-o[R1 (kr)sin nz+ I be)S (VAz] (26)

where

R, (k,) =Cj (k.) - (-I yD.K, (kj,)ý

k, n B.n

s,•O=sh (V.z) CA t(V.)

b. l-+l 2 v., th v,
k b !. + 41- '-- I B, (Q.) K. (Tk) - B, ,i( Ko(k.)]

C.=(-z). "=' kI + }•
!. (k [.) -( k.)- 1. ( B,(k.K) .,,)1

To change over to the current field, we use the equations

where = is the dir.nensionless current density; J. = cH1 /47Lo =

= 1~).
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On the basis of these equations we obtain

S'k R (A.r) cos -izz + B, CA,r) S, (vz)= - ,[k.Rt, (k.,.s, co-.,t B(. r)+S . (,)]

where

S2('Sh i ) shv.; ] Th v.-

We see from (27) that in the central cross section and near the

ends, the second approximation radial current Is maximal, while the

axial Is equal to zero. Thus, the second approximation current is an

eddy current in the meridional planes, while near the ends it coincides-

in direction with the first approximation current, and in the central

section it is directed opposite to it.

The volume force Jr/ assumes for the flow of conducting liquid

in the homopolar engine the role of a pressure gradient, and it is

therefore convenient to introduce a hydraulic resistance coefficient •,

defined by the relation

LO,, f pi (28)
c 2d

where d =r 2 (l- e) is the distance between electrodes; R = pFVd/Tj is

the Reynolds number.

For laminar flow it is usually assumed that • has the following

dependence on the properties of the liquid and the dimensions of the

apparatus [2]:

(29)

where O(e, 6) is a form factor that depends only on the geometrical

WImensions 'of the homopolar engine.

Using !24, 28, and 29) we obtain

-6(1 +t) -
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10 A0

DqJa q 2S 5 47S

Fig. 1. Dependence of the value of the
form factor O~e 6) on e = r for dif-

ferent 6 = LQ/tl. 1) 4o(s, 6) for 6 = 0;

2) O(z, 6) for 6 =0.25,; 3) O~e 6) for
6 = 0.5; 4) -:,e, 6) for 6 =1; 5) (D(e, 6)
for 6 = 2.

x 5'. ba is,., (1.,) 1,2 (1.) - St,* P.

where

'D~. )~z j-W z(I + )+ 66--In g

is the form factor for infinitely long apparatus.

The dependence of O( s, 6) on e and 6 is plotted in Fig. 1.

For elongated cylinders (6 < 1) the value of"6(e, 6) increases

-71-



slowly with increasing 5. When 6 1/2, the relative value of the form

factor , 6)/4(E, 0)] is equal to I.1. When 6 = 1, this ratio

reaches 1.2-1.36, depending on e. For foreshortened installations

(6 > 1), the value of t(E, 6) increases more rapidly with increasing 6

and the role of the end covers rapidly increases and soon becomes de-

cisive. When 6 = 2 the relative magnitude of the form factor is 1.5-2,

and when 6 =4 it is already 3-5.

In conclusion, I consider it a pleasant duty to express deep

gratitude to Professor M.F. Shirokov for interest in the work and for

useful consultations.
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COAXLMIG TURBULENT HYDROMAGNETIC FLOW
IN A HOMOPOLAR ENGINE

Ye. P. Vaulin, V.I. Babetskly

Moscow

Turbulent flow of a conducting liquid between coaxial cylinders

in a homogeneous magnetic field directed along the axis of the cylin-

ders is considered. Formulas are derived for the calculation of the

profile of the average velocity and for the resistance coefficient.

I. TURBULENT FLOW BEdTEEN COAXIAL CYLINDERS WITHOUT A MAGNETIC FIELD

Before we proceed to consider hydromagnetic flow, let us analyze

briefly ordinary hydrodynamic pressure flow between coaxial cylinders.

It is known [1] that in the core of a completely turbulent stream

in a curvilinear channel the product of the velocity and the radius

vary little with the radius, i.e., ur = M = const. This enables us to

represent the distribution of the angular momentum in the core of the

flow in the form

(r=A)-mJ(0.

where %0 is the maxirum value of the angular momentum, m0 is the scale

of the angular momentum of the pulsating motion, • is the dimensionless

coordinate, to be defined below. y
The quantity ur reaches the value 40 at a certain point rp. A

circle of radius r. divides the channel into two parts of width b, 7

=r~ -rp and b2 = r 2 - rp, where rI and r 2 are the radii of the in-

ternal and external cylinders, respectively. The radius rp character-

Izes the influence of the channel curvature on the flow. In each of
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the parts of the c.-m-nel we shall use as a dimensionless coordinate

the quantity • = yA, where y is the distance from the wall and b = b

or b 2.

The flow in the channel Is determined by the following independent

quantities: the pressure gradient dp/d,, the density p, the kinematic
viscosity v, the cha-rmei width d = b I'+ b 2 = r 2 -- rI1 and the radius- rp

as the curvature para_-eter. From these we can make up a quantity which

has the dimension of velocity and -is the velocity scale [1]:

u. = 11p b (2)

As the angular moment= scale reaches the quantity

" Or, -- u',. (3)

We introduce the Reynolds number

Thus, the flow in the channel is determined by the two dimensionless

quantities R* and •.

We have

- = (R*,0. (4)

In the core of th- flow, Relation (I) holds true and can be writ-

ten in the form

(5)

The flow near t-hee wall is independent of the channel width, so

that we assume, as is customary, for the region next to the wall
-- (R" (6)

In some region Ecs. (5) and (6) should be satisfied simultaneously.

From Eq. (4) -we have
"---, -- i, (r '. I,) {•R o).( )
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Equation (5), with account of Eq. (1), can be written in the formi

Ur , O.--h).(8)
,nil

Comparing (6) with (8), and also recognizing that f2(1) = O,we'get

up

- (R)- AIn R.+C, 1)

(10)

or, going over to the velocity distribution

i,--A,.(R.-) + Cj. (12)

up r
;-- - [A I, (R) + C). (13)

U.--a r,U A - In.• (14)

where u,= 14/r.

Wattendorf has found [1] that in the core of a turbulent stream

the "velocity defect" (up - u)/u* is a universal function of E, which

is the same for both walls of the channel, something that does not con-

tradict (14), since in his experiment the quantity r/r was of the or-

der of unity. The correctness of the "velocity defect" law (14) needs

experimental verification in channels with appreciable curvature, i.e.,

those for which (r 2 - rl)/rI is not very small. It is easy to see that

Eqs. (12, 13, and 14) go over into the ordinary velocity laws for flows

in straight channels when (r 2 - rl)/rI -# 0.

Resistance Coefficient

We define the resistance coefficient of the channel under con-

sideration in the following manner

! dp 2D
S,,di• ' (15)
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where D is the so-called "hydraulic diarzeter."

We introduce the average values of the ang-iar rcmenta for the

two halves of the channel, •l and _$r, and form. the quantities fl and

f2 by means of the formulas

u~ ~2 's J4/~ (16)

The average value of the momentum over the section of the channel

is i-s u~rb1 rujb,

d
(17)

where d is the width of the channel.

Combining (2, 15, 16, and 17) we obtain

D
I =(1/,r + it 2)2  (18)

On going to the limit of a straight channel, the quantities f, f 1 ,

and f 2 go over into the resistance coefficient of a straight channel,

defined in the original manner.

We can derive for the quantities f 1 and f 2 a law which is similar

to the law of reistance of straight channels.

Indeed, from (11) we obtain, for example, f•r the internal w.tall

Al- u,r = (19)
0/0

which together with (10, 11, 15, and 16) yields

IIl + (20)

2. 1?4AGIETOHYDRODYNAI4IC FLOW BEETerEEN COAXIAL C'LLZ 2D ER S
We now consider the flow of a conductizng l•rd in the presence

of a magnetic field, directed along the axis of the cylinder. An ex-

ample of such a flow may be the flow in a hc" - lar engine, where the

role of the pressure gradient dp/dp is assmzed by the :-ere force JH,
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where J Is the total current. It beczmes possible here to carry out a

dimensionless analysis, similar to what was done by Harris for straight

channels [2].

In addition .to the dimensionless parameters R* and F, introduced

above, it Is also necessary to include one magnetohydrodynamic param-

eter, namely the Hartmann number, defined by the formula M2 = oH0b 2 /q.

Here b is the same as before, I Is the viscosity, and H0 is the rield

along the cylinder axis.

We thus have

"(21)

Near the wall the flow is irdependent of the channel dimensions,

so that we should have for the region near the wall

[2 (R*. MQ.(22)

Within the core of the turbulent flow, the influence of the vis-

cosity does not come into effect, and therefore we have away from the

walls
M,"-u _" I/M'..

N ( 23 )

In some region Eqs. (22) and (23) are valid simultaneously, so for

that region we have

U, IMi2

where q(R*, M) •"m0 .

Differentiating (24) with respect to R, l*, and M we obtain

O~R---)R. ý+M d12.=.0 I3,• ,i-' O•,M -- ' (25)

O- . + I I .I 1 (26)

- 9Ii 07 2 • .2-
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Substituting (26) and (27) in (25) we get

"AI f• - " -ý+ '%1 - (,'11•,- (28)

Inasmuch as the left half depends only on R* and M, and the right

one only on • and 14 /R*, both halves can be functions of M2/R* only,

i.e.,

M-, (29)

and

+ (•r*) r" (o

Analogously, eliminating f3 from (26 and 28), we get

"2 -( +" ;- - =-ip)! (31)

2RA"M M h: ==92 (32)d R Aff + -jT1 rR1

From (29 and 32) we determine the function q in terms of the func-

tions g, and 92

jp(R M=j,ý+G (33)

Here

In exactly the same way we have from (30, 31)

I (-; ) = + G, (35)

Inasmuch as f/(12/R*, 1) 0, we should have G3(x) -GI(x), and

in order to satisfy (24) el should have

G4 (x) = 01 (x).

Thus, all three functions, 9, f2, and f 3 , are expre3sed in terms

of G1 and (2:
-• - 78 1-
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I+ G] (38)

(J - + C, (39)a

In order to determine the connection between the solution Ob-

tained here and the solutions for flow without a magetic field, we

introduce In place of 01 and G2 other functions, namely:

G, ( x) --- A In x + F, ( x) , (4 0)

o..(x = -2Al.x.,+ C+p, (x). (41)

Then the sought functions will have the form
Ma Mý2

a.F (.2)

A0 - =r AI n.F( I)+f(M 2) ("3)

Sur + M~ PI/M1g 4A Ina (R*;) t -- RI. + F1 P((44))

When M = 0 we have PF =F2 = 0 and Relations (42-44) go over into

the corresponding expressions (9-11).

The resistance coefficient is determined as before by means of

Formulas (15, 16, 18).

Frcm the velocity defect law (43) we have, for example for the

internal wall,

'%'I--Er A + 2 , (45)
MIAR(16 0 R

which with allowance for (42) yields the following resistance law:
I

In conclusion we note that it follows from the mean of the deriva-

tion of the relations (9-11) and (42-44.) and from the necessity that.
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they go over into the correspondIZ relations fcr plane channels, that

the constants A and C as well as the form of the functions FI and F 2

apparently be the same as in strai±ght channels, which, incidentally,

calls for an experimental verification.-
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FLOW OF CONDUCTING VISCOUS LIQUID

IN A POROUS ANNULAR TUBE

N.P. Dzhorbenadze, D.V. Sharikadze

Tbilisi

The flow of viscous incompressible liquid in areas with bounded

porous surfaces has recently been studied in [1-3] and in several other

papers, while the known papers by Hartmann [4] and [5-7] are devoted

to the flow of a viscous electrically conducting liquid in regions

with solid boundaries situated in a magnetic field.

In the present work we consider two-dimensional stationary and

nonstationary flow of a conducting viscous incompressible liquid in a

porous annular tube of infinite length, when an external homogeneous

magnetic field is applied perpendicular to the cylinder axes.*

Assume that the main flow of liquid Is parallel to the cylinder

axes and that liquid enters through the pores of one cylinder into the

region of main flow and leaves through the pores of the second cylin-

der behind the region of motion, i.e., that the motion is cruciform.

We choose a cylindrical coordinate system r, 6, z and align the oz

axis with the cylinder axis. We denote the cylinder radii by a and b,

with a > b.

We assume that the amount of liquid leaking in is equal to the

amount of liquid leaking out. This will occur if the following condi-

tion.is satisfied

v. Mo b W((1)

where va(t) and vb(t) are the specified values of the corresponding
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velocity component on the surfaces of the cylLnders.

Let the specified external transverze magnetic field H0 satisfy

the condition

i.=81& (2)

where H*0 Is the value of the external magnetic field on the inner

cylinder, and 6 = b/a.

The fundamental equations of magnetohydrodynamics in cylindrical

coordinates, when the liquid flow is synmetrical relative to the oz

axis and the velocity and magnetic field intensity components depend

only on r and t will have the following form:

WtO r 4= or )jr (3)

a,. A7 & 2,. OH +''=,, _a _\ " (ii)
-r V . .- (4

OH, OH, aO, + . a I MrH,1) (5)

o . OH, . , log-,. +, (6)
- dV,- dr Jd- Or I

t .(7)
-F Tr or,. 0.

(v,; , ,(8)

where vr and vz are the components of the velocity, Hlr and Hz are the

components of the magnetic field intensity along the cylindrical coor-

dinate axes r and z, p is the density Cf the liquid, . is the hydrody-

namic pressure, v Al/p is the kine:atic coefficient of viscosity, and

= 2 /4ra, where a is the coefficent of -electric conductivity.

The solution of the system (3-8) =uso oe sought under the follow-

ing boundary conditions

V, (,. 0) = ,u (), .05 ,,)= (.o(r)

V, (r. 0) HP (10),,, (a, 0=",.( M H, (a. ) H,%
V, R.O~C 1) -, ( H, Has'0



where vO(.r), vO(r), HO(r), HO(r) are the valIues of the velocity and

magnetic field intensity components at the initial instant of time,

and the boundary condition for Hz is obtained from the condition that

the tangential component of the vector H be continuous. At the initial

instant of time va(t) and vb(t) are equal, respectively, to Va and Vb,

which are given. "

In the nonstationary case we obtain directly from (1, 2, 7, and 8)

for the radial velocity and magnetic field intensity components vr and

Hr:

L.a=, Wbe)

IH,-f.L= (12)

Substitution of (11 and 12) into the main system of equations

(3-6) shows that Eq. (5) is satisfied automatically and from (3) we

obtain

From this and from (4) it follows that ýp/paz is a function of t only,

and to determine the longitudinal components of the velocity vz and of

the magnetic field intensity Hz we obtain the following system of equa-

tions:
a•," v, A(i)',+ B OH,

"0,3 at r - -r 4-, or (13)

J2 H, M, A,(f) al. B

v-a P --F 7 r -r- r (14)

where

A Ct =v--av.CO)=v--•o(týA, () v. - av. (1) =v.- - ,(41
(15)

B 14s 3

We assume that the voltage drop alorg the tube axis changes from
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the instant t 0 in accordance with a specified law, i.e., we assume

the function f(t) to be known.

The solution of the system (13, 14) subject to the conditions (9,

10) can be reduced to the following integral-differential equations

[2, 3, 9]:

(r, 0 + f f rA B
" ' (16)

Ob

where Fl(r, t) and F2 (r, t) are the solutions of the heat conduction

equation

a~ OF,--F dr it•

which satisfy the conditions (9, J0), and G is the Green's function of

the heat conduation equation. The determination of F1 and F2 reduces

to a system of Volterra integral equations of the second kind with

regular kernel.

We seek the solution of (16) by the method of successive approxi-

mations. For this purpose, after differentiatIng the system (16) once

with respect to r and considering in place of this system one with

parameter a, we obtain for the determination of ýv z/r and ýHz /r the

following system of integral equations

a,, F,. [A(:) + ) aoH.
Or (17)

Wesekth oltoHn of (1 f C[A( se ies foBrm ,10
" .. . . . . . . . . . I.. -

We seek the solution of (17) in series form



0D

__ (18)

For the coefficients of the series (18) we obtain the following

recurrence formulas:

To prove the convergence of the series in (18) we note that the

following inequality holds true

63N< .. 19a)

Let K and L be constants such that the following inequalities are

obtained:
I• ,'1 ,I'I ,,.j IIrr, -; ,. l.I .I• .,-I 19b)

by virtue of (19, 19b) we have the following estimates

171 < K2 KLV7

where r is the Euler gai-a function.

Continuing this process, -ce obtain the general estimates

I r.!I . < K -LVr f G- r(!!+i) _--

Frcm this we find directly that the series (18) ccnverge abso-

lutely and uniformly when b < r < a and t; <, the sums of the series
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(18) yielding the solutions of our problen when a = 1.

In the case of stationary flow of a conducting liquid situated in

a magnetic field in an annular porous tube, the introduction of the

dimensionless quantity

for the radial component of the velocity and of the magnetic field in-

tensity yields directly from (7,8)

and for the longitudinal components of the velocity and magnetic field

intensity we obtain from (13 and 14)

d'v, M21 dH, R--Idv, -,
""-V+N' g dt ý00 (20)

d2_H. NdvR,, d-I H.

d2 9 .dC -=o, (21)

where M = (aH.c) ýO/7 is the Hartmann number, R = aVa/v, Rm = ava/vm

are the ordinary and magnetic Reynolds numbers corresponding to the

transverse flow, N = aHdvm = 4,m •l P -a2P/±z = const, and

the boundary conditions (9 and 10) yield

v,!=. er=!. O l = 2 •!•=.- H,!==1  O. (22)

Fr= (20 and 21) subject to Conditions (22) i.:e obtain for vz the iol-

lowizg expression
I )+ 2- " -,DIn___ _),,• ( I- ) •: [r. (" _(2 k ) (R.

where

2RR. - QR +2 -,-(R.l -- )

2RP. -4- (R. - 2,
R -2(R.--2)P,

2 (2R + 2R.-- RR. + M14- 4)
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SR --. , +'(R- =+4M'
2

An expression for Hz is obtained analogously.

We investigate the influence of the magnetic field and of the

porosity on the motion of a conducting liquid in an annular tube, let

us find the ratio of the longitudinal velocity component to its mean

value V5/vz, where

2

this ratio is given by the expression
2)-In

( 1-82)+(k 2-k')(R,,, +

- -. (V + 8)

(k 2  k2+2 4I)1" h+

This formula makes it possible to obtain different profiles for

the longitudinal component of the velocity of a conducting liquid with

different values of the Hartmann number and with different R and R.m
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STABILITY OF PLANE COUETTE FLOW IN

THE PRESENCE OF A MAGNETIC FIELD

LCB. Pavlov

Moscow

The motion of a viscous conducting liquid resulting from the rela-

tive displacement of two infinite parallel plates is called plane Couel

flow. If a homogeneous external magnetic field V0(O, HO, O) is applied

perpendicular to the plates, then taklng the x axis along the directior

of the velocity Vo(Uo, 0, 0) of the lower plate relative to the sta-

tionary upper plate (we choose the origin in the plane of the lower

plate), it is easy to obtain from the system of magnetohydrodynamic

equations [1] the following distributions of the dimensionless velocity

7(w, 0, 0) and magnetic field r(hx, 0, 0) in the space between the

plates (Fig. 1):
W=0,5[I- sh m(Y-- 0.5)

= o~0,5R, chM(y--.,,5)cho,5M h (
. shA5M 0 l (2)

where X = A(RgRm)l/2 is the Hartmann number, A = Ho/(4,p)l/2u0 is the

Alfven number, p is the density, R and RM are, respectively, the or-

dinary and magnetic Reynolds numbers; the characteristic values of the

magnetic field, the velocity, and the lengt~h are chosen to be, respec-

tively, HO, UO, and the distance between the plates.

"We !mow that when M = 0 a flow having a velocity profile (1) is

stable a-ainst infinitesirally small disturbances [2]. When M ? 0 the

profile (1) has a point of inflection y = Ys = 0.5; this, however, does

-89-



0 

0

i y -

-

ofa

Fig. 1

not mean that instability is possible even in the limiting case when

there is no viscosity. The point is that the Rayleigh-Tollmien theory,

according to which the presence of the point of inflection is a neces-

sary and sufficient condition for the existence in the nonviscous limit

of neutral and growing disturbances, holds true only for symmetrical

distributions of the velocity w(y) and of distributions of the boundary

layer type. For antisymmetrical distributions, such as for example (1),

the presence of the point of inflection is not a sufficient condition

for the existence of such disturbances [3]. One can therefore draw no

conclusions whatever regarding the stability of plane Couette flow in a

perpendicular magnetic field by considergrZ the nonviscous approxima-

tion. It is necessary to examine the complete problem with inclusion

of viscosity, when the stability is controlled to a considerable degree

by the action of the viscosity, the effect of which may vary.

If we consider in the ccrmplete system of magnetchydrodynamic equa-

tions, written in dimensionless forrs, all quantities to consist of a

large stationary term and of a small perturbation that depends on the

time, then, by assuming the perturbations of the z cc-mponent of the
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velocity and of the magnetic field to be, respectively,

r (y)e.,p (li, (L x-ct) + 5A) (3)
1b () exp (I[m, (x-c) + 234)

(a, and a2 are the dimensionless w•ave numbers along the x and z axes

and c is the dimensionless ccmplex frequency), we can obtain In the

usual fashion [4] for the case of arbitrary stationary flow in a per-

pendicular magnetic field the following system for the amplitudes T

and ' of the perturbations

(in Tc (W7P - C2I ) - bi"~ '"'2~ + )-
2,7P +,,.xF-

RzR. (4)
where a2  =2 + 2, and the prime denotes differentiation with respect

to the dkmensionless coordinate y. In cases of plane Couette flow, the

solutions T and 0 should satisfy the boundary conditions

T(y) = Y'(y) = O(y) = 0 for y = 0.1. (5)

If Rm << 1 (this condition is satisfied, for example, for mercury),

then the system (4) reduces with sufficient accuracy to a single equa-

tion for T:

(W-c) 2r-- - " + I - 2z-"" + 'IR=,

A1P _, (6)

If we assume M to be invariant, we can put in Eq. (6) a1Rg = afg. _n
this case ] < R , since a > a,, and the two-dier-siona!. disturbances

turn out to be more dangerous than the three-dirensional ones (SquIre's

theorem (3]). It is therefore sufficient to investigate the equation

-•W C)W""- - '-• + T -(W" -- 2 -' + j4 = "

=--•-(7)RzR
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with boundary conditions

Y(y) ='(y) = 0 f:r y = 0.1. (8)

The first pair of independent pa•:1icular solutions of Eq. (7) is

found from the so-called "nonviscouss" equation

(-- C) ( 2;,,-- --- = = 0, (9)

which gives the zeroth approximation of the solution 7, if the latter

is represented in the form of the asj•_ptotic series

,r = T',) + T"... (10)

The solutions of Eq. (9) can be found in the form of power series in

Y-- Yc" where y is a point at which ii = c. As a result we have

W, = (--Y,)+a,(V--yX +a2(--YX +.-T2,= •,sT, -B- In( 7 Y + +, y-•) + b2 y- yy +-, (n

where

-- • ;(. a,=b,=0,.5; a2=0,1666(z 2+AM)

0,= ,0555 •'B +0.0416,Ps; = 0,0083 (Z4 + A.+

+ 2 (0,0166 AP-- 0,001 3 S5 a = 0,0021 a'B +
+ .z (0,0004 A + 0,00290.!-3) + 0,0013 AV',

= 0,0002 (26 + ilf,) + :' a.,2C '- + 0,0001 )• + B
+ :' (0,0005,Al4 + 0,0001 AI'-- 0,C'Xi 34); b2 = 0,5 A,' - 0,75B2;

bj=-0,125I3 2 ; t 4 0,0416,:-0,1041 A. 2-'+0,0203B
-• --(0.004S .... + 0,n052 B-s

h, = 0,0013 ,Al - 0,0031 .111, -) 3-13 .'B + 0,00!5S2.

The other pair of independent part-z-r solutions of Eq. (7) is found

in the form

T1= exp ~fgdy); g 7  ± 1 +-= r*. (12)

Substituting (12) in (7) and equat'zl -he coefficients of like powers

of aRg, we get

= . -)-Te-
D3y)e"y (13)

T4 _-1 - . •D(y) e.
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The solution.S 73, 74" and 72 have at the point y =y an algebraic and

a loaarithm ic branch point, respectively. The correct branch is deter-

mined from the inequalities

zX

which are found frop a comparison of the solutions T = 1,2,3,4 with

the solutions near YC" after which a use is made of the asymptotic ex-

pansion or the Hankel functions. From (1) and (I4) it follows that

w-= I fp <u (15)
-- c:-c-'.- for g>g.

The general solution of (7) can be represented in the form

W' = cX, + cV2' + CAV + C4'V4. (16)

In the problem dealing with the determination of the eigenvalues of a,

c, and R from (16) and the boundary conditions (8) it is necessary to

write for the secular determinant

i'r,, T2, W3-, Tf
T1 2 31 V4 (17)

i ~ 41-12 V32r't

where the second subscript 1 or 2 designating the particular solutions

Ti denote their values at the boundary points 0 or 1, respectively.

Expanding the secular determinant in terms of the elements of the

fourth column and then expanding each of the third order determinants

in elements of the third column, we get

+ -,j 1', ,- rT,)- + (',,'1 , - 'I',S1)" 4 +

where yi are second order determinants, for example

TJIT-2 = •,, 21_ (19)

Assu•mng that the differentiation of the "nonviscOus" solutions (11)
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does not bring about an essential increase in their order of magnitude

and neglecting in (18) terms of order - and - and then 1/aR com-e O 0

pared with unity, we get

-- D(O)DO(l) ltiR, (--c) T + D (0)DO(I) •-R, (! -- )'-rI-

+D'(O)D(1) Ii-,,(-C).s-D(0)D'(1) (I'2R)(l -c) (20)
--D (0) D (1 ) 11/zRz -c"|IR I- sff .

Taking (15) into account and leaving out the intermediate transforma-

tions, we arrive at a final relation.

R~f[1.I25t4'+

+ (I - c)-'h [T,+ 1,25•w(- ,)-'j}, (21)

where w'r = w'(t) w'(1).

For neutral disturbances, the values of c are real. If c and a in

(21) have arbitrary real values, then the values of Rg are, generally

speaking, complex; on the other hand, if there exist such real c and a

for which R are also real, these are the sought eigenvalues involved

in the determination of the neutral disturbances.

Direct calculations carried out for the values M = 2-6 show that

the only possible eigenvalues of c are c = ws = 0.5; in this case the

values of a and R are subject to definite relationships, which form
9

in the (a, R ) pl.ane curves for the neutral stability (Fig. 2). One

can ver"Ify that the points to the right of any of these curves corres-

pond to the instability region; for these we have c = cr + ic 1 , Ci > 0;

lying to the left is the stability - , < 0.

Disturba•ces with large values of a are physically unreal [2, 3].

In this connection there is no point in continu.ing the obtained curves

into the region of values a > 2. .onetheless, the results obtained en-

able us to mak2 the following two conclusions.

1. In the presence of a perpendicular -- gnetic field, plane Couette

flow becc=es unstable against infinitesimally small disturbances, and

-----
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the instability arises when R crit - 102 for M 2-6.

2. The instability arising in the presence of a perpendicular mag-

netic field is the consequence of the deformation of the velocity pro-

file and the accompanying occurrence of a point of inflection. Compared

with this effect, as in the case of Hartmann flow (4, 51, the stabil-

Izing action exerted by the magnetic field on the disturbances is In-

significant, and the apparent slight increase in stability with increas-

ing field is also the consequence of a change in the profile.

The use of the asymptotic methods developed above for the solu-

tion of Eq. (7) is impossible when M < 2, so that the transition to

the limit of a flow with M = 0 cannot be traced.

In conclusion, the author expresses his deep gratitude to Profes-

sor K.P. Stanyukovich for a discussion of the results.
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FLOW OF VISCOUS CONDUCTING LIQUID IN REGIONS WITH

PERMEABLE BOUNDARIES IN THE PRESENCE OF A MAGNETIC FIELD

S.A. Regirer

Vorkuta

Methods for the control of the boundary layer by drawing away or

blowing -in liquid through the surface exposed to the flow have been

developed in recent years. In the case of the flow of a conducting liq-

uid, the possibilities were investigated of exercising such control by

means of electric and magnetic fields. It is of interestý.to investigate

the effects arising upon simultaneous utilization of both methods. In

the present paper we present a brief survey of the results obtained in

this field.

We assume first that an infinitely long cylindrical surface Z is

placed inside the main stream, which flows in the direction of a gen-

eratrix parallel to the OZ axis, with all the flow parameters being

functions of the coordinates x and y only. An exter:. 1 magnetic field,

which is likewise invariant along the OZ axis, is applied to the flow.

The surface is assumed permeable, that is, the normal component of

velocity on Z differs from zero. Let us write down the general equa-

tions of magnetohydrodynamics Lor the stationary case (1]

p(•V )V= _ ......... " "" V" (1.1)

(VV) = (H-7)V+ v+.A,. (1.2)

divV=o, divl==O, (1.3)

where p* p + pH2 /SJr, C = 4/4-, and the remaining symbols are standard;

-9 V
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ail the physical properties of the liquid are assur7ed constant. These

equations can be analyzed in order to determine the linearizability

conditions in the same manner as in [2], representing V and i in the

In particular, if we put 7. = , a = const, when the "controlling"

flow is directed along the force lines of the transverse field, then

the system (1.1-1.3) is transformed into

(P 2)(V.V)V.=-VP + (1.4)

V. V ,-- - + (1.5)

v. (h -.. (1.6)

div V.d0, -Z=0. (1.7)
-@ -fr

rot V. 1-.%. (i.8

where av and ah are constants. The structure of these equations, as

can be readily seen, depends essentially on the Alfven number z =

The formulation of the boundary conditions and problems involving

external flow was considered in detail in an article by M.D. Ladyzhen-

skiy [3]. In the case of a permeable flow, no new circumstances arise

in principle, if the permeable wall is replaced by a wall with uni-

formly distributed sources. On the other hand, if it is assumed that a

finite layer in which the liquid moves and a magnetic field exist in-

side the body placed In the stream, then additional equations must be

considered for this region.

By way of the main example, we present the solution of the prob-

lem involving flow around an infinite permeable plate.* Let the liquid

fill the half space y > 0 and let its velocity in the OZ direction

have a finite value as y - R m. Regarding this as a plane problem, we.
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readily see that the velocity vector has the form V=oTy + v(y)t,.

We assume that the vector potential of the field A(y, z) depends lin-

early on "z. It is possible to show that flow of this type Is realizable

in the presence of transverse fields of two types: H = H0 = const and

= O/V

If the transverse field is homogeneous, then the quantities v "and

h = Hz can be derived from a fourth order system, the general integral

of which Is

h= c,+ CF+Ceft. (1.9)

R3= 'C' + E(I-_je(' (1.10)HO- 0,+Ri, - RI) e", + c,(I -- R? • 1.lo

Here r 1 , 2 = vOR1, 2 /vm, R 1, 2 = N + l7 N + l)2- 4N(1 - 2), N= vv,

I2 = CH2/pv0. Depending on the signs of the numbers r 1 and r 2 , three

particular cases can arise for the determination of the constants

Ci (i = 1, .. ,4).

In the case of a blown-in current (v 0 > 0), if e2 < 1 then'r 1  0,

r2 > 0 and there exists only one trivial solution v = const, h = const.

If E2 > 1, v0 < 0 or s2 > 1, v0 > 0, then one of the ri is nonnegative,

and therefore only three unknown constants remain in (1.9, 1.10) (one

should vanish because v and h are bounded), and it is possible to Im-

pose three boundary conditions, for example to specify any three of the

four values of v and h when y = 0 and y-w: =.- vy, h% , h . Finally,

in the case of drawn-out current (v 0 < 0) and £2 < 1, all four con-

stants are independent and are determined fron these four boundary val-

ues.

Thus, in the case of sub-Alfven velocilty of permeation (E2 > 1)

the flow pattern does not differ essentially from ordinary hydrodynam-

ics (with the exception of possible flow with in-blast). However, in

the case of drawn-out flow with super-Alfven velocity, flows of a new
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type are possible.* This circumstance was not taken into consideration

by Gupta [4/5], who confined himself to an exa.mination of the case

E2 > 1 only.

For the new type of flow (v 0 < 0, E2 < 1), the stress due to fric-

tion against the plate Is given by the formula
-. =•(•x •) I --[D.(1i.11)

where n = (hX - h.) HOIC/( vX - v.)v0 p is a dimensionless parameter of

the same type as the Alfven number. When R = 1 we have T = 0, i.e.,

the viscous resistance on the plate vanishes. The velocity profile has

in this case a point of inflection, and the flow is close to potential

near the surface, and there is no boundary layer in the usual sense.

Naturally, one cannot speak here of the disappearance of resistance in

general, for we also have magnetic forces applied to the field sources

that are fixed to the plate. The effect obtained is interesting essen-

tially because it makes it possible to reduce the viscous heat release

near the plate (a more detailed calculation shows that the over-all

heat release may also be reduced). It is also useful to note that usu-

ally the drawing out of the laminar boundary layer leads to a certain

increase in viscous resistance, but here the opposite effect is ob-

tained. It is easy to show furthermore that in the flow considered

here (of course, with R j4 1) a velocity profile can be obtained having

a maximuum point, i.e., runaway of tne conducting medium may be pro-'

duced. All these results are interestin& also because the solution

(1.9, 1.10) satisfies simultaneously t-he eauatons of a aG-netic bound-

ary layer of the first kind [61 if v,,O = Voh. (when Ez =0). In other

words, this solution and solutions si:-.ilar to it characterize when

0 processes in an asymototic bouundary layer.

For the case of an inhrco;enesus transverse field that varies ex-

ponentially, the solutisn of the equations Is represented with the aid
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of cylindrical functions. We shall not develop it here and confine our-

selves only to an indication that this solution also leads to the van-

ishing of viscous friction on the plate under certain conditions.

In order to estimate the influence of the curvature of the surface,

we analyze the problem of longitudinal flow over an infinite round

cylinder (this problem was considered independently in a paper by Yasu-

hara [8]). It turned out that all the flow properties observed above

will occur also in this case, and the vanishing of the viscous fric-

tion on the surface is also determined by the condition (1.11). We

note that Yasuhara, unlike Gupta, considered precisely the case with

four arbitrary constants, when v0 < 0, 2 < 1, but the boundary condi-

tions which he set up (vX = 0, vW 1 0, h = 0, E= -iAvoH/C) cannot.

yield the results described here.

We investigated still another exact solution of similar type for

the problem involving the rotation of a permeable cylinder in a un-

bounded medium, when vr = vOrO/r, i- = HorO/r (the same as in the pre-

ceding problem) and E = 0. Unlike the problems considered above (as

in ordinary hydrodynamics), it becomes necessary to introduce here

more stringent damping conditions at infinity (for example, I Yvdr<oo

in place of v- const). In all other respects the analysis of the gen-

eral solution, which has the form

h C+C 2r--,+ CJ1-,f, (1.12)

"CI .,+ +'C,,2
H,~ 1 r 1) 1 + C3 jR (1.14)

leads to the conclusions which we already know.

§2

In all the problems considered above the flow of liquid in the

direction of the main stream is constant, and the flow region is not
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bounded. One can raise many other problems having the same property,

but in this case not with one but with two solid boundaries.

In particular, if the flow is between two cylindrical surfaces

with parallel generatrices, and the liquid blown in through one sur-

face is completely drawn out through the other surface, then the gen-

eral arguments of §1 remain in force.

Solutions of problems of this type are known for flows between

parallel walls [9] or in an annular tube [10, 11]. It is easy to gen-

eralize the solutions of [11] to include the case of circular or helical

flow between rotating permeable cylinders. Still another solution is

obtained if the main flow is assumed to be radial. Putting

P,7 v(zp HJ-,=h(?), vi;=. h7z~ (2.1)

In Eqs. (1.1-1.3) we obtain for v and h the nonlinear systems

S(;,o,- z,-4,) -4,,v +C + - (hh'- h,,- b• +, (2.2)

hvo- 0 = vh'. (2.3)

which does not reduce to quadratures in general form. One of the par-

ticular cases of solution (for infinite conductivity) was considered

by Vatazhin [12].

Ordinary equations which cannot be integrated in quadratures are

obtained also in problems concerning the flow near the critical point

for a plane or axially syrm.etrical stream striking a permeable wall.

In these problems allowance for the permeance is connected only with a

suitable change in the boundary condition. For plane flow, for exa•-rle,

the equations obtained in [13] remain in force. V
Still another group of problems is connected with flow in pipes

and channels with permeable walls, when the quantity of liquid flowing

va-rres along the axis of the tube. A simpler example is flow between

rarallel walls with liquid drawn away on both sides (the Ber-man prob- V
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lem). In this problem, and in the axially symmetrical problems anal-

ogous to it, the magnetohydrodyna'nic equations reduce to ordinary dif-

ferential equations. The general case of flow in a pipe of arbitrary

profile it becomes possible to reduce the number of independent vari-

ables to two. All these problems are nonlinear and cannot be solved In

quadratures. It Is Interesting that the ordinary equations obtained

for them are similar to the equations of flow near the critical point.

For an approximate solution of the problem of flow in permeable tubes

one can use the method proposed by the author in the ordinary hydrody-

namic formulations 114].

REFERENCES

1. L. D. Landau and Ye. M. Lifshits, Elektrodinamika sploshnykh sred

[Electrodynamics of Continuous Media], Gostekhizdat [State Pub-

lishing House for Technical and Theoretical Literature], Moscow,
1957.

2. S.A. Regirer, present collection page 125.

3. M.D. Ladyzhenskiy, PIT-1 (Applied Mathematics and Mechanics), 23,

2, 292, 1959.

4/5. A.S. Gupta. Z. angew. Math. u. Phys., [Journal of Applied Mathe-

matics and Physics], 11, 1, 43, 1960.

6. H.P. Greenspan, G.F. Carrier. J. Fluid Mech. ,.6, 1, 77, 1959.

7. V.N. Zbigulev, DA.N SSSR [Proceedings of the Academy of Sclences

USSR], 124, 5, 1001, 1959.

8. 4. Yasuhara. J. phys. soc. Japan, 15, 2, 321, 1960.

9. N. P. Dzhorbenadze and D. V. Sharikadze, DAN SSSR, 133, 2, 299.

196o.

10. N.P. Dzhorbenadze and D.V. Sharikadze, present collectisn, page

91.

11. I.B. Chelcarev, ZhTF [Journal of Technical Physics], 30, 6, 601,

- 103 -



1960.-"

12. A.B. Vatazhin, PN.111 [Applied I-.thematics and M!echanics], 24, 3,

524$, 1960.

13. I. Neyringer and U. Mak-Ilroy[(.acElroy], collected translations,

Mekhanika [Mechanics], 1, 39, 1959.

14. S.A. Regirer, ZhETF [Journal of Technical Physics], 30, 6, 639,

1960.

Manu-
script [Footnotes ]
Page

No.

98 We omit the intermediate derivations throughout, since a de-
tailed exposition is the subject of a separate publication.
In addition, some of them can be found in the papers of
Gupta [4/5].

100 It must be noted that in other two-dimensional problems an
* analogous connection was observed between the value of the

"parameter e2 and the possibility of imposing boundary condi-
tions [6].
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SOME SOLUTIONS OF THE SYST-4 OF EQUATIONS DESCRIBING

O1M-DTLENSIC&-LL FLOWS IN MAGNETIC GASDYNAIIICS

E.P. Zimin

Khar'kov

In the present pa;er we obtain solutions that describe one-dimen-

sional stationary flow of a compressible electrically conducting gas

in magnetic and electrie fields.

1. The system of equations of magnetic gasdynamics for the case

of one-dimensional stationary flow of a nonviscous and nonheat-conduct-

Ing gas has the following form [1]

dW dp -dH

fW--x+a=-p,--. (1.2)

W dp -Ik d I (rimV (1.3)
I d T d1 H~

(I, H (1.4)

p = pRT - wher the gas is assuzmed to be ideal. (1.5)

Here H is the intensity of the magnetic field, ue is the magnetLc

permeability, and a is the electric conductivity of the gas; all other

symbols are standard. A'l quantities, with the exception of W, H, p, p,

and T are assred constant.

Since the current density in the one-di-:,nnsional case is

j=dH/dx (1.6)

(if H is directed alcrn the X axis then J is directed along the z axis),

the right half of (1.2) determines the pondercmotive force and the
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0

0

right half of (1.3) the Joule heat J2/a. Equation (1.4) Is the so-called .

induction equation [2].

Equations (1.1) and (1.2) can be integrated directly
p WZ=.

Hf2)XW+?p+P'T7=J

In the general case we can also obtain the first integral of (1.4):

WH - AH+ colsL (1.7)

Further solution of the system (1.1-1.4) is possible only by nu-

merical means. However, we can obtain an exact solution of this system

for two particular cases which are of practical interest.

2. If there is no external electric field E, then from (1.6) and

from Ohm's law

S= ea,

where PeWH is the emf induced in the moving gas, we can see that in

this case the constant in (1.7) is equal to zero.

Then, combining (1.2) and (1.3), which are rewritten in the forms

dx dx

and

I_ dp k dW

k- dx k-IZT =b1WH

we obtain after integration

or

W72
S+ cT= cT, =conSk

where cp is the isobaric scecific heat and T is the stagnation tem-

perature.

Consequently, the system of equations can be rewritten for E = 0
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in the form

(2.1)

MW+p + ,P- =j (2.2)
W 2

2- .To.- ((2.3)

dH*f
d.WH=Wx (2.4)

3. In this formulation (E = 0) the problem can be solved with ac-

dount of friction. If we consider flow between plane parallel infinite

plates in the quasi-one-dimensional approximation, then by introducing

the friction force in terms of the resistance coefficient t (3] and

recognizing that the critical sound velocity a* = 2kRTIc(k + 1) is

constant over the entire region of flow, the equation of motion can be

written in the form

k+ , 1)L=(t• 4  P12• ) X, (3.1)k 12- dRt+--1
where X = W/a. is the velocity coefficient, 1 = x/b, and b is the

width of the channel.'

If the magnetic Reynolds number Rm = 2Le Wb << 1, then we can as-

sume that H Z H0 everywhere, where H0 is the external homogeneous ma,-

netic field. Then the solution of (3.1) has the form [4)

2(2:Z- (3.2)

where K(X) = (k + 1)/2k(2 in X + 1/A 2 ). For laminar flo;'qs, the order

of the ratio of the first term in the brackets to the second is charac-

terized by the square of the HartMann number

If we take it into consideration that

then we can transform (3.2) to
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Here R*m =2e aa*b and M*m = (a./Ho) 7e.

Figure 1 shows a plot of the critical length

as a function of the velocity coefficient at the input to the channel,

I1, for different values of N. We see that at sufficiently large N the

gasdynamic friction can be neglected compared with the "magnetic" fric-

tion.

U 4M

14 415

1N2

1 -2 404

4z 4. . 8toI3S i ý 24 A

"= "

6 Z .. ( 2(4( 54 . 7.4 s 7.6

Fig. 1

If we take into account the induced magnetic fleld, then to obtain

the solution it is sufficient to determine H from (3.1) and substitute

it in the induction equation

(3.3)

where / Hl, H, Is the value of H at 5 0.
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Te problemi then reduces to solving the equation_.rk+1, I I d k+1 d [' '•
-. '---•-t• '•) '-• -- _•LI•-- .t • . (3.4)

This equation reduces to the quadrature

I
-f I-12 dl

U~ ;.3

Here 6()L) Is the solution of the transcendental equation

and C Is the Integration constant.

By makin• several assumptions, we can obtain a solution in ex-

plicit form. Thu:, if 0 < e - kc/'(k + 1) < 2, then by expanding inCe -

-kf/(k + 1)) In a series and retaining the first term of the expan-

sion, we obtain a solution in the following form:

R - in InTA- C,1 + I'l +( -
1 ____ 21,1C C 24t - ac•- --j, C" <2+] • )"-V v-• (3. 5)

12I ---4- (2;.-C,+]i orS-)(2).,-C,- -I'- 4) C1>

Here R=- --- and ++

4. If v- neglect friction ( 0 -), then for any value of the ma-

netic Reynols number Rm the equations (3.1) and (3.3) reduce to the

quadrature

RODXf (,2 - ) dl(4.1)

which has tdo solutions of the form (3.8), for B > 2 and for B < 2.

Here i = (2-'4(k + 1) ]- (J/=a), where J is the constant of the mag-

netic analtg or the Bernoulli equation (2.2). Consequently, the struc-
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ture of the solution is determined by specifying the boundary condi- A~

tions.

Let us analyze the boundary conditions. Equation (2.2) can be re-

duced to the form

k (4~.2)

where Mv*m wy fma),~ge. Since when 3E 0we have X XadR 1

we got

+1-+k( -3)

From (4.3) we can readily rind the values at X10 which determine,

tor fixed BD the Interval of va lue X for which flow is possible. For

this it in sufticient to put H* - and find the roots (X' and

ot the equation
2 (4.4)

X1 B 1+1 0.
Thus, the boundary conditions In the presence of a magnetic field

cannot be specified arbitrarily, but must satisfy the following condi-

tions

an (41.5)
I+1 At Ij

The region where flow can be realized is showrn in Fig. 2; by wray

of an example, the same figure shows the region of flow for 14* 0.5

between the branches of the dashed curve.

Since _Z. (41.4) has no roots when B < 2 (the roots are im-aginary),

the solution of Eq. (14.1) assumes tho form~

R. R ll BI +1) (-V
*2C j2-cr,+1)
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Fig. 2

For the magnetic field we obtain, accordingly,

S(4.77)

Figure 3 is a plot of the function

Vs,( -B)1+

Here 7kr is the value of the magnetic field intensity at the critical

cross section. We see that a considerable intensification of the field

occurs toward the critical cross section at values of X close to char-

acteristic.

To determine the solution for the magnetic field in the form 1 =

= 1(a), let us determine X from (3.3) and substitute in (4.2):

,dR F ..... `
dli /72 dif(4.8)d R*--( H1 dH

This equation is a particular case of the equation to which the system

(1.1-1.4) reduces in the general case (1].Solving Eq. (4.8) with respect to d•P/dR, we obtain an equation

that reduces to a quadrature cf the form

S....111-

I+



' I I! --

40 I - -'

I

I " .

, A

Fig. 3

dRi
R2- l 2

Using the substitution
v/.h± -- ' • -s- (a-•

we obtain a solution in the following form (B > 2):
R.iB.In 83 + In .- s-+_.A,

S- 28t + I t )rB - 1 -B --

where A is the integration constant, which is obtained from the bound-

ary conditions (0 = 0, 1 - I).

In similar formulation (E = 0) but using a different method, the

problem (4) was solved by I.B. Chekmarev (5].
5. Let us consider the quasi-one-dimensional flow of a ccmpros°

Bible electrically conducting gas in magnetic and electric fields that

cross at a right angle. The direction of gas flow coincides with the

direction of the normal to the E-H plane.
- 112 -

*0



Since we introduce in this case an additional parameter, the elec-

tric field intensity (E), then we can introduce In accordance with the

T theorem of similitude theory (6] a supplementary similitude criterion.

The equation of motion in dimensionless form Is [7]

W+ ak' . ,-l .W.:. -

denotes dimensionless parameters.

If the magnetic Reynolds number is Rm = peGW0io and the magnetic

analog of the Mach number is Mm = (W/O • ,then the dimension-•

less coefficient of the thfrd term of the right half of (5.1) can be

represented in the form

The quantity V = EseH0 has the dimension of velocity. Let us intro-

duce the symbol

- pIII

The physical meaning of the velocity V can be readily determined from

the formula for the action law in the case of flow in magnetic and

electric fields (8]:

In the critical cross section F 1m, i.e., E = WH, the induced elec-

tric field it attenuated toward the outside. At velocities different

from V = E/duH, acceleration or deceleration of the stream takes place,

eW

depending on the values of F and M. The flow conditions in such a formu-

lation of the problem were ccnsldered in detail in a paper by Resler
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and Sears []

Assuming E =Ocos and .i.< (H HO~ constj, the problem

has an analytic solution which is also the particular case of the gen-

eral. solution of the system (1.1-1.4i).

Under the assumptions indicated above, the equation of motion and

the energy equation can be written in the form

dIVd

dE(-tWJ

Combining these two equations and integrating, we obtain

C T+E2!)W+P-A...(5.2)
Using (5.2), we can transform the equation of motion into

F+ AI
weMIX zia:

k-I

- k_ I.-- k~ † † † † † † †† † † † † † †
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6

FLOW OF VISCOUS CONIDUCTING LIQUIDS IN PIPES
IN THE PRESENCE OF A MAGNETIC FIELD

S.A. Regfrer
Vorkuta

The present work is devoted to a study of laminar flow of a vis-

cous incompressible liquid with finite conductivity in pipes,. in the

presence of a magnetic field.

Assume that a cylindrical pipe with generatrices parallel to the

Oz axis has a cross section in the form of a connected region B,

bounded by piecewise-smooth contours 2 . Some of the boundaries can

move uniformly along the Oz axis with a specified velocity. The liquid

stream lines are assumed parallel to the same axis, and consequently

V, = Izv, which corresponds to flow over a sufficient distance from the

inlet portion. The pipe is placed in an external magnetic field, i.e.,

one independent of the flow, but which, however, can be distorted by

the Influence of the induced fields.

Let us write down the magnetohydrodynamic equations under the as-

sumption that the physical properties of the liquid are constant and

the processes stationary* [1]:
r-vv) V= - Vp" + z (HV) H + 7,-%V+ F,. (.l

(vN7) H = (11V) V+v+ . W.•, (1. 2)
divV=O, divH=O. (1.3)

Here p* p + .H2 /8i, i = tL/
4 , VA is the Archimedean force,

and the remaining symbols are standard. If there is no free convection,
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then fA =0.

"For nonisothermal flow one adds to the system (1.1-1.3) the energy

equation

which contains the dissipation function
" " " "(1.5)c : ,r I I rot VI, + 2 e•v(VV) V] + -v.1 rot H P.

Let us agree further on scme notation. First, we shall write l=
itn hs whr x xi vly, thereby resolvinag the magnetic

field into a planar (transverse) and axial (longitudinal) component.

Further, we shall designate by the symbol - the planar component of a

vector, for example, VP* = x -/'a + a r.

Projecting Eqs. (1.1, 1.2) on the plane XOY and on the axis OZ we

obtain, taking into account the new notation and the equality V = T v:

. P .

oCi = ,+k +ahl+'V+F4P (1.8)

aj Sh(1.9)

and furthermore v = v(x, y), which follows from the condition div 0= O.

Together with the continuity eqaatlon for the field

dik.+•=0 (1.1!o)

and the energy equation

a= (1.11)

the equations (1.6-1.9) form a closed system.

The boundary conditions fcr this system are formulated in the

"usual manner, i.e., on the interfa-ce between the boundarles'we have
v= Ui, r nri r =h = hi, Tn TnL, ft a (T-
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- T1 ) + ( WlT/ý-n - = ;"where the subscript I designates quan-

titles pertaining to the external regions Bi and obeying, generally

speaking, certain equations formulated separately for each specific

problem. Usually the vectors J., 11i T. satisfy 1.laxwell's equations

and the corresponding boundary conditions. As a rule, the value of the

liquid flow Q- -d. is also specified.

In problems where free convection is disregarded (YA = 0), Eqs.

(1.6-1.10) can be solved independently of the energy equation. If it

is possible to obtain in some manner the transverse field vector It

then Eqs. (1.8, 1.9) are linear in v and h. For flows occurring under

free convection conditions, it is necessary to know in addition to In
n

also the temperature gradient aT/-z in the direction of motion and to

neglect the energy dissipation due to the induced currents and vis-

cosity. We then have likewise a linear system for the determination of

V, h and T.

The determination of it Is in general very difficult, but an at-n
tempt can be made to find such particular cases, in which Yrn satisfies

certain linear equations and the problem reduces to a successive solu-

.tion of linear syste=s.

§2

Let us asstie that the flow is isothermal (TA = 0) and that the

transverse field vector it does not vary in the flow direction, i.e.,n
0z = . In this case it follows from (1.10) that a2 h/Az 2 = 0, i.e.,

h = h0 (x, y) + zS(x, y) and dlv Hin =-G. Substituting this result into

(1.9) we obtain after separating the terms containing z,

re H.v+, 19-=0. (2.1)

It is also easy to see that Vh = Vn + z% + 'T 6so that we obtain

from (1.8)
OP.

..+ hA) + v + C, ..... (2.2)
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.+ 6 C,. (2.3)

where C1  const. The latter f'U!lows from an exa-mination of the deriva-

tives 6p*/ýz, a2p*/az2 , which are calculated in accordance with (1.6)

and (1.8), respectively. Let us further apply to Eq. (1.10) the opera-

tion of scalar multiplication by V, which yields, w.th allowance for

the assumptions made and for Eq. (1.7),
,o,,o g . + e = a(2 .4 )

tot rotH~. + V8O~ - 0.I

Putting rot in -? - (x, y) and taking into account the fact that 6 is

harmonic, we can readily show that 0 is a harmonic function, which is

conjugate to 6: 66/ýx = 20/6y, Z6/6y = --2/ox. In this case 0 deter-

mines, a part for a factor, the z component of the current density vec-

tor, since

4 c 4

It turns out that for the given field structure .the axial component of

Tdepends only on the planar component of it and the planar component

of T only on the axial component of I.

Let us apply, finally, the curl operation to Eq. (1.6), after

which we obtain

S. - (2.5

Thus, the quantities Hx, HY, E., and ¢ are connected by the following

four relations:

div,.t.= -E. ,oll.=-IA ,•v+=,
-. - o(2.6)

where 6 and 0 are conjugate harmonic functions. This system has th.ý

simple solution 6 = const, =const wtith one constant having zerc

value and the other specified. We shall prove here that there exist no

other solutions with respect to e and 0.

Let us assume that 6 and 0 are not constant. Combinirn the first
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and last equations in (2.6) �e can write = (i/0) rot TzL(x, y). In-

troducing this expression into the last two equations of (2.6) and

solving them with respect to rot T L we obtain
~V+C 1EJ~9 4Xg(2.7)

rot 1,L 2W XV 27

where q "-0 2 (C1 - 62), W = IV62. It follows therefore that

=v-• -• - = --. rot -• 0.
dlv2W IaW2W

Inasmuch as the second factor is collinear with I., we have rot(Vq/2W) =

- 0 and we arrive after some calculations to the necessity of the

equality W = F(q), where F is an arbitrary function. By using the rep-
•resentation of n introduced above, we can further transform the sec-n
ond equation in (2.6) into

X rt r ot.I rottt ~ (2.8)-

Substituting into the first and second terms, respectively, the first

and second expressions for rot TzL from (2.7) we get after simplifica-

tion

W c1 -02442. (2.9)
Elementary calculation shows that Aq = 2W(C 1 - 82 - 02), VW = F'(q)Vq,

Ivq12 
-W[(C 1 - 62)202 + 0462]. We can therefore write ultimately in

place of (2.9)

2F(q) 1 (2.10)
r ~ ) (C , --W )2 - •

The right half should be a function of _ only, and this is impossible

unless 6 and 0 are constants. This completes the proof. Thus, if the

transverse field vector it is invariant in the flow direction, then itn

is either solenoidal with constant curl or potential with constant di-

vergence. In either case, the first two equations of (2.6), which are

linear, are used to determine it while v and h are determined frcm
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(2.1) and (2.2). This attains the pur•z.se designated in §1.

Further analysis of the equatisns, for a solenoidal transverse

field, is given in the author's note [21. There are several known in-

vestigations dealing with flows of this type. Particular solutions of

problems involving the flow between parallel plates with Vn = const

were obtained by Hartmann [3], Lehnert [41, and were subsequently

cited in many papers [1, 5, 6). Shercliff [7] considered flow in a rec-

tangular tube for a homogeneous transverse field. I.B. Chekmarev (8]

and Globe [9] solved the problem for an annular tube with Hq = 0,

Hr - h/r. In all the mentioned problems it was assumed that 6 = 0 = 0,

i.e., there was no current in the direction of the flow. By way of a

further example we can point out the possibility of investigating the

generalized Couette flow between cofoca! elliptical cylinders by intro-

ducing curvilinear coordinates.

For a potential transverse field, solutions of some specific prob-

lems are also known. Thus, for a round pipe when H9 = 0, Hr - r, a

solution was obtained by Pai [10]. The problem for a half space and a

flat pipe with Inhomogeneous transverse field, linearly dependent on

the transverse coordinate, was considered by the author [11]. No other

simple solutions were found.

To conclude the section we must po.-int out that the possibility of

reducing the problem to linear equati-os is not limited to the case

when 0z = 0. However, solutions wi-.h any degree of simplicity ara

apparently obtained only under this ass'-mption.

§3
The analysis carried out in the ;resent paper admits of several

useful generalizations for nonisother.al flows. The case of forced con-

vection is in principle the simplest, slnce the energy equation is

linear in the temperature. R. Zigel' [121 and the author [13] gave--•x-
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aniples of solutlions or problems of this type. Great interest is at-

tached to the solution or the problem or the Graetz-Ntusselt type,

which for a flat pipe reduces to the Mathieu equation. As Indicated

above, free convection phenomena are szmewhat more complicated to ana-

lyze. It Is possible, however, to prove In general form that in the

case of negligibly small energy' dissipation, as in ordinary hydrody-

namics [111,, straight line motion in a vertical pipe is possible only

for a Vertleal constant temperature gradient, while for an Inclined

pipe witi closed cross section this motion should be equal to zero.

Problems concerning free convection in pipes were considered, for ex-.

ample, 1n [15-3.7J. It is possible also to obtain some exact solutions

for axiValy symmetrical problems. It Is possible to obtain simultane-

ously the conditions for the stable equilibrium of an unevenly heated

liquid In a vertical channel.-
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116 It is not essential for what follows to assume that the flow
is stationary. All the arguments can be readily carried over
to the nonstationary case.
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SELF-S374IIAR SOLUTIONS OF THE MAGNETOHYDRODYNAMIC EQUATIONS

N.I. Pol'skiy, I.T. Shvets

Kiev

In many magnetohydrodynamic problems the magnetic field induced

by the electric current in the liquid is negligibly small compared

with the applied magnetic field. As shown in [1], such a situation ob-

tains, for example, in the problem involving the investigation of flow

in the vicinity of the critical point of a blunt-nose body in a super-

sonic stream. The reason why the applied magnetic field is practically

undistorted by the electric currents in the liquid lies in the small

values of the magnetic Reynolds numbers.

Neglecting the distortion of the applied magnetic field, we can

greatly simplify the system of magnetohydrodynamic equations and re-

duce the problem to an investigation of boundary layer equations, in

which the ponderomotive force due to the action of the magnetic field

is suitably taken into account. In investigations of heat exchange It

is necessary, generally speaking, to include the Joule dissipation in

the energy equatio n.

We consider below precisely such a system of differential eva-

tions for a laminar boundary layer in the presence of heat exchange.

In addition to Reference [1] cited above, such a system of equa-

tions was used also in [2, 3] under certain assumptions.

In all these investigations, self-similar solutions were sougght.

In [2], in particular, it was shown that for a csmpres3ible gas self-

similar solutions can be obtained in the case when the velocity out-
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side the boundary layer and the magnetic field intensity vary along

the body in the stream In accordance with interrelated expressions In

powers of suitably chosen variables (and not in the initial physical

plane). It was further assumed every time that the magnetic field In-

tensity does not vary transversely to the boundary layer.

A method can be indicated for determinii•g all the possible self-

"similar solutions and to obtain some new solutions. The general pat-

tern for finding such solutions was indicated by us in [41, where cases

of compressible and incompressible liquids were considered. We shall

make here a few additional remarks pertaining to [4]. For the sake of

simplicity we confine ourselves to the case of an incompressible liq-

uid. The extension of the methods employed to the case of a compres-

sible liquid is given in [4].

We write down the initial system of differential equations for a

laminar boundary layer in an incompressible liquid in the form

On an i dp . a an (1

Here 6(x, y) is the difference between the enthalpy per unit mass at

the point x, Z of the boundary layer and in the external stream; the

other symbols are standard. The last term in the equation of motion

characterizes the magnetic ponderomotive force, and the last two terms

in the energy equation characterize the viscous and Joule dissipation,

respectively. K

The boundary conditions are

U (X.0) = V PCO) = 0; a (X. U. W.x O(XO )=(x

We note immediately that by virtue of the presence of pondero-

motive magnetic forces in the external stream, the distribution of the

-125-



velocities Ue(x) outside the layer is not connected with the pressure

by means of the Bernouli equation. In other .,crds -Ue(X)U1e(X) /

/ dp/pdx.

Let x and x* be two arbitrary points on the streamed-over profile

In the x, Z plane. In this case u(x, y), G(x, y) and u(x*, y), e(x*, y)

are the corresponding profiles of the quantities u and 8 in the indi-

cated points. The question arises whether it is possible to carry out

along the axes Z, u, and 6 similarity transformations (with generally

speaking different coefficients of extension or contraction), such

that the profiles u(x, y) and 6(x, y) become exactly congruent with

the profiles u(x*, y) and G(x*, y). The similarity coefficients for

fixed x* are, of course, functions of x. If the irdicated transforma-

tion is possible for any x, then it is stated that the problem has a

similar or self-similar solution.

In accordance with the results of [5, 6], the determination of

all the self-similar solutions is equivalent to finding all those sets

of functions U(x), T(x), K(x) for which

u*xY)=U(x)gg); e(xy)=-()gfl; i=YK(x) (2)

and the initial differential equations (1) become ordinary differen-

tial equations for the functions a(•) and g(:.) in the variable ý. In

the given case we must add that we are seekirz in addition to the sets

of functions U(x), T(x), K(x) also all p.ssble functions B(x).

The boundary conditions for the functions '(i) and g(j) assume in

this case the form

where the constant C > 0 has not yet been deterne._d. Fr7om the first

equation in (2) it merely follows that

U(.) = cu(). (,4)

It is easy to see that the cctntnulty eqý:ation is satisfied if we
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put along with (2)

v(x. y)= -- I' --- 15)

Substituting (2) and (5) in (1), we obtain after simple trans-

"formations

, L , UV B_ IV ,.

It Is easy to verify that Eqs. (6) will be ordinary differential

equations if and only if

=can st(7

and, under suitable normalization of the function K(x)

-where a, 1, and y are constants. In addition, the quantity oB2/pU'

should be a function of g only.

Inasmuch as the function U(x) is connected with the still undeter-

mined constant C by means of Eq. (4), and U(x) is determined below

with accuracy to within a constant factor, we can assume without loss

of generality that the constant in the right half of (7) is equal to

unity. In other words, this means that the function U(x), unlike the

function Ue(x), is connected with the pressure p(x) by the Bernoulli

equation.

If we retain at least one of the last two terms characterizing

the dissipation in the energy equation, then a 4 0 and it follows from

the last equations in (8) that y = 2. On the other hand, if there are

no dissipative terms, then there Is no ccmbination 7 2/T = a in (6),

i.e., we can assume that in the system (6) a = 0 and y is arbitrary.

As in [6, 71, we can determine from (8) those functions U(x), r(x),
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K(x), for which self-similar solutions are possible. Namely

U- . --3--• or U- e". 0=2); -t. (9)

In addition, K - if and y = 2 in the presence of dissipative terms.

On the basis of (6) we can readily understand that self-similar

solutions are possible only when the magnetic parameter

is. constant. From this it follows in accordance with (9) that

S@)~xT° or 8(x)-eT. (10)

If Conditions (9) and (10) are satisfied, the equations in (6)

turn into ordinary differential equations

? '" + =' yg ' +2" + (1" -)

which describe self-similar solutions. The boundary conditions are

given in (3)- In addition, on the basis of the foregoing, T = 2 if

a O.

If we go to the limit of in Eq. (II), we obtain

c.. 1) + ;C-o.

In the absence of interaction between the magnetic field and the

current, 0 =0. Then C = 1 and on the basis of (4) Ue = U.

We note that we have listed above all the possible self-similar

solutions of (1) with the exception of two cases. The point is that in

the derivation of the equations in (6) we divided by U', i.e., we as-

sumed that U • const, and in the conditions (8) we excluded the case

I - UK'/U'K = 0, i.e., • = w. In both these cases it is also possible

to obtain self-similar solutions. We note that in the first case we

obtain the solution of the problem concerning longitudinal flow over a

plate. These cases were considered in [4].
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00

This covers complIetely the quest"ion of find~xL3 the self-similar

solutions of the system of equations (1).

As indicated above, an analogous problem which Includes also the

case of a compressible liquid is considered in [4].
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QUASI-SUPERLWPOSABLE FIELDS OF FNITE AMPLITUDE
IN 4ONIDEAL .IAGnETOHYDRODYNAMICS

V.S. Tkalich
Sukhumi

1. The system of magnetohydrodynamic equations for an incompres-

sible nonideal liquid has in nondimensional variables the form [1, 2]

OkI/t+(v'~7)h= (hV);+•, p~ divh=O, (1.1)
Ou;&+(v7v)+ Vp= (hV)h+p1 div;=O.

The physical quantities in the absolute Gaussian system of units are

related with the introduced dimensionless units (goo go x1 ' t, o, V, p)

in the following fashion: the coordinates are (xIL); the time is (tT);

the velocity is (7v/T); the magnetic field is (-h& L/T); the total

pressure is pp(L/T) 2  11 + F + (rJTpL 2 /8i, where R is the ordinary

hydrodynamic pressure, F the potential of the external forces and p

the density; L and T are certain characteristic constants with dimen-

sions of length and t-_•e. The quantities g and •0 are the reciprocals

of the analog of the ordinary and magnetic Reynold3 numbers [2] ¶
T pes=C2TI4-x1rL2.

where y is the kinematic viscosity coefficient, c the velocity of

light, and a the conductivity.

2. Quasi-superi=posable fields. We denote by a the complete set

of sought functions of the system (1.1)

a=( (2.1). (z. i

Let a = A., where -

As= (HfV. V.P)- (2.2)
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is a certain known solution of the system (1.1). It Is then advan-

tageous to seek a certain class of solutions of the system (1.1) In-

the form

a-A#+A. (2.3)

where A is a new set of the sought physical quantities
A (ff. V. p). (2.4)

connected with the initial set as follows:

h-H.+H. VV+'. P=P. P + P. (2.5)

If the following conditions hold true

(VV)V11= (1117)H = (IV) V = (HV) H = 0.(26

then, using (1.1) and (2.2-2.5) we obtain a system of equations that

are linear in A

DH--(HV) V.=I(HoV)V-(VV)IH. divH=O. (2-7)

DV+(VV)V 0+VP=(HoV)II+(l(V)1H0, divV=0,.

with generally speaking variable coefficients. D and Do are the linear

differential operators
D_=---O/a+(oVv)--A Oo=•-,1t+lV•V)--,& (2.8)

If the conditions (2.6) are valid for any solution A from a cer-

tain class of solutions {A) of the system (2.7) then by virtue of the

linearity, the superposition principle holds for A. J
The field a E A0 - A, which consists of the "main" field A and

0

the superimposed field A, will be called "quasi-superimposable." Fields

of this type were investigated in magnetohydrodynamics and in multi-

component magnetohydrodynamics [3/L]. Superimnposable fields (and fields

close to them) were considered previously [1, 5-101 from different

points of view.

3. One-dimensional fields. If the vector fields 7 and V are one

dimenslonals and are independent of xI (the analysis is carried out In

a rectangular coordinate system)
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H- -eIH(X2.xIN Q. V el-V(X:.. X.). (3.1)

then the linearity conditions (2.6), and also the solenoidal conditions

(2.7), are satisfied identically.

Let us stipulate that each term in the system (2.7) be independent

of xI. We consider one characteristic term from each group

(V, v)v=,,e(VOdOlax. V. (Vv) V. V=VOdx i. (3.2)

where summation from 2 to 3 over repeated Greek letter indices is Im-

plied. It follows from the first relation in (3.2) that only Vol can

depend on X., and from the second relation it follows that the depend-

ence can be only linear. Analogous conclusions hold true also for the

vector I0. Consequently, we can put

HQ,= (B.+XIB,)a,,+ 1, We+ (uX+XaU,) ,e + (3.3)

The asterisk on the vector symbol denotes that the vector is parallel
to the plane (x 2 , x3). The quantities B0, B1, r*0" U0" U", v*0 are In-

dependent of xI. Substituting (3.3) in (3.2) we obtain

(VV) V= eo(VOV) V. (VV) VO= eU, v,

consequently all the vector terms in the system (2.7) are directed

along the first axis. Therefore the pressure P has the form

P -Q M + XIQ),(. (3.4)

where Q and 0I are arbitrary functions of the time.

Substituting (3.1, 3.3) and (3.4) in (2.7) we obtain the follow-

ing closed system of equations, which are linear in A:

(D+ uv+:Q, U) V-v )+S,Inv (3.5)

The operators D* and D*0 ara obtained by making the substitution

(ov) (V!IV) in Expressions (2.8) for D and D0 .

Choosing the pressure Po in the form

Ps Q9 C.(, -.% 0_ + ,13 Q°-21' +-! •Qn¢') (3.6)
2
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and substituting the expressions (3-3, 3.6) for the main field AO In

the system (1.1), resolving into components, and equating to zero the

coefficients of Xl, we obtain

D = (/i: ) '. D0U, + Ov Qo- ( V ) (3)T)

(D. + U,) Uo + Qo, (t) =I(iHv) + Bsi.
.', = -- aV0 a. B, = -- lax,. (3.8)

Let us transform the system (3.7). Using (3.8), we eliminate from

it B and U1 . Taking the divergence of the first equation, we obtain

the third. Taking the divergence of the second equation, we reduce the

fourth to a simpler form. We obtain a system of five equations 4

ftQj..Q,(O.LIaVO=LL a-f(39)
Oa2,vdx-ia.) - . I +

dx. at1

which contains five unknown functions (Ho0 , Voa, QO) of the coordinates

and of the time, which can be solved independently of the remaining

equations. Solving this system, we determine B1 and U, from (3.8); to

determine B0 and U0 we obtain a system of two linear equations

(D: 9 ('. + JH.JdxJ) U.,(.0

(D"-- W , jO.x-) U, + Q,, )((HV) - d/-foJaxJ, * .•

which coincides with (3.5), apart from the symbols; consequently, the

part (Boe-F1, UO•I, %1 1 ) of the rain field A0 "belongs" simultaneously

to the superimposable class (A). 'We shall henceforth regard this part

as belonging to (A); without loss of generality we can put B0  U0 =

0.

If the main field A0 is chosen in the form
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where 17*0 Is an arbit.-ary constant while V* 0 (t) and %0 (t) are arbit-

rary functions. of the t!.-e, then the system (3.8-3.10) is identically

satisfied. For the superimposable field A we obtain from (3-5) the

system

D11=(f.V). 'V+Q.(1)=(=1V)H. (3.12)

which coincides when 0 0 with that given by Shercliff [5]. If70
S=0, then the system (3.12) splits up into two independent equa-S0

tions

DO1=O. D'V+.Q,(1)= O. (3.13)

4. Two-dimensional fields. If the vector fields V and V are two

dimensional and are independent of (x2, x)
"- •'•=•(,.n. •'=••(,,,.o.(4. 1),

then both the linearity conditions (2.6) and the solenoidal conditions

(2.7) are satisfied identically.

*Iet us stipulate that all the terms in (2.7) be independent of x2

and x. Considering typical terms

(WO V = V0IaV/,x, (VV) Vo = Vd Vabo,, (4.2)

we obtain from the first relation in (4.2) that only V* 0 can depend on

(x2, x3). From the sec--nd equation it follows that the dependence on

(x 2 , x3) can only be l.inear. Similar conclusions hold true also for

the vector Z0" Conseuently the fields 'T and Vo have the form
fa- , . 1 -i -ý -b 4 - b. 1 4 3

1, = , ,+ Be +.rB B, 1'o = Vc C0,;V + xoU g, (4.3)
where H0 1 , V0 1, 9, B r •, IT are independent of (x2, 13) with the

vectors Bo, Ba IT , I arallel to the plane xx)r% , e, (x,,3
Since all the ter--s in (2.7) do not have a first component and

are independent of (x 2 , x3), the pressure P has the form

P = Q(O+,•Q.(O. (4.4)

where Q and are fl.uctlens of the time.

Substituting (4.1, 4-3) and (4.4) in (2.7), we obtain a closed
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, ii

system consisting of two vector linear equations
DV_ H.=I/,. 01,',o xI -B. V.. (.)

D~~ 3 3 = 4
0 1 L~~ ~(4-5)

D' V'+ Uy3V + Q (1) 110o3 aii, xI + B.H,..

The operators D1 and DO1 are obtained by making the substitution (7OV) --

-V016/a in Expressions (2.8) for D and D0 .

If the pressure P0 has the form

Pg----Qo@(X,.0F)+X.Q,(t)+ Qa, (4.6)

then the main field A0 determined by Relations (4.3) and (4.6) is iden-

tical to that considered by Lin [6]. Substituting the expressions (4.3)

and (4.6) in (1.1), resolving them into components, and equating to

zero the coefficients of x., we separate the system

oHV 01 ,l3x,, D'Vl, + aJax, =H0,a11oJax,, (4.7)
oHod/ax, + B.. = 0, aVl)aX, + U=.S0.|

"DB +'Up (4.8)

DIU. + U.3 uj + Q (t) = H1aBJax, + B.;BD.

Solving this system, we obtain for g0 and T0 a system of two linear

equations Dý'.- ', B. = o,•x, -•,. 1(•
U. 1d-lBU. (4.9)

D'UQ + U.U 3 + Qo (j)=HoaBdax1 + BaBc,,.

which coincides with (4.5), apart from the notation. Consequently, the

part ( TOY Q0" %axa) of the main field A. has the structure of the

superimposable one (A). We shall henceforth regard this part as belong-

ing to (A]; without loss of generality, we put formally o = O = 0.

Asstme that the main field A0 has the form

He--Hotel. V = Vol, (es. Po= Qc(l)-xzdVoJdd, (4.10)

where is an arbitrary constant and VOI and %, are-arbitrary func-

tions of the time. 7he system (4-.T, 4-.8) is identically satisfied; for

the superimposable field A we obtain from (4.5)
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D! 1JI A. J',).4 ~x,. D ' + Q'(t)-l~dI'x.(.1

If 0= , then the system (4.1i) splits into two independent equa-

tions

D 0==. D'V+Q(t).o. (4.12)

5. Stationary motions. Let the vector fields depend only on a

single coordinate (x, x). We then obtain from the solenoidal condi-

tion (1.1)

h,--H9 const, V, -V-o=const

Let us separate the first components from the vectors and consider

henceforth only the two-dimensional vectors it- (h2 , .), V- (v2, v3 ).h

It then follows from (1.1) that the pressure . has the form

p=Qg(c)+x.Qo. Q.co, (5.1) c

Integrating (1.1) we obtain a system that is linear in -9 and V

* (V*-pod~dx)HlfajV+',,

-Vv- d/,dx) V - HoH+ c,-.x.. (5.2)

where 6H and C are arbitrary constants. If the liquid is ideal, L =

go = 0, and there are no longitudinal field components, H0 = VO = 0,

then the vector fields are arbitrary functions of the coordinate, =

Mt(x), V=VA(x), and the pressure is an arbitrary function of the

time p = p(t).

If H0 = 0, then in the case P410 V0 P 0 the general solution of

(5.2) is

V. V.
C"C M 9(5.3)

where and ir are integration constants. For ordinary hydrodynamIcs

---------- the general solution is given by the second formula of (5-3).

If Io0VoH0o 0, we obtain from (5.2) for the magnetic field Ia

linear differential second-order equation

[uiid'Idx'-(i,+,,,)d,+ (v:-')! + n --1"
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The velocity is expressed in term~s off t'-e =aV7,etic field by

We note that results similar to the foregoing were obtained by

S.A. Regfrer [11] for a straight-line stationary flow.
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PRO0L•4 OF IJWBRICATION ILI MAG'ETOHYCDRCDYILAI4ICS

I.Ye. Tarapov

rwarIkov

We consider the planar motion of a viscous incompressible elec-

tricall, conducting liquid between two planes, the upper one of which

(y = h(x)) is stationary in the chosen coordinate system, and the

lower one (y = 0) has a velocity -V 0 along the x axis (Fig. 1).

The fundamental magnetohydrodynamic equations [2] are written in

the form

div H ý .(1
divu =O. (-2)

or~~~~~ ~ . Cl rtI,]+ -11ý0

1 
(3)

Fig. 1 + 1  .,b)I + . (4)

We aswsme, as is done in the theory of lubrication with a neutral

liquid, that the gap between the planes is everywhere small, i.e.,

(< P/-l << 1 (see Fig. 1), so that the moticn is essentially along

the x axis, i.e., V >> Vy. We assuume also that the di-mensionless
x y

pa-rameters (the ordinary and "magnetic" Reynolds n"'•ers) V0 62 /vl and

V0562a/_c 2 are small. !is enables us to discard in Eq. (4) the iner-

tial ter-s (7V-7), and to obtain from the projection of Eq. (3) on the

iaxis
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We consider the flow of a liquid in a magnetic field whose trans-

verse component Hassiunnes on the planes y = 0 and y -- h(x) a constant
Iy

value Hand whose longitudinal component HX vanishes on these planes.

We then obtain from (5) in our approximation

HY = H0 .

Thus.' in the approximation considered we have from the projection

of (3) on the x axis and from the two projections of Eq. (4l) an ap-

proximate system for the determination of 2'H., and V.in the follow-

ing form:

a* (6)

"0 + IL dip'

where

In this case we have from Eq. (2) the constant flow condition

/ Y V~=Q const. (7)

which will be used later on to satisfy the boundary conditions of the

problem.

The boundary conditions have the form

V. X,O0) 4 1
V. (x h) 11V (X.0)= V X. h) = 0.(8
IH.(r.0)=H. (x. h)==0.
P (0.y)=P (1.y)=po const

By determining the functions VXand Hxfrom the system (6), we

obtain subject to the conditions(8
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0

"e (I-sh -- )h dP (C kitck (~)\

22

M, 4=dP y--a- ch k(y-h)

Sky"
S 4-,H0V0 ..- ) k@-h

A-- o " A k• -h• (10)
T 2

Here

Using Condition (7), we determine the function P(x). We obtain

after substituting the obtained value of Vx in (7)

•(I--A) dP= (q--u)thmn ll
2pVO d.-- n(.-hm

where we introduced the notation

V,•= - WýI+ A; q21Z t H

Taking into account the boundary conditions for p and integratirg

(10) from A to 1 (a < u < I), we obtain the value of the constant 3,

which is the dimensionless flow of lubricant in the bearing

q .

where
I

=,"f u- thina do'.
j mu-thmd

"We note that from the integrals Ik we can calculate I, in final

form:
m ch m -Apt

ml ch ml- sh ma
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Now, Integrating (9) fro= • to u, we obtain the pressure distribu-

tion function over the bearing

2pFVO(P(UO)-P)= 1112 nM-(M- th Ma) d-

_ nas .,,d, . (12)Ma - thj MR m

Integrating this expression over the entire length of the bearing,

we obtain an expression for the lifting force P

-P" o -r-. I&- ,- i. (2 ,

Using the expression (9) for the velocity, we calculate the force of

friction on the lower plane

F=z=,£l,=OV d=x-.-/-_j,,sh-Q. (14)

Using the electronic computer "Ural-l" we calculated the depend-

ences of O2 P/gV 12 , P1/ILVI, .. and f -FI/P1 on m and A.

The results of the calculations are listed in Table I and are

plotted in Pig. 2.

From the table and from the plots we see that the lifting force

and the friction force increase with Increasing m, and when m > 25 the

increase is almost linear; thus, the value of f tends for each a to a

limiting value fo, with

As regards the value of _, it varies little with m (Fig. 3).

Let us consider several limiting cases.

In the case of parallel plates (A = 1, dP/dx 0) we obtain

- .
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TABlE 1I_ ___ _

I _ i __ -- n

0.40 0.9M 2 0 0__ __ ___. _I______, ; __ * ', . , ' ' i

0,111 4,935 ?4,779 I0.182 4.946 4.831 0.I182 .$• 5.,015 0,28b2 7.155; 'k7.t ,13
0.2 2.58 3,048 0,334 3608 3.1(1 0.0334 2,673 3.274, .3 3,963 1 6,;7L6 o.Z
('.30 I,.54,5 2,265• 0,46? 1.,56• 2,321J 0,462 1.610 2.49,3 0,46",3 '2,473 5,9,"i' 0.4,1'6

00 1.546 0,667 0,64, 1,60 ; O.e oW iA2! 1.792 0.668 W)91 5.2S6 0.682
-0.50 ,0.4,5 1,355 R,7750 0.412 ; 1,425 0,750 t%424 1,617 0I751 0.724 5.,11 0,760
0.70 o.. 1 1.26 0.24 o.253 1,20 0,924 0.261 1.498 0.524 0.462 .-S72 1,829
0,80 023 2.131 1 .18 0.140 1,261A 0"5 06146 1.415 0.M89j 0.267 S.12'6 CAWO
0M90 o Q 1.018 0.947 W 1,135 *0.97 0.62 1.3A 0.947 0.117t 5, 048
2.00 0.00 1.00 1AW000W 0.000 1.333 1,000 OP 1,13A* 1.100

-• umIOo n~~ ; i.V Y i !n, 1

P as am to 60 n , 2

0.05 1 .962 18,946 4 0,107 32746C40.55: 1%121 58.102, 77.598 0.142 110,.r4 1 52.5 0,150 I,0562 1503 01158
0.10 20.1M,5 1,5.•14 0,2201 • S .•1rU632;3,I (%236 4.,931 68.4181 0.247 79,273' 135.67 0,251 10.78 1.3,45 0,256
0.20 6,135 12,477 0,376 134t9 3;%22' 11.3,A 24.927 &J.970 0.3951 48,725 219,49 0.400 0,476 1,190 0.402
0.30 0V 046111.33 0.501 8,67.037 0,511 16.697 5.,844 2.513 32,749 111.46 0,514 0,321 1,112 0,516
0.40 2.669 11001 0,.02 X.37 .X9.2 M0A 11.540;53.448 0.609 22.751 106.83 0R610 0,223 1.067 0.611
0,50 1,A27 10,457 0,688 4.146 26 =37 R6 'I 8.131 j52.013 0.692 15.871 103.97 0,693 0.,56 1.039 0,693
0.60 1,2371 10,247 0.763 •.•31 25;566 0.765 3.521;51.104 0.7661 17,879 1 o017 0.766 0,108 1,022w 0.766
0.70 0,799 10.119 0.831 1.845 25277 0.832 3.•5;5.3 0.8321 7.111 101.07 0.932 0.069 1.014 0.832
0,80 0.467, 10,047 0.892 1.084 eJ.t08. 0.92 2 ,121:50,212 0.892 4.118 100.42 0,893 0.036 1,004 0.893
0.90 0,207 10.001 0.948 0,482 25.0241 0348 0,944! 50.047 0.948 1.870 100.;9 0.948 0.004 1,000 0.949•.
1.00 0.000110,000 1,000 0.00 25.00 WI00 0.6000jSO5.000 1.000 0,k100.00 1.00 0.00 1.00 1.C00

kc sh k 2

P=O; q=-1,

F =Ova in d c m.

"For small values of M (M << 1) we can use the approxim•ate formulas

21 1+ A i+ 21 InA

+ 1n"---2----i l '

tamn from the general for-uulaa
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When m = 0 the expressions (15) obtained go over into the known

expressions for a flat bearing with neutral lubricant (1].

Figure 3 shows plots of the principal termis off the dimensionless

lifting force and friction force as functions of A for large values of
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EXPER14ENTS ON THE GENERATION OF A IAGNETIC FIELD IN METALS

AND THE QUESTION OF THE ORIGIN OF THE GEOMAGNETIC FIELD

Yu.M. Volkov, L.I. Dorman, Yu.M. Mikhaylov

Moscow

§i. STATUS OF THE QUESTION OF GENERATION OF THE MAGNETIC FIELD IN METALS

The question of the generation of magnetic fields is one of the

main branches of magnetohydrodynamics. This branch, which arose rela--

tively long ago in connection with the problem of the magnetic field

of the earth and of other celestial bodies, has been successfully pro-

gressing recently not only theoretically but also experimentally. The

generation of the field can be explained by means of the following sim-

ple example.

We consider the motion of a conducting medium in a magnetic field.

If a moving rectangular layer is in contact with a surrounding conduct-

ing medium (Fig. 1-a), then in accord with the law of induction a

closed electric current is produced, which creates a secondary mag-

netic field parallel along the velocity and with magnitude RmHo, where

Em is the magnetic Reynolds number. In the case of rotating conductors,

for example when cylinder A (Fig. 1-b) rotates relative to station=ry

cylinder B in an axial magnetic field, a toroidal magnetic field h is

produced. This phenomenon is the basis of the dynamo theory of the geo-

magnetic field. In connection with the possibility of obtaining under

laboratory conditions magnetic Reynold numbers from 10 to 100, the sug-

gestion has been made that a model of the dynamo can be created in the

laboratory [2-4].
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Fig. 1. Model ror the generation of a magnetic
field: a) generation of a magnetic field by
rectangular motion of a conducting medium (the
external magnetic field is vertical, the veloc-
ity of the medium and the induced field are
directed perpendicular to the plane of the
figure); b) generation by rotating cylinder A
relative to stationary cylinder B. The magnetic
field is directed along the axis of rotation.
The induced magnetic field has only a q .com-
ponent; c) Gellman and Bullard model of self-
exciting dynamo.

Figure 1-c shows the model of self-exciting dynamo, proposed by

Bullard and Gellman (3]. The system comprises a copper disk connected

to a helical current lead. The construction of the current lead is

such that the produced field reinforces the initial field. The rate of

rotation of the system should be so large as to make the induced mag-

netic field larger than or equal to the initial field. Under this con-

dition self-excitation of the system is possible. Estimates show that

the system shown in Fig. 1-c, if made of copper, should be excited at

n - 10 revolutions per second. Such a velocity is feasible under lab-

oratory conditions.

It must be noted that the esti'.rtes given do not take account of

many factors which greatly influence the experiment. These include the

contact resistance, the redistribution of the current in the rotor upon

interaction with the asyetrical stator, and others. Apparently these
factors exert an appreciable influence on the magnitude of the gen-

erated field, since no dynamo phencmena were observed in the experi-
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Fig. 2. Diagram of apparatus for the investiga-
tion of field generation in solid conductors.
1) Coil; 2) insulator; 3) mercury; 4) rotor;
5) stator; 6) transmitter.

mental works [1, 4] under conditions close to theoretical, and the

measured value of the induced magnetic field turned out to be one or

two orders of magnitude s.Taller than predicted by theory.

Herzenberg and Lowes [11 investigated the induced .magnetic field

in solid conductors. The apparatus they employed is shown in Fig. 2.

The maximum field obtained at a distance 12 cm from the rotor was IC-

of the initial field.

Lehnert [4] investigated magnetic fields in liquid sodium. A

sodium installation with volumne of 60 liters was used to investigate i
the fields. The magnetic Reynolds numbers reached 10, but the magni-
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tude of the Induced field remained not more than 1/4 of the initial

value.

The magnitude of the measured field is essentially connected with

the question of the leakage of the field outside the confines of the

system. In 1949 Bullard [5] showed that in the case of axial syrmetry

the field outside the limits of the external conductor is equal to

zero. Let us consider the system of cylinders shown in Fig. 1-b. From

symmetry considerations Bh,/21 = 0. At the same time, OhId9 over any

closed 9-contour beyond the limits of the external conductor is equal

to zero, since the total current through the surface bearing against

the given contact is equal to zero. Thus, the field beyond the limits

of the external cylinder is h = 0. The measurement of the field is

possible only in the presence of asymmetry. Besides, the geometry of

the asymmetry greatly influences the magnitude of the measured field.

An analogous phenomenon occurs also in the case of straight-line motion

of a liquid.

In the paper presented here we carry out further investigation of

the generation of a field in liquid and solid conductors. In particu-

lar, we investigate the following questions, which, as far as we know,

were not discussed in the literature before:

1) the dependence of the intensity of the generated field on the

conductivity of the rotor, stator, and the conducting layer;

2) distribution of the generated field in space;

3) excitation of variable fields in an inhho:ogeneous structure.

In connection with the results obtained, ,;e discuss also the ques-

tion of the origin of the magnetic field of the earth and other celes-

tial bodies, and also the origin of secular variations of the geomag-

netic field.
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§2. GEIERATION 0? IA.GNETIC FIELD UPON ROTATION OF A SPHERE MI A SOLID
OR LIQUID M-MDILUN WITH ACCOUL? OF.THE DIFFERE;NCE 1l2 CONJCTIVITY
BENWEEN THE SPHERE AND THE IC-DIUM4

To obtain theoretical estimates of the magnitude and distribution

of the generated field and to clarify the character of its dependence

on the main parameters, let us consider the generation of a field by a

solid sphere of radius a and with conductivity 0i, rotating in an ex-

ternal homogeneous magnetic field, directed along the axis of rotation.

The sphere is in contact with a surrounding solid infinite medium with

conductivity a3, through a layer having a conductivity a2 and a thick-

ness A = b - a, where b is the outer radius of the layer. The condi-

tions of the problem are specified by means of the equations

r (2.1)

rot E=O (2.2)

7=a a(+-rh (2.3)

divf==O. (2.4)

Here, as usually, T and T are the intensity of the magnetic and

electric fields, respectively, T is the current density, v is the vel-

ocity of motion and a is the conductivity. We shall seek a solution in

the form

H=Io h. (2.5)

where Y0 is the external field and I is the induced field. From Eq.

(2.2) it follows that it is possible to introduce an electric field

potential 9:

E=-grad4p. (2.6)

The boundary conditions are determined by the expressions

tyi forra, fwcb; 2.8

the velocity V sspecified in accordance with the conditions of the
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problem in the form:

Vr V., 0 in all of space, and A

S= Jursio, If r<a. (2.9)

Ck if r>a.

Substituting (2.9) in (2.3) and taking the divergence of both halves

of the equation, we obtain I12-_-HA for , a. (2.10)

0 for ,>a.

We seek the solution for the potential p in the form

I I
1J A-2 3j+ArP2p"(coso). if ra.

" + if(2.11) S... .)[ .-2 A 3 a . i f a r < b

i' 4 ~.(co~),if r>b.-

where P2 (cos a) is the Legendre polynomial and Al, A2 , A3, A 4 are di-

mensionless constants which are determined from the boundary condi-
@A

tions (2.7) and (2.8). We then determine J from (2.3) and after sub-

stituting the resultant expression in (2.1) we obtain for a linear

differential equation, the solution of which in the region r > b is

given in the form
h.% 0.U

4-, = sin O3cos

X - , -2. -- , 61•( . 1"

(2.12)

We can solve analogously the problem of the induction of the magnetic

field r resulting from the rotation of a solid sphere with conductivity r •
01 in a viscous conducting liquid with conductivity a2 in an external

homogeneous field H0 dire:ted along the axis of rotation. The velocity

distribution is specified !n the following manrner:

1l50i
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vr = v• =0in all of space

tor sin0, "'"~ "< aý (2.13) N:'
V t-)0 Sin %%

Te solution of Eqs. (2.1-2.4) with Boundary-Conditions -(2.7) and

(2.8) at r =a for and q) defined by (2.6) is sought in the form l=

= + 1, where i is the induced field. In this case we obtain in place

of (2.10) the following equation for qp:

--Fo-- if • <a,2.4

P .(cos) if r>a.

Leaving out the intermediate steps, which are similar to those used in

the preceding case, we obtain the solution in the region r > a (which

we propose to check experimentally) in the form

h, ha, =0.

2r..r.)a 3/I0,2- sin 4~cosO 3*2 (afl1 (2.15)
eLr 2a,+3*2 "rI'

Comparison of (2.19) with (2.16) shows that the field in a viscous con-

ducting liquid decreases much more slowly with distance away from the

center of the sphere than the field in a solid medium (as h/r and 1i/,

respectively).

53. DESCRIPTION OF EXPERIMENTAL SETUPS

To check the results obtained in §2, we used two setups which en-

abled us to study the generation of the field upon rotation of a con- 4

ducting rotor in both a solid and liquid medium, in a homogeneous mag-

netic field parallel to the axis of rotation. Because of the appreci-

able difficulties in the manufacture of a coaxial spherical structure,

we used a copper cylinder as a rotor.

It was shown in [1] that the field distribution at a distance

larger than the radius of the cylinder Is in first approximnatio., the

sam for a case of the spherical and for a cylindrical rotor of limited
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height. In addition, the described setups enabled us to investigate

the generation of fields In many cases that were "intei1nediatew between

rotation in a liquid and in a solid medium. Thus, conducting and non-

conducting blades could be used for the rotor. The solid stator could

be made up of layers having different conductivities.

- p85 rmi

2!

Fig. 3. Setup for the investigation of the
generation of a field in mercury. 1) Rotor;
2) mercury; 3) rubber bag; 4) magnetic
field transmitter; 5) solenoid; 6) stain-
less steel vessel; 7) wooden clamping
frame. a) To reduction gear.

The setup with solid stator (see Fig. 2) is analogous to that

described by Herzenberg and Lowes [1]. The rotor is a copper cylinder

40 mm in diameter and 70 mm high. The stator is a copper cylinder 120

mm in diameter and 120 mm high, with a slot cut on the side at an angle

of 450 to produce asy--netry. The electric contact between the rotor
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and the statdr was with the aid of a mercury layer.

The setup for investigation of generation of a field in a liquid

medium (Fig. 3) has a rotor part sinil-ar to that inthe preceding setup.

The rotor is a copper or nonconductirg blade rotating in mercury,

which is poured in a rubber bag. On the bottom of the bag is a ledge,

also intended to produce asymmetry. The external field was produced by

a solenoid 160 mm in diameter. The horizontal component of the earth's

field was neutralized with the aid of Helmholz coils.

The induced field was registered with the aid of a specially con-

structed magnetometer with maximum sensitivity 2. 4 y per division. The

magnetic field transmitter (cylinder 10 mm in diameter and 60 mm long)

was a saturated ferromagnetic probe. The magnetometer is sensitive to

the second harmonic of the auxiliary field exciting the transmitter.

The magnetometer readings were recorded by means of an EPPV-51

elecitronic potentiometer. The speed of the rotor was measured with a

high-frequency NF-2 phase meter with selsyn transmitter. The vibrations

of the transmitter in the earth's magnetic field and in the solenoid

field were the main source of measurement error. To eliminate the in-

fluence of the vibrations, the transmitter was rigidly secured to the

solenoid of the external field. This made it possible to reduce greatly

the scatter in the magnetometer readi--gs. An estimate of this and other

factors influencing on the measurement accuracy show¢s that the relative

error in the measurement with a solid stator does not exceed 10%, while

in measurement with mercury it does not exceed 15 or 2C%.

§4. EXPERE.CZ!TAL RESULTS

4.1. Generation of Field in Solid Conductors

Owing to the asy~et-j, of the stator, the generated field emerges

in part outside the stator. The deG-ee of emergence of the field for a

given configuration is not known ex•actly. We therefore determined in
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our investigation only the character of the dependence of h on sev-

eral of the parameters contained in (2.12).

Dependence of h on the external field H0

The experiment confirms the linear dependence of h9 on H. (Fig.

4) in accordance with Expression (2.12). The sign of h9 changes with

changing sign ofH 0 and with changing direction of rotor rotation.

-1, 5 -rto 0 H,
0 +o~ +1,0o

1 0a
t n:i,•5 ,ofc •_ n=28o o,,,f20pauue pornPomoa no qacoo5ou cmpelKe

13 BpoxzueHUe po.,noa nComrub uccolot cmpearu-

Fig. 4. Dependence of the generated field h

on the intensity of the homogeneous vertical
magnetic field H0 at two speeds of rotation

(the shifts of the lines on the abscissa
axis is due to the fact that the vertical 1;
component of the earth's magnetic field was
not neutralized). 1) Revolution per second;
2) rotor moving clockwise; 3) rotor moving
counterclockwise.

Dependence of h; on the angular velocity

No special measurements of the dependence of h on L) were made,

since it was already established in [1] that this dependence is linear.

Our measurements at four speeds of rotation, namely 9, 13.5, 28, and
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45.4 revolutions per second, confirmed the results of [1].

Spatial Distribution of h

Figure 5 shows the dependence of h on the distance to the bottom

of the rotor, measured along the axis of rotation. Similar curves were

obtained in measurements of h along other

*s lines parallel to the axis of rotation and

f .=.•located different distances away from it.qr j-•€*,
i* e The maximum value of the field was obtained

0My-oMP 2
* at the bottom of the stator at the center

of the bevel cut. In the case when the rotor
0,
0 was a copper cylinder and the stator was
CV r also a copper cylinder (with a cut), the

0 *t0 is.
result was

Fig. 5. Dependence of b, (3.97±0.4) X3 10-n,.H (4.1)
the generated field on
the distance to the
rotor. I) Revolution where n is the number of rotor revolutions
per second; 2) oersted. (per second) and H0 is the external field

(in oersted). The dependence shown in Fig. 5 is well approximated by

the expression

(4.2)
cohsi

in accordance with (2.12).

Dependence of h on the conductivities of the rotor, the stator, and

the layer

It is seen from Formula (2.12) that h is also a function of the

conductivities and dimensions of the individual parts of the setup. In

order to determine this dependence, experLments were made with a stator

made of copper with lead insert (the rotor was a copper cylinder), and

also with a rotor made in the form of a blade of nonconducting material

with a copper stator. The results of these measurements (as well as of

measurements in a liquid r-ediuiz) are listed in Table 1.
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Let a be the ratio of the field h, obtained for different ccm-

binations of rotor and stator conductivities to the value of h for

the setup where the rotor is made of copper, the layer of mercury, and

the stator of copper. Table I shows good agreement between Peksp and

Oteor' calculated from (2.12) for the case of a solid stator and from

(2.15) (with r = a) for a liquid stator.

TABLE 1

1i nr., o a.. I ,.;o, Iet, I ,-'. I -T-u. 1,0.u .b

!&-I xx 7
Meit. pT)ft C.a 0,475 0.45 t0.0,04 Ca iuoAu e.ioA A 6

I- UM 52 3 e*2HOM cTaope9
6rT:b Piry. .Meu 0,111 0.12 t 0.01 Potop - menpono. Iw~g

r) M, Pr)yt P'", 0.067 0,078 ± 0,016 .ejUn3 .,onaTXSa pii'X.
Melas. ,PTY h .latymb 0,454 0,50 t 0.07 113 pa6oa [I] 12

1) Rotor; 2%layer; 3) stator; 4) remarks;
5j copper; 6)mercury; 7) lead; 8) brass;
9 lead layer a = 6 mm in copper stator;
I0) rotor - nonconducting blade; 11) copper
blade in mercury; 12) from Reference [1].

4.2. Generation of a Field in a Liquid Medium

When a field is generated in a liquid conducting medium, hydrody-

namic phenomena begin to play an important role. The experiments were

0 t 10 IS 20 2512

Fig. 6. Dependence of the generated field
on H0 for rotation of a copper blade in
mercury. 1) Revolutions per second; 2) oer-
sted.
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-- carried out in such a way that there .-ere no conditions under which

the mercury becomes turbulent. Special measures were adopted to reduce

the influence of vibration, since the interference due to vibration

was particularly strong in this experiment.

Dependence of h on the external field H0

Figure 6 shows the results of the measurements of h9 as a func-

tion of H.. Within the accuracy limits, a linear dependence is ob-

served over a wide range of fields. Reversal of the sign of the exter-

nal field is accompanied by the reversal of the sign of h1.

Dependence of h on the speed of rotation

As in the case of the solid rotor, a linear relation exists be-

tween h and the number of revolutions n per unit time (Fig. 7). The

sign of h9 depends on the direction of

rotation. At rotation speeds exceeding

8 revolutions per second, the propor-
+2.0

.1 tionality breaks down, possibly owing to
•0 l-Cx~ •, breakdown in the laminar nature of the

1=2
0 " 0 to n T flow of mercury.

-•o Dependence of h( on the depth of immer-

sion of the rotor
-.0 It was proposed to study the dis-

-3.0 tribution of the field h by immersing

the rotor in mercury and bringing it
Fig. 7. Dependence of hcloser to the transmitter. However, this

on the number of revolu-
tions of a copper blade
in mercury at H0 = 13.5 disclosed no change in the readings of

oersted. 1) Clockicse the transmitter, which stayed in all the
rotation; 2) counterclock-
wise rotation; 3) revolu- measurements at a level of 270y at n = 3
tions per second.

revolutions per second. This can be at-

tributed to the fact that the maximum
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generated field was produced somewhere near the inhomogeneity produced

by the ledge in the bag, and that the im.ersion of the rotor did not

influence the degree of this inhomogeneity in the hydrodynamic motion

of the mercury.

Unfortunately, the strong influence of vibration, which made it

necessary to secure the transmitter rigidly to the solenoid, as well

as the construction -of the setup, did not make it possible to shift

the transmitter relative to the setup, i.e., to measure the spatial

distribution of the field. In the case of the liquid rotor, the abso-

lute value of the field was 13 times smaller than in the case with the

solid copper rotor.

4.3. Generation of Alternating Field

In the case when the rotor is asymmetrical (for example, made in

the form of a blade), one observes along with the constant field h'

also the generation of an alternating field h with fundamental fre-

quency f = nk, where k is the number of blades, and n is .the number of

revolutions per second. The spectrum of the variable field h has also

higher harmonics with amplitudes that are smaller than the fundamental.

The alternating field was registered with a ferrite transmitter of the

inductive type. The voltage of frequency f was separatedby a low pass

filter, amplified by a factor 106, and measured with a vacuum tube

voltmeter. The transmitter was calibrated with the Helmholz coils.

Measurements have shown that in the case of a nonconducting blade

9,=0.10s-,. (4.3)
In the case of a conducting blade this field is 3-5 times larger.

§5. DISCUSSION OF THE RESULTS AND TIM QUESTION OF TIE ORIGIlN OF TIE
GEOMAGIETIC FIELDS AND OF THE SECULAR VARIATIONS

We have thus determined the theoretical and experimental depend-

ence of the generated field for different systems comprisirn conducting
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liquid and solid media moving relative to each other in an external

magnetic field as functions of various parameters: the configuration,

speed of motion, intensity of external field, and ratio of conductivi-

ties, and we also estimated the distribution of the field in space. In

particular, we have shown that the essential dependence of the magni-

tude of the generated field on the ratio of the conductivities of the

different contacting media can be well explained by the theory. In

equally good agreement with the theory are the obtained field distribu-

tion In space and the dependence of the generated field on the speed

of motion and on the intensity of the external field. The magnitude of

the generated field reached in this case 1/30 the value of the exter-

nal one.

In this connection we note that Bullard's theory [3, 5] presup-

poses generation of a dipole field with intensity approximately 0.01

of the specified azimuthal field. The generation of the field is

brought about here by regular convection with speed of several hun-

dredths of a centimeter per second, which corresponds, Judging from

the value of the magnetic Reynolds numbers, to the conditions prevail-

ing in the described experiments. Apparently there are no principal

difficulties involved in so modifying the experiment as to make the

external field azimuthal, making the motion of the liquid correspond

in its character to regular convection so that the generated field has

In this case a dipole character. The results obtained are not only 2vi-

dent in favor of the hypothesis of the ragnetohydrodynamic origin of

the geomagnetic field, but indicate also the possibility of simulating,

under laboratory conditions, the main processes occurring inside the

earth and leading to the generation of both the dipole field and the

secular variations (fr-m this point of view, interest may attach to

the data (4.3) on the generation of an alternating field in the pres-

-159-

; [



ence of a certain asymmetry in the motion of the conducting liquid).

We hope that the proposed modification of the experiment will enable

us to check both the aspects of Bullard's theory and also certain as-

pects of Parker's theory [6] and a few magnetohydrodynamic theories.
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MAGNETOHYDRODYNAMICS OF THE OCEAN

V.M. Kontorovich
harx ' kov

1. ABSTRACT

The earth's seas and oceans can, in a certain sense, be included

among the magnetohydrodynamic media.* To be sure, owing to the rela-

tively low conductivity of sea water (a - 1010 sec-) and the weak hy-

dromagnetic coupling in the earth's magnetic field, B - 0.5 oersted,

the magnetohydrodynamic effects in sea water are quite weak and mani-

fest themselves only in motions of sufficiently large scale. The pos-

sibility of such motion in the sea or in the ocean does indeed enable

us to consider the latter as being magnetohydrodynamic media.

The influence of the earth's magnetism on the hydrodynamic mo-

tions is as a rule negligibly small, provided these motions exist In

the absence of a magnetic field. Magnetohydrodynamic effects manifest

themselves in the generation of current and an electromagnetic field

by the hydrodynamic fields. Thus, the propagation of infrasound in the

ocean is accompanied by the propagation of an undamped e.lectrcmagneric

field coupled to it, the waves on the surface of the sea give rise -o

electromagnetic noise along with acoustic noise, and sea currents lead

to local changes of the earth's magnetic field.

2. WIND CURRENTS -

In the simplest case of Ei.a-n wind currents (1], the magnetohydro-

dynamic equations can be solved exactly. One considers the stationary

and homogeneous motion of a viscous conducting incompressible liquid
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In the half space z > 0 (a/at Max= a/Zi 0) under the influence 4.

of the tangential friction force T (at z = O) of a wind blowing along

the Z axis. It follows from div v = 0 and div • = 0 that Bz = const,

Vz = 0. Using the boundary condition v = 0, d-/dz = 0 for z = +0, we

obtain the magnetohydrodynamic equations (with account of the Coriolis

force) for the complex velocity-w = v + Ivy and for a complex magnetic

field B= Bx + IB.. in the form

S -, (2)
dz C

where

V (3)

I = I/af,/T is the characteristic (vertical) scale of flow in the ab-

sence of a magnetic field, 1/b Is the characteristic scale connected

with the action of the electrodynamic and viscous forces, M = b/aft/=

= (B /c) 4 /r is the Hartmann number, .0 is the angular velocity of

the diurnal rotation of the earth, T is the geographic latitude, I is

the dynamic turbulent viscosity, and v = V.p/. The upper sign pertains

to the northern hemisphere and the lower one to the southern. The Hart-

mann number, which characterizes the influence of the magnetic field

on the motion, has a particularly simple physical meaning in the case

of a gas. Using the formulas of kinetic theory I - n 0•2T, a - ne 2 V/m,

we obtain M - 1/r, where r = mcv/eH is the torsion radius in the mag-

netic field.

Equation (1) with boundary conditions

(4)

has a solution

1=iUe-." gk:'1..',. (5)- 162 -



' T
U=--- 2a- = arcctgW.M'

,.+t'.=IXe. +-g-'..>o. ,.>o0. (6)

With exception of the direct vicinity of the equator (i.e., when q1<

go = BZa2•r-P 10 for a = 4-i0O and Bz = 0.1 oersted on the

equator), we have M << 1 and the Influence of the magnetic field on

the velocity Is negligibly small. In this case (5) goes over into the

Ekman solution [1):

The velocity vector on the surface is turned 450 to the right (in the

southern hemisphere - to the left) relative to the wind and at increas-

ing depths it turns to the right (in the southern hemisphere - to the

left), exponentially decreasing in magnitude. The influence of the mag-

netic field on the flow can exist formally on the equator in those re-

gions where Bz /0. According to (6), a - 0 when ; - 0, B / 0, i.e.,

in the presence of a vertical magnetic field component on the equator,

the velocity of flow on the surface is directed along the wind even in

the deep sea.* As is well known, in ordinary hydrodynamics one arrives

at this qualitative result by taking into account the finite depth of

the sea.

Drift flow leads to the occurrence of an additional horizontal

magnetic field (2), and also of a current
j:i-----!Bjw. j,=0, j~jz+'.-}V (8)

C(8

and a vertical electric field

E, =-, B1Jc, E,=E,=0.

Knowing the velocity w, we obtain the magnetic field from Eq. (2)

B-B•. ----- eli 'et' 0,+2f, I! 4I=!- TB_
C2 E,, (9)

where B. is the limiting value of the field at z- +a, which we iden-
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tify with the unperturbed value of the horizontal component of the -

earth's magnetic field at z = 0.

For the magnetic field generated by the current (7), we obtain

a-a. Of(+" 4 (10)

where
4::, us.:) .U,1.. B11

This solution is the first term in the expansion of the exact so-

lution (9) in powers of the small Hartmann number.

Thus, in wind currents there arises an additional horizontal mag-

netic field (10) on top of the earth's constant magnetic field. The

field vector on the surface of the sea is turned. 900 to the right (in

the southern hemisphere - to the left) relative to the wind direction

and 450 relative to the velocity direction when Bz > 0. With increasing

depth, the field vector rotates together with the velocity vector, de-

creasing exponentially in magnitude with the same period of the damping

constant.

Depending on the wind force, H0 has an order of 0.1-107, which is

comparable with the amplitude of the diurnal variations of the earth's

magnetic field (thus, we have U0 - 20 cm/sec even at a wind velocity

6 m/see); in medium latitude H0 . 0.17 (7y E 10-5 oersted).

The estimate H - 47rav 0 B0/c
2 , which is similar to (11), holds

true in all problems where the variation of v and i in only one direc-

tion is significant, and where v0 and 10 are the characteristic vel-

ocity and scale of motion; this estimate is applicable, of course, not

only to drift currents. For fast large scale currents, the additional

magnetic field may reach tens or even hundreds of gammas.

3. LOW-FREQUENCY OSCILLATIONS

Magnetohydrodynamic effects manifest themselves also in large
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scale low-frequency oscillations. Inasmuch as the detailed paper by

Eaios [2] does not Include the lim-iting case of interest to us, that

of the frequencies w - ws = 47racs 2/c2, we shall briefly dwell on a

derivation of the dispersion relations. For plane waves (-exp i(0 -

c- ut), neglecting the displacement current, all the quantities are con-

veniently expressed in terms of the current Tby means of the chain of

formulas

- 1 _ - - _ _ (12)
V,•L•.)+} L=• Z= Sir/,

k ck -0 -*

",,a vhl H== :' "I

Here s is the velocity of sound in the sea, Is the earth's magnetic

field, v, , p ', , rare the amplitudes of the velocity, pressure,

density, and electromagnetic field in the wave. The equations for the

current, expressed in a coordinate system fixed in the wave,

•=X. --;•" 9 = ?m= cose= (Xl), (13)

have the following form (Jj = 0, g = u 2 k2 / 2 , a = c2 k2/4ra, u

=B/N is the Alfven velocity.):

j .(I + ia-- gcos' 6) o. (14)

A; 0l + ia - 9- 9L sinl )-o (15)

frum which follow the dispersion equations which we give for ca >> wu
l47ru 2 /c 2 (wu _ 10-12 cycles per second for the sea).

The oscillations which correspond at a = = to Alfven waves (J

0) and to a slow magnetic sound wave (j t 0), do not propagate in

the ocean and attenuate within the ordinary skin depth, following a

dispersion law k2 /w 2 = ic2 /47ra. Modified sound (fast magnetic sound
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wave at a = •) corresponds to a dispersion law

4=a J2 (16)-

We shall call this wave from now on a sound wave. For the sea u2/8s2

1-.i 1 2 .

4. INFRASONIC WAVES

It is seen from (16) and (17) that the most interesting frequency

region is w < w where w is the frequency at which the wavelength of

the sound becomes equal to the length of the electromagnetic wave in

sea water.*

When a = 4.1010 we have /27r = 2 cps. The magnitudes of the

fields in the infrasonic wave are

,7=" J•hJ'-! •-' B [;.hJ ,•
H= A

7=_.. •l€ (17)

When w .= we have E - lO 1 5p', H - 10olp' (in CGS units). The flux

of electromagnetic energy s• is connected with the flux f of acoustic

energy in the wave by the relation

e .n2  (18)
S

From (16) we obtain for the coefficient of absorption of infra- 4

sound due to conductivity in the magnetic field (induction absorption):

tos U C2  sin2 9

When w < ws this damping is of the same order of magnitude as the damp-

Ing due to molecular viscosity. The damping coefficient is anisotropic.

Unicue phenomena should occur on the interface (the surface of
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the sea). When Infrasound is incident on the surface of the sea, there

is produced not only reflected and refracted sound, but also a damped

Alfven wave, a slow magnetic sound wave in the ocean, and an electro-

magnetic wave above the ocean. All these waves occur also when electro-

magnetic waves are Incident onthe interface (a total of six outgoing

waves).*

It follows from Snell's law that when the sound wave from the sea

has an angle of incidence a > s/c - 10-5, the electromagnetic waves

arising above the sea have a surface character with a damping depth

hk 2.g sintza

where X is the length of the sound wave in sea water. The electromag-

netic wave propagates along the surface with a velocity equal to the

horizontal component of the velocity of sound in water.
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of the electromagnetic wave in the sea are equal.
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HYDROMAGNETIC TURBULENCE IN THE IONOSPHERE

Ye.A. Novikcov

Moscow

Turbulent motions of the conducting gas of the ionosphere induce

in the earth's magnetic field electromagnetic fields, currents, and

polarization charges. Because of the relatively large intensity of the

magnetic field, -0.5 gauss, the ponderomotive force acting on the in-

duced currents may noticeably influence the motion of the gas (partic-

ularly in the upper layers of the ionosphere).

The conductivity of the ionosphere is sufficiently large to be

able to neglect, in the case of hydrodynamic frequencies, the displace-

ment current and the free charges. The corresponding condition has the

form

where i, is the conductivity transversely to the earth's magnetic field,

e is the dissipation of kinetic energy per unit mass, and v is the kin-

ematic viscosity. On the left side of (1) is the characteristic recip-
t

rocal relaxation time of the electric field and of the free charges,

while on the right side is the highest frequency of the hydrodynamic

motions, corresponding to the internal turbulence scale [1]. At the

same time, the magnetohydrodynamics of the ionosphere can be cconsidered

also in the poor-conductivity approximation:

SD-(2)

where Def is the effective magnetic Reynolds number, ef is the effec-

tive conductivity (17), V and 1 are the velocity and scale of motion,
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and c is the velocity of light. Under Condition (2), we can neglect

the vortical part of the electric field ccmpared with the potential
field produced by the polarization charges, and the fluctuations of

the magnetic field H' ctmpared with the main field H0 [see Formula
(22)]. Condition (2) becomes most stringent for large scale motions in

the upper layers of the ionosphere. An"analysis of ionospheric data

shows that (2) is satisfied in the "D" and "E" layers. In the "F" layer

(starting at 200 I= and above) this condition may, generally speaking,
be violated for eddies with horizontal scales having hundreds of kil-

cmeters. *

Subject to Assumptions (1-2), the system of equations relating

the various electromagnetic quantities with the velocity field has the

form

E-- E + w-,.. (3

- (4)
4=p,=-.,. • (5)

F ýIf'(jly. (6)

Pa. =O.L ) + (a,-- 0) C-V, (7)
rot H'= 4.ac. (8)

div H'=o. (9)
O.±? + ('S,- ) (-v) 'q = arfoe' fe--iv V-- (•v) (no)),+

+ 0114C-1 (n rot v). (10)

Here j and Pe are the current and charge densities, I is a unit vector

in the direction of the main magnetic field, 2 and p are the intensity

and potential of the electric field, • and Em are the electromagnetic

force and the energy dissipation (the latter per unit mass of the gas),

v and p are the velocity and density of the agas, while a, and aH are

the longitudinal and Hall conductivities.** Equation (10) is obtained

by substituting (3) into the equation div J = 0, which follows from
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(8) (for the sake of simplicity, the conductivity coefficients are as-

sumed constant).

So long as the influence of the magnetic field on the motion is

insignificant (Criterion (25)), we can assume the turbulent velocity

field to be locally isotropic. Assuming in addition incompressibility,

we can obtain from (3-10) the relations between the one-dimensional

spectral densities :*

'E(P)P (11

i ( _)* (12)

S'0.2l; 4 (13)
C 4M

(,,) = - •) (14)

1,,p) = (W)'J4,) (16)

(p is the wave number). The upper lines in (11-14) correspond to iso-

tropic conductivity (a, = a.L a a >> aH), and the lower ones correspond

to strong anisotropy (a,, >> a., a.).** The latter case takes place in

the ionosphere, starting with 85 I= and above, where the electron col-

lision frequency [3] becomes much smaller than the Larmor rotation fre-

quency in the magnetic field. In the transition layer 55-85 IM (from

isotropy to anisotropy of the conductivity), the coefficients in the

formulas become-more complicated. 1-We can draw the following qualitative

conclusions from (11-16): 1) the electric field, the cur~rents, and the

electromagnetic force are enclosed within the same scales as the vel-

ocity, 2) the magnetic field has a larger scale, 3) the polarization

charge has a smaller scale (more accurately, it is enclosed in the
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same scales as the velocity vortex), 4) the electromagnetic dissipation

of energy, unlike the viscous dissipation, occurs within the scales of

the main motion. From (ii) and (12) we determine the effective conduc-

tivity coefficient

which characterizes the ratio of current density to the electric field

intensity in the turbulent stream of an anisotropically conducting gas

(the second term in the round brackets Is small above the "E" layer,

and the sides aef = 4fii7L). From (11-15) we determine the characteris-

tic values of the different quantities

IY&o, . (18)

C LaIL)(19)

r=. 00)2,V. o, (20) •

*-.L2 (21)

H. (22)

The density of the polarization charge, which like the velocity vortex

is enclosed within scales on the order of the internal turbulence scale

-o0 = V3A--A' ([], can be related with e. We have:

- -=I V _, (23) "

In experiments on the scattering of radio waves by meteor trails [4]

at altitudes 80-100 km, the mean square value of the turbulent velocity
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was found to be -25 meter3 per secsnd. ZubotitutirZ thia value In

(18-21) and putting H0 =-G.5 gau3s, a 9.107 see-', l1j ."3."1iY
sec"1, and aH = 2.9-106 sec-1 54 L e obtain

E = 2.4-10-6 v/i'm, J 7-1"11 amp/or2, F 2.10-13 dyn/cm3 ,

m M -0.3 erg/g-sec.

If we choose for the scale I the external horizontal turbulence scale

-150 Ion [4], then we get from (22) H' - 1.3"-"3 gau3ss.** In the same

paper a value - I.c3 erg/g-sec was obtained, and frcm this, putting

v = 2.4-105 cm2/see [2 we obtain from (23) ( -2)1/2.- 2.10-14 CS

esu/cm3 , while for the characteristic space charge we obtain Q

(-2)/2e = 1.5- 10- CGS esu. The value obtained for I is compar-

able with the density of the current due to the tidal mntions and pro-

ducing the diurnal mariatlons of the magnetic field at the earth's sur-

face. However, the turbulent currents, unlike the tidal current, are

random and when suterimpssed on one another do not pr-Jduce so notice-

able fluctiaticns •f the =agnetic field at the earth's surface. As re-

gards the fluctuations of H' in the ionosphere, they turn out to be

sufficiently large to be able to use them as an indicator of tlhe tur-

bulent motions at hig•n atitudes. The polarization charges axre rela-

tively small and do =t lead to any n"tIeab2e f "uctu-t!-ns of t~he

electron density. H..eve., t... esence of p!rl zat_&.n ::narzes Ps y

an i4porat-nt role !n zhe fo,.atf:n f the It -. n

be shnw- that the t the f -7 to the mean sa,"r'
value off the crrent is of t'-e Sam-e orde of - ituIe as the cn.:2u-

tinr of the "HC;n.-ed I--v." n].

In the _nert-_al ntervml off wave numbers, the spectral derzi of

the If•_eetic ener-y- is described by the p ' "-1

-214)
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where a is a constant on the order of unity. Substituting (24) in

(11-16), we can obtain the spectral density of all the quantities of

interest to us (the corresponding formula for T5j,(p) in the case of

Isotropic conductivity was derived earlier [71).

In order to estimate the influence of the earth's magnetic field

on the turbulent motion, let us determine the order of magnitude of

the ratio of the electromagnetic force (20) to the inertial force

p(vV)v in the equation of motion

f47, Vv.-c (25)

The ratio of the electromagnetic force to the viscous force T14vdeter-

mines the dimensionless parameter

which is a generalization of the Hartmann number to include the case

of anisotropic conductivity. The ratio of the electromagnetic energy

dis2(21) to the viscous dissipation, which we denote , dif-dissipation (1 otevsosdsiain hc ednt j-,df

fers from (26) in that a,, is replaced by aL. From (25)we see that the

magnetic field exerts an influence primarily on the lowr-frequency mo-

tions, and consequently on the large scale motions. An analysis of the

ionospheric data shows that in the "D" and "E" layers the influence of

the magnetic field on the turbulent motion can certainly be neglected.

At an altitude of -150 1cm, the magnetic field may exert-an influence

on the large scale eddies with horizontal scales amounting to hundreds

of kilometers. We note that if we asstume at this altitude e = 10

ergs/g-sec (the same as at altitudes 80-ico ka [(4), then the internal

turbulence scale is found to be -3 k1m, which is merely one order of

magnitude smaller than the "height of the hcmogeneous atmosphere,"

which is -38 km [2]. Consequently, the turbulence cannot be highly de-

veloped. At an altitude -250 kim, the scale in which the electrcmagnetic
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forces become equal to the Inertial forces Is of the same order of mag-

nitude as the Internal turbulence scale. This means that the inertial

forces cease to play any role whatever. Consequently, at these alti-

tudes no turbulence In the ordinary sense can arise, since the dynamics

equations become linear with respect to the velocity.' Random motions

in the upper layer or the ionospheres are apparently in the nature of

oscillations.

A more detailed paper will be published.

In conclusion I express my sincere gratitude to A.S. Monin for-

valuable remarks made by him during the course of an evaluation of the

present research.4
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CHARACTER OF TURBULENCE IN SOLAR WIND

L.TL Dorman

Moscow

1. It is known that with increasing solar activity the intensity

of the cosmic rays on earth decrease, and the so-called "knee" of the

latitude effect shifts toward the lower latitudes. As the minimum of

solar activity is approached, the intensity of the cosmic rays reaches

a maximum value, and the "knee" approaches the geomagnetic poles. The

amplitude of the 11-year variations (with period of about 11 years,

equal to the period of variation of the solar activity) reaches large

values: about 6% in the muon component and about 25% in the neutron

component at sea level. In the case of measurements in the stratosphere,

these variations are even larger: at a height of 30 km, the intensity

of the powerful ionizing component changes by a factor of two, and the

number of particles at this altitude changes by almost four times. Us-

ing the data obtained by the International Network of Cosmic Ray Sta-

tions, by the method of coupling coefficients [1, Chapter IV], it is [
possible to find the energy spectrum of the primary 11-year varlatlcns. I

This spectrum has the following form [2]: the particles with low *3ner-

gies (less than several Bev) are practically completely lacking in the

maximum of solar activity, compared with the flux in the minimum of

the activity; the degree of absence of high energy particles decr:_ases

rapidly with increasing particle energy; the flux of the particles

with energy >100 Bev remains practically constant.

An investigation of the 11-year variations is of exceptional in-
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terest, since they are connected with the electronagnetic properties

of interplanetary medium.

2. Many of the hypotheses discussed in the literature concerning

the origin of the li-year variations meet with serious difficulties.

The most promising is the hypothesis of Parker [3] concerning the so-

called solar wind. Streams of magnetized plasma, ejected from the sun,

are slowed down by the interplanetary medium and drag the latter as

they move. A radial "wind" made up of magnetic field Inhomogeneities

is produced. The cosmic rays come to the earth from the galaxy as the

result of diffusion by scattering on the inhomogeneities of the mag-

netic field. This is hindered by the convection transport due to the

particle drift resulting from the motion of the scattering inhomogene-

ities, which is directed away from the sun. The stationary state is

"established as a result of the equality of both fluxes. Thus, for a

definite "wind" geometry and for definite values of its radial velocity

and diffusion coefficient K = vX/3 (where v is the particle velocity

- and X is the mean free path for scattering on the inhomogeneities) it

is easy to determine the difference between the cosmic ray intensity

on Earth as compared with the intensity in the galaxy in the vicinity

of the solar system (see [3, 41). Inasmuch as v and X depend on the

particle energy, the expected variation 6(De)/D(e) will also have a

definite energy spectrum. Parker [31 suggested that the scattering is 4-At

by field inhomogeneities measuring -2-10l cm, in which magnetic field V

of intensity H - 2-10-5 Oe are frozen In. Such an assumption leads to

a spectrum that agrees with the experimental data only in the region

of rather small energies (<2-3 Bev). In the region of energies on the

order of ten or several times ten Bev, the spectrum obtained in [3]

differs appreciably, by a factor of several times ten, from that ob-

tained in [2] from the experimental data. It was shown in [4] that no.
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* change in the parareters employed by Parker (field intensity, velocity

"* .and geometry of the wind, dimension of the Inhomogeneities) will lead

to agreement with experiment simultaneously over the entire energy in-

terval (for example, it is possible to choose the parameters such as

to agree with experiment in the region of large energies, but then an

appreciable discrepancy with experiment occurs in the region of mod-

erate and lcw energies, etc.).

3. The only way out of this situation (if we retain the notion of

the solar wind of magnetic inhomogeneities) is to assume that there

exists not one characteristic dimension of the magnetic field inhomo-

geneities, but a whole spectrum with dimensions ranging from a certain

minimum value 1 to a maximum one Imax. Then for particles with

charge ze and momentum •, for which the radius of curvature is p

= Cp/zeH (In the interplanetary magnetic field H) contained in the

range from Imin to Amax' the mean free path for scattering X will be

proportional to p, i.e., proportional to cp. Indeed, scatterlng.by

small inhomogeneities with dimensions 1 << p yields a mean free path

x - p2 /l >> p, while scattering by very large inhomogeneities with

S>> p gives a mean free path X - 1, also much larger than p, i.e.,

scattering on such inhomogeneities will be much less effective than

scattering on inhomogeneities with 1 - p, when X - p. Thus, in the

presence of such a spectrum for the inhomogeneities of the magnetic

field, the diffusion coefficient will be proportional to the energy,

up to energies of the particles with p - 1max, while for particles

with p > I the diffusion coefficient will be proportional to p2/1

i.e., to the square of the energy. This deduction is in good agreement

with the experimental data concerning the spectrum of the 11-year vari-

ations. In thIs case, to obtain agreement over the entire region of

the spectri=, it is necessary to assume that the minimum dimension of
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the inhomogeneities Is 1 1- loll cm, while the maximum Is Imax

-1013 cm.

The presence or magnetic field inhomogeneities of this type is

confirmed also by an analysis of the variation of the solar-diurnal

variations with the solar activity, as obtained by data gathered with

crossed cosmic ray telescopes.
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FLOW AROUND MAGNETIC INHOMOGENEITIES

A.P. Kazantsev

Novos ibirsk

In the present communication we consider certain problems con-

nected with the flow of an ideally conducting incompressible liquid

around magnetic sources. In this case [1-3] the space is broken up

into several regions, occupied either by the liquid or by the magnetic

field. The regions located near the singularities of the magnetic

field and free of liquid will be called, as is customary in hydrody-

namics, cavities. .It is obvious that on the boundary of the cavity the

magnetic pressure H2 /8n should be balanced by the pressure of the liq-

uid. Assuming the flow of the liquid to be potential, the condition

for the equilibrium in the case of stationary flow can be written with

the aid of the Bernoulli integral in the following fashion

_= 2'1 • + (1)-- P---P•

The problem consists of determining the boundary of the cavity, assum-

ing that the sources of the magnetic field are known.

1. An exact solution of the problem is possible only in a few

very simple cases. For example, one can point out cases when the bound-

ary of the cavity is made up of second order curves (only plane prob-

lems are considered). Thus, in the case of flow around a semi-infinite

current carrying plate located along the incoming stream (Fig. 1, the

magnetic force lines are shown dashed), the boundary of the cavity

will be a parabola if pO = 0. The end of the plate is in this case lo-
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cated at the focus of the parabola

(y/2a) 2 1=xa+ I. a at

Here a characterizes the singularity of the magnetic field near the

end of the plate (Hx- 1Hy = q/l/V). It can also be shown that in the

case of flow around a current carrying plate of finite width, the

boundary of the cavity Is an ellipse, provided a certain connection

exists between the current and the width of the plane, resulting from

the requirement that the plate lie on the section line of the ellipse.

V-V

S,

Fig. 1 Fig. 2

2. In principle one can always write out, using the generalized

Kirchhoff method [4], an exact system of equations for the cavity

boundary. However, an exact solution of the system is possible only in

those cases when the cavity boundary does not deviate greatly from a

known one. This occurs when either the hydrodynamic pressure.pv2 /2 or

the magnetic pressure can be regarded as a perturbation. Let us con-.

sider two examples using Kirchhoff's method, na.•-ely the flow around a

linear current and the scattering of a jet by a linear current. in the

former case the streamline pattern is naturally assumed to be sy--et-.

rical about the x and Z axes (Fig. 2). What would be in this case the

exact system of equations describing the flow of liquid, the =agnetic I
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field, and the cavity boundary? We introduce, as is customary, the com-

plex potentials for the liquid, w1 = wl(zl), and for the magnetic field

W2 = W2 (z 2 ), so that v.- ivy = dw1/dzI and HX- 'Hy = dwldz2.

As is well known from hydrodynamics [4], it is more convenient to

assume in problems of this type that the velocity v(zl) and the mag-

netic field H(z 2 ) are functions of their complex potentials. We first

map conformally the space outside the cavity on the outside area of

the unit circle IJlj > 1, and the inside of the cavity on the inside

of the circle IC2 1 < 1, so that the origin goes over into the center

of the circle.

We then can write for the potentials the following expressions

w,=,.(,+, and w,=2iI1nt. (2)

Here X is a certain constant to be determined, and I is the strength

of the current flowing through the conductor.

We shall seek v(•l) and H(Q2 ) in the following form

=VM ; (3)

We put also wk = Vk + Ilk and Ck = l~kleiTk. Then the condition (1)

for mechanical equilibrium is written in the form

= sie-z(I) +,,-e 2 "('-)==p.o.- (4)

Recognizing that the direction of the velocity on the boundary eitLer

coincides with the direction of the magnetic field or opposes it, .e

can write with the aid of (3)

V, (TI,) - T = V2 (T2) -T3, (5)

Finally, it must be taken into consideration that the "events" occu:zr

at one point of the boundary (dzI = dwl/v = dz 2 = d 2 /H):

. d =.2J-8-, (6)

Thus, we obtain a system of equations (4-6) for the three func-
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tions wI, w2 and -I, which depend on T2 . This system is readily solved

only If pv2 can be regarded as small (pv << 2p.). Then w and •2 are

small quantities and the equations can be linearized. In the first ap-

proximation in pv the cavity has the form of an ellipse which is elon-

gated in the transverse direction, something that is physically obvi-

•OUS.

In the case of linear flow, in view of the symmetry, there are no

forces acting on the linear current.

If the flow is nonstationary (for example, if the current strength

varies with the time), then the equilibrium condition on the cavity

boundary has the form

T+-S'+-• - consL

In the case of flow around a linear current, the symmetry with respect

to the x axis is disturbed and a force F (per unit length) arises, for

which, in the case of sufficiently slow variation of the current

strength (IdI/dt PVc (<2 43/2) we can obtain the following expres-

sion:

F•pv,, d:

We assume as before that pv2 << 2 p.

From the expression for F we see that as the current strength in-

creases a brakirg force is produced, and when the current decreases a

movirg force is produced. The reason for It is that in the case when

the current increases the rate at which the stream arrives on the left

edge of the cavity (see Fig. 2) becomes less than the rate on the

right side, the pressure on the left edge becomes larger, and the left

edge of the cavity is located closer to the conductor than the right

edge. When the current strength decreases, the opposite picture ob-

tains.

-1841-
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3. In the scattering of a flat jet on a linear current, the

streamline pattern can be assumed to be symmetrical with respect to

the Z axis (Fig. 3). In this case we can also write the exact system

of the Kirchhoff equations; the canonical regions in this case will be

a strip for the liquid and a half plane for the magnetic field. We

confine ourselves, however, to the scattering of a Jet in small angles,

i.e., we regard the magnetic field as a perturbation

(here S Is the impact parameter).

Fig. 3

In the plane w wAW v, the jet is mapped on the plane 0_< ( .<

< 1; L is the width of the jet at infinity. We seek v(C), as before,

in the form v = V.IW(C) ' v. (I + iw(C)). Then we have p. = 0 when

[mC = I and when ImC = 0 p Is determined from the condition,(l) (in

this case we must put p. = 0)

PM= 2PS'i,(t= r..(tL'•+ ' tR,•(7)

In the first approximation in 12, the magnetic field coincides

with the field of a linear current near a flat wall. Further, takirZ.

- -185-
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into account the fact that the angle through which the let Is scat-

tered, a, Is connected with v (v = Rec) by the simple relation

a-v(+o)--v-(-oo).

we obtain with the aid of the Schwartz integral for a strip [5]

"p f t "f
.. pip,
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CYLINDRICAL EXPLOSION AND STRAIGHT LINE DISCHARGE
IN AN ELECTRICALLY CO'NDUCTING MEDIUM WITH

ACCOUNT OF THE KkGNETIC FIELD
V.P. Korobeynikov

lMoscow

The problem of a strong pointlike explosion along a straight line

in an infinitely conducting gas will be considered under the assump-

tion that the initial magnetic field has the following components in

the cylindrical coordinate system, r., z:9E

H;, L=kr_' H.2=O

for arbitrary values of the adiabatic exponent -:

H,= kr'. H,,=const forT=2."

The component Hr will be assumed to be equal to zero throughout.

The formulation of the problem of a strong cylindrical explosion

differs from the formulation of the analogous gasdynamic problem [1]

only in the presence of the magnetic field in the conditions and in

the equations of the problem.

The gas motion arising in the explosion will be one dimensional

with cylindrical symmetry. The equations necessary for the mathematical

description of such motions are given in [2]. In the case of a pure

annular magnetic field with initial distribution Hpl = kr-1 the explo-

sion problem is self-similar and reduces to the integration of a sys- .

tem of four ordinary differential first-order equations. The necessary

boundary conditions of the problem follow from the need of satisfying t
the conservation laws on the front of the shock wave and the symmetry

condition on the explosion axis. The system of differential equations

"187" _ .
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has three first algebraic integrals [3]: the adiabaticity Integral,

the energy integral, and the freezing-in integral. The arbitrary con-

stants contained in the analytic expression for the integrals are ob-

tained from the boundary conditions on the front of the shock wave.

With the aid of the integrals the problem reduces to an investigation

of one ordinary differential equation, which can be written in the fol-

lowing form

diny 2(1V-I)
--(V- 05) W

where
,, =(V--O.5) V-2 [l/y2v---L )-O.S502].

W2 a V(V- 1)(V- o.5)y+ l1--2V,

tIg=-R T-,, Vm-t, .
0a

r is the radius, t the time, T the temperature, v the velocity, and R

the gas constant.

We shall henceforth designate by the subscript 1 quantities char-

acterizing tho unperturbed state of the gas, and by the subscript 2

quantities directly behind the front of the shock wave. Using the con-

ditions on the shock wave, we obtain the dependence of Y2 on V2 and y:

CF'-T(--l) O.5 V2+(I+ + +O21S V)I H,

(2)4
0,5V0,- V 2()5 -04)

-(T-2) I- (V2.~s - 015 -- + __.., +v,+ o's- 4(-1) V2 0.5-

From the conditicn D > H JI/rPI (D is the velocity of the shock wave)

and from Eqs. (2) it follows that

(,5+ UY2>) V>e. (If, <'14).

We note that in the gasdynamic problem involving a pointlike explosion

-188-
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the connection bet-ween Y2 and V2 for a fixed value of y was represented

on the V2 , y2 plane by a point, whereas in the problem considered here

the presence of the magnetic field leads to a y2 (V2 ) dependence given

by Relations (2). An analysis of Eq. (1) shows that corresponding to

the solution of the strong explosion problem in the V, y plane are In-

o tegral curves starting with the points of the curve y2 (V2 ) and enter-

ing into the singular point (0, 0) tangent to the abscissa axis. The

integral curves obtained numerically for the cases
V20.3 g,= 14A (T= 2 )

V2-0.3 y-t 33 ,3  (T = 5/3 ).

are shown in Fig. 1.
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tegrals. Then, using the integrals and the veryl simple transformations,

we obtain the dependences

firv. vo ivý , PIP.2 t'•4

For the dependences r 2 (t) and D(t) we have

where a is a constant determined during the course of solving the prob-

elem from the integral law of conservation of the total energy.

Plots of the variation of T/T2. v/v 2, P/P2, and with In-

creasing X are shown in Fig. 2. We can note the following difference

between the solution obtained here and the solution of the gasdynamic

problem:

a) the intensity of the shock wave is smaller than In the gasdy-

namic case,

b) H jt 0, and near the center H l/r,

c) for the same values of X, the speed of the gas is smaller than

in the gasdynamic case,

d) the temperature T in the flow region decreases when account is

taken of the influence of the magnetic field.

For 7 = 2 the problem can be readily generalized to include the

case of a helical field with Hzl = const.

For this purpose it is sufficient to take

H, -H-. H. -- H,. ,

where the quantities marked by the subscript 9 correspond to the prob-

lem considered above, with Hz = 0 and y = 2.

This follows from the boundary conditions and the differential

equations under the assumption that p2 + H2/8t >> pl+ H2 /87r.

P1 9 0-

Igo



For a weak axial magnetic field, the problem can be extended to

include the case of finite conductivity of the mediw.n. In this case we

can neglect in first approximation the influence of the magnetic field

on the motion of the gas and take into account the influence of the

motion on the initial field.

'IIP'°

U , p,

% j

Fig. 2

We denote the ,intial +magnetic field by H zo, and assume the con-

ductivity of the gas behind the front of the shock wave to be constant.

•For the value of the field ahead of the shock wave we obtain

hi---C, l-eý- 4N dX.+ 1..

where

C1 =const,

To f ind Hz in the flow region, we must solve the linear equation
191 -
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--0.5) . .0_' ,. •.P): - (. (3)

with allowance for the boundary conditions on the shock wave

•*,-•.::= --.,h. h: h,.(4)

where h' = dh/dA.

From (I4) it is seen that we assume c2 i' and presuppose the con-

tinuity of the magnetic field. The function V(X) contained in (3) is

assumed known fr= the solution of the gasdynamic problem [1]. The de-

pendence h(X) can be determined numerically. In this case it is neces-

sary to take into account the form of hl(X) and the representation of

h(X) nea = 0

A=C21 1 +0.5VbO)L.+... C2=const.

In the strorg explosion problems considered here it is assumed

that in the initial instant of time the energy is released instantane-

.ously along the explosion axis. When applied to an electric straight-

line discharge this means that the discharge occurs instantaneously

and is characterized only by the release of energy. However, when cur-

- rent flows through a thin straight-line conductor the discharge may

occur not instanta-neously, but over a certain time. The flow of cur-

rent through the conductor will give rise to an annular magnetic field.

In the case of infinite conductivity of the medium, a gas flow will be

produced by the expanding magnetic piston.

For simplicity we shall assume that the initial magnetic field in

the plasma is zero. Assume that the current flowing in the conductor

is I and varies as I = atm.

By virtue of the infinite conductivity, the magnetic field of the

current

(where r 0 is the distance to the plasma boundary) will expel the gas
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from the region adjacent to the axis, and will assume the role of a

piston that expands as r = ro(t).

On the piston we have the boundary conditions

p(rO.)=pO =h vu, v(rol)= •.

An analysis of this problem with p2 = const, pI = 0 (for m 1 1) shows

that since this problem is self-similar we have

2q2t ;+

where v2 is the unknown constant. The problem for a linear current cor-

responds to the expansion of a piston with constant velocity. In this

case one can find by numerical integration the dependence of the param-

eters of the shock wave front on aI

The problem of a straight-line discharge for a current that in-

creases in accordance with a power law (the inverse pinch effect) can

also be investigated for the case

0 < m < 1.

We note that the analogous gasdynamic problem was investigated in suf-

ficient detail [4]. Without dwelling on the details of the research,

we shall point out only the asymptotic formulas which hold true for

values of X close to 10= r /r 2 ,

TIT, = A,;L? (I -- --- •

where 1 = mM i- +n AI, A2 = const.
The results of the calculation for the case Y = 5/3, m 0.9 ar.a

shown in Fig. 3.

It follows from the plots that the temperature increases sharply

on approaching the plasma boundary and that the gas density decreases

sharply to zero in a narrow zone near the piston boundary. It was also

found that
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An investigation of the problem of discharge along a straight line at

values of m close to unity shows that the density behind the shock

wave can be approximately regarded as constant. This pertains, in par-

ticular, to problems for which the current built up at sufficiently

small t is nearly sinusoidal. In this case there is no need for regard-

irg the radius of the conductor as infinitesimally small, and the solu-

tion of the problem greatly simplifies, since the equations of motion

of the gas can be completely integrated. For a strong shock wave the

general solution has the form

P= -PzAtnr+0.5V +2)+ K

P P2= zpit

V -

(10

' 'p

194,
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Fig. 3

where f(t) and *•(t) are arbitrar-y functions determined froma the bound- i

ary conditions on the boundary of the magnetic piston and on the front !
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ofth.1 shock wave.
If the conductivcty of the gas is assumed to be finite, then the

magnetic field of the current will penetrate Into the plasma, in which

current will start flowing. The effect of the magnetic field on the

gas will be transmitted not through a narrow layer, as in the case of

very large electric conductivity, but through a gas layer of finite

width. The solution of the discharge problems becomes more complicated.

This is formally related with the increase in the order of the system
S

of differential equations of magnetohydrodynamics and the more com-

plicated boundary conditions. The solution becomes simpler if the prob-

lem is self-similar. If a power law governs the buildup of the current

and the dependence of the magnetic viscosity vm on p and T has the form

V., ?pas Tra

then the self-similar conditions will be satisfied subject to the sup-

plementary condition

- 3U,+2+3a, "+ +5z2-2m+! I

The problems considered above can be used to calculate a compli-

cated discharge consisting of a combination of a direct and inverse

pinch effect.

If a discharge is produced in the center of a gas through conduc-

tors and current is made to flow simultaneously or with some delay in

the cylindrical gas columns surrounding this conductor, or else if a

magnetic piston with converging wave is produced, then the interactlon

of the shock waves causes an appreciable increase in the temperature

and pressure during the instant when the shock waves collide. Calcula-

tion of the gas parameters for the instant of time close to the in-

stant when the waves collide can be carried out by means or the well-

known gasdynamic procedures, using the results of the calculaticn for
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a converging shock weavs [5, 6] and the result obtained above f'or a di-

verging wave,
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DEFORMATION OF A CONDUCTING LIQUID SPHERE
UNDER THE INFLUENCE OF A MAGNETIC FIELD

V.V. Yankov

Moscow

ABSTRACT

I. We have continued the investigation of the deformation of an

incompressible liquid sphere-of infinite electric conductivity, brought

about by the action of an inhomogeneous magnetic field. The magnetic

energy of the sphere is calculated in the next, second approximation

relative to the small perturbation parameters. A new type of deforma-

tion, wherein the magnetic energy is decreased, is observed.

II. We also discuss the effect exerted on the stability of a

sphere by a homogeneous magnetic field passing through it.

1. Chandrasekhar and Fermi considered [1] in connection with the

astrophysical problem of the stability of magnetic stars, the equilib-

rium of an infinite-conductivity incompressible liquid sphere of radius

R with homogeneous internal magnetic field

fi•,'=lfcosft, I =--H: sinf 4

and a dipole external magnetic field

H,(" = H(RIr).cos •* H,'- (H12) (Rr?-sin 0 (1)

relative to the so-called P1 deformations, which convert the sphere

into a figure of revolution, the surface equation of which in spherical

coordinates (r, 0, q) has the form r(O) = R + e-Pl(COS 0), where

Pl (cos o) is the Legendre polynomial of degree 1.

The same authors have established that in first approximation rela-
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tive to the small defsrmation parameter e << R the sphere attempts to

assume the form of an oblate spheroid (_1 = 2) and is Lisensitive to

more complicated zonal perturbations (1 > 2), for which the spherical

configuration is an equilibrium one.

We investigated below the magnetohydrodynamic stability of a

sphere in the presence of a field (1), relative to an arbitrary w6ak

deformation. The latter can be expanded in spherical harmonics

TOI(aJ, 0). We shall consider, as is customary, the "'m"-deformation,

described by a surface equation

r(O.t)=R + 7T(0.-0). (2)

The displacement vector • of each point of the incompressible liquid

in the case of deformation is determined, as in [1], from the system

.of equations V*= v, A* = 0, the solution of which, satisfying the

boundary condition that follows from (2), is

( 1 r 0{I, . .10' "(3)

The local change in the internal effective magnetic field due to the

dragging of the magnetic force lines by the medium is, as is well

known, 6H( 1 ) = rot [tH], which together with (1 and 3) yields

The perturbation of the external field, which is expressed as

usual In terms of the magnetostatic potential ( 6H(e) = W, '6 = 0), is

determined from the requirement that the normal component of the field

be continuous on the deformed boundary surface, and is given by the

formulas

.. (1+ ,)(I- 1)(1 + 2) (A) 1,_ +

Z' #1 21(21+1) __rl
+ 

3 (1tj+)-l ) ( .+2) (R) + -
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3 . -•r-f-!) V(Rjý. ,17,li
i--2QI+, J-) ~" I -'•i (5)

3(1-rn +I)II'(1.•,r.,

To determine the change in the total magnetic energy of the sphere

in the case of deformation, we make use of the fact that the energy

is equal to the work performed by the ponderomotive forces, taken

with the opposite sign. Such an approach greatly simplifies the calcu-

lation compared with direct calculations [1]. There are no electrody-

namic forces within the sphere, in view of the potential character of

the magnetic field vector + 6HUi). The ponderomotive force ap-

plied to a unit surface separating the liquid and the vacuum is de-

rived from the Maxwell stress tensor and in this case (p = 1) is equal

to

where n is the outward normal to the surface, while and denote

the magnetic fields inside and outside the deformed sphere, including

the small corrections: HI = H(') + 6H('), etc. Substituting (1, 4, 5)

in (6) and then neglecting terms of higher order of smallness in a, we

obtain an approximate expression for the force components

31-P -n2 + - '-'2 "sirx232= 8=Rsl -f-2-7-•si'-,-

sin .[(l+ m)(71' + 31±+2) d'I' 3(1--M+ 1) 'C)1lT0
2 1•(21+1) JJ 21+1 do JJA

h !--sin Oc'osO + -Lnd1

1 [( 21 + 1) ,0 21+1) a

3 (1 + in)(5-71- , 4_3__-1_+_si (21+1]) -- • "'++21+

19F9{3 . r'
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cos," [ ( 1W J- , .)( 11! : - 2•) j 3 l, Ia_ , + ) r,"' ll
+ [(il. - 2) ... ± +- .+I .. sJ" (7)

To find the work done by this force, accurate to e2 inclusive, we em-

ploy a method developed in [1] in the calculation of the change in

gravitational potential energy. Assume that for a specified small quan-

tity E the amplitude of the deformation experiences an infinitesimally

small increment 6a. The corresponding displacement 6t is obtained by

simply substituting 6t for F in (3), namely

S" ('),,'-' i.. ur- o 'i_, .. (8)

The change in the magnetic energy of the sphere connected with the In-

finitesimally small deformation is expressed by the integral of the

work consumed in displacement of the surface element da by a distance

SIn the field of the forces (7), taken over the entire surface, i.e.,

_ ff(+•[1 \) s Io,\, Oda. (9)

The integration (9) is carried out with the aid of Relations (2, 7, 8),

and in the final result one retains only the terms containing s in the

zeroth and first degree. Leaving out intermediate steps, we write out

the final result

=2R2 (7 2 -7f in OdOd., (10)
09,

where 6 is the Kronecker-Weierstrass symbol, and

1-1 [9 (261 + 97 P+70P+ 11-6)( V'mn)

Integrating (10) with respect to e from 0 to e, we arrive at a final

formula for the change in the total magnetic energy of the sphere in

Tl deformation in the second approximation*
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Since the quantity Qlm is positive when m I and negative in all

other cases, only the deformation with m = 1 from among all the non-

spheroidal T' deformations (1 > 2; 1 = 2, m O 0) decrease the magnetic

energy.

Deformations of this type (m = 1) also decrease the magnetic po-

tential energy of an ideally conducting sphere placed in an external

quasi-homogeneous magnetic field [2].

The effects noted in (1] and here are due to the action of both

the magnetic pressure normal to the surface and (unlike the case ana-

lyzed in [2]) to the tangential component of the ponderomotive force

due to the bend of the force lines on the surface. For example, It is

easy to show that the contribution made to the mainTO deformation by

the tangential component is six times larger than that of the normal

component.

It is easy to show that deformations that differ in their azi-

muthal number m. are independent of one another.

The nonequilibrium of the sphere relative to axially symmetrical

disturbances (m = 0) was investigated in (1].

Although aT deformation (m 1 0) when taken separately may turn

out to be dynamically unrealizable because of the limitations imposed

by the equations of motion (3], nonetheless the negative sign of Mmin

this case Is indisputable proof of the presence of perturbations which

perhaps enter in the more extensive class of deformations of the form

with respect to which the sphere is kaown to be unstable.

Consequently, in spite of the fact that the magnetic field (1)

flattens the sphere into a spheroid, it also contributes to an increase

in the axially asymmetrical perturbations and may serve as a cause of

- 201 -



Instabilities of the type indicated above.

2. Let us examine the effect exerted on the character of the sta-

bility of an ideally conducting incompressible liquid sphere by a homo-

geneous magnetic field passing through it [4]

,'' ,In it ,si" (12)

Such a "frozen-in" magnetic field is remarkable in that, without

effecting the equilibrium of the original sphere, it starts to interact

with the sphere only when the latter becomes deformed. The increment

in the magnetic energy due to a deformation of the type (2) is equal

in this case to

I,.=8 .,!,-. (7)2} sin OdOd~. (S

After calculations that follow the scheme indicated above [5] it

is easy to show that the individual different Tm deformations are in-

dependent of one another. Therefore a generalization of Formula (13)

to include the case of a perturbation of arbitrary form
- a

t=2 =--I.

reduces simply to the summation

1=2 M=--

We see that all the harmonics with m / 1 are stable. Nonetheless, the

vanishing of M m when m = 1 undoubtedly indicates that there exists an

unlimited number of deformations of the type m = 1, with respect to

which the sphere stays in the state of indifferent equilibrium and

which, consequently, are not stabilized by the homogeneous magnetic

field (12) that penetrates inside the sphere.

In addition to the astrophysical applications already mentioned

[1], the result obtained above can be of interest also in the solution
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of the "electromagnetic crucible" problem, and also In the study of

the conditions for the stabilization of a sphere-like high conductivity

plasma formation (simulated by liquid metal) by external alternating

electromagnetic fields in conjunction with a "frozen-in" constant mag-

netic field [4, 6].

The author is most grateful to M.L. Levin and M.S. Rabinovich for

useful remarks and for a discussion of the present article.
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script [Footnote]
Page

No.

200 Some disparity between the numerical coefficients of the
first approximation given here and in (1] (7/20 in place of
9/20) is due to the error that crept in the latter in the
calculation of the external magnetic deformation energy
[Formulas (147-150)].
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MAGDETOHYDRODYNAMIC FLOW WITH SMALL Rem

M.D. Ladyzhenskiy

Moscow

1. In Cartesian (cylindrical) coordinates x, Z the equations of

steady-state plane (v = 0) or axially symmetrical (v = 1) flow of a

gas with finite electric conductivity have in the presence of a mag-

netic field the form

al u 1 ()p _ LHP

.+, .V+ . h' (vh, -uh,), q-

O,, IO +L pU = , ±. Uh--,h P Iz
-•+ dP _.,• -.0 2? +•-=• X

axS 2 %x-1P

Oh, Oh (0 Oh_
O =7 o, -=R' (uh,-. vh,).

4 nVLR. == -----

Here u and v are the components of the velocity vector along the axes

x and Z, h. and hy are the components of the magnetic field vector, p,

pR x, c, a are, respectively, the density, pressure, ratio of specific

heat, velocity of light, and specific electric conductivity. All the

quantities are reduced to a dimensionless form, and the characteristic

quantities chosen for the velocity, magnetic field intensity, density,

pressure, and length, respectively, are V, H, R, RV2 , L.

Let us represent the magnetic intensity vector in the form h =

=h- + r, where r* is the given field and i' is the induced field. We

assume that the magnetic Reynolds number is small compared with unity;

this, as is well known, makes it possible to neglect in the equations
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or motion the induced field compared with the given field. Let the

given field i. have at the origin a singularity of the form

h, 4 (2)

where _ is a vector function determined by

. JA 4 the given configuration of the field

sources. In this case, as can be readily

seen, the equations of motion of the gas

Fig. 1 admit of a class of self-similar solutions,

in which the velocity vector, the pressure,

and the density depend on • = y/x.

2. Let us consider the following problem: a plane semi-infinite

plate is located in a plane supersonic steady-state stream of a com-

pressible nonviscous gas flowing in a direction perpendicular to the

forward edge of the plate (Fig. 1). Surface currents isolated from the

external flux flow in the plate in a direction perpendicular to the

plane of the stream; the density of the surface currents J is given by

the relation

The magnetic field (we denote dimensional quantities by upper-case

letters) corresponding to this distribution J is given.by the equations

,, _,II. • . 1,(+ ,.VP.._ + ,,•) -C,. 1(0,) (4)

14 - N =). (5)

It is assumed that the magnetic field under consideration produces

in the gas an "ordinary" shock wave, emerging from the forward edge of

the plate, and that behind the shock wave the conductivity is finite

and the induced field Is negligibly small. Ahead of the shock wave the

conductivity is assumed equal to zero. In this case the problem does
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not have a characteristic linear dimension, the ragnetic field satis-

fies Relation (2), and the flow belongs to the aforementioned class of

self-similar solutions, depending on the dimensionless parameters I =

= and q = 20A2w2/c4RV.

We note that In the axially symmetrical case there exists an anal-

ogous self-similar solution provided one distributes along the x axis

dipoles whose axes are directed along the x axis and whose density in-

creases in proportion to x3/2. In this case the given field Is ex-

pressed as before in Form (2). We shall henceforth confine ourselves

to an analysis of plane flow.

We consider the case a = const, but generalization is possible to

the case of a a that depends on the temperature and on the pressure.

By way of the characteristic quantities we choose the density and the

velocity of the unperturbed stream. The usual gasdynamic relations are

satisfied on the shock wave, which is represented by an inclined

straight line. The equations of motion (1) can be reduced to three or-

dinary differential equations in u, v, and p; these equations have the

form
,,'4jI•' - a'( I 4-r'')] qy[,a (a' - •i)-4- xtiI'rI. (6)

v's• [IV - a' (I + 112)1 q-,,[, (n"2 i + ti) - :-*tl, (7)

plj[p - a2(1 + 12)] = ;-{( +itI)• a V-(I + 12). (8)

a2 !ý- ! (I -- U2 U- ).

Here f - f(rj) and p - cp(h) are functions defined by Eqs. (4) and (5),

while the prime denotes differentiation with respect to il.

3. In view of the complexity of the system of equations (6-8), a

qualitative investigation of these equations entails much labor. We

report below the preliminary results of such an investigation. We prove

first that the integral curves in four-dimensional u, v, p, Ti space do
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not cross the singular surface v - -e= C In the finite portion of the

space anywhere except the point v = C, u = 0, r = 0 (p is arbitrary).

Were this surface to be crossed by an integrai curve at some 1 =

= q this would mean, obviously, that the line I = . can be regarded

as a solid wall, i.e., the flow would be not over a plate, but over a

wedge with a half-aperture angle 6 = arc tan r.

We shall prove this by contradiction. Assume that when r j = 1 the

quantity = v - Tu vanishes, and in the vicinity of q = q. the quan-

tities u, v, and p do not become infinite. The system of equations

(6-8) can be written in the vicinity I = q* in simplified form
k, =k(9)
U,".

where ki and k2 are constants.

Assume that for some n = q0 1 T we have u = uo, v = Vo, 0  =P0

From the equations (9) we have

=M - )lr 2 Q. - 0.- 'to)] + k'In 0.P0 (10)

1=k,

frz= which it follows that in the case when kI > 0 we have Fimu-=+<p-w

when X > 0 and I;.nu= --- z when X < 0, which contradicts the assumption

that the line 0 = 0 is reached in a finite part of space. On the other

hand, when kI < 0 the surface • 0 is not reached at all, for the

value of 0 decreases in absolute =agnitude from a value pO to a cer-

tain value 0., after which it starts increasing again. Thus, the fore-

gol.-- statement is proved. 'We consider now the equations near the sur-

face of the plate. When q = 0 the condition v = 0, which represents

blocking of the flow, is satisfied. The surface of the plate is a

si--Sular point for the system (6-8). Let us show that there exists a

three-pararieter family of solutions satisfying the condition for block-
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Ing the flow on the surface of the plate.

"* For this purpose we write down the system (6-8) near q = 0 in

simplified form, expanding f(n) and 9(q) In series and using the small-

ness of v:

se -,ýL21  V'u, pO (il.1)

Introducing = v - iju, we obtain the equations

(12)+ 7'- 0. p - const

where a = q/Po.

Equation (12) admits of group transformation and can be reduced

to a first-order equation in the quantities x = •/r3, y =

x(3x-y) y - U

Equation (13) has two singular points - the origin (a combined

saddle and node) and the point x = -a/12, y =-a/4 (a focus). It is

easy to check that the point x =-a/12, y = -- A yields an analytic

solution of Eq. (12) satisfying the condition v = 0 when 0 = 0. For u,

v, and p we obtain in the vicinity of ij = 0 the following expressions:

It = T V %3(14)

It Is important to emphasize that, as follows from (14), u also

vanishes on the surface of the plate. This is the physical consequence

of the fact that the magnetic field intensity on the forward edge of

the plate beccmes infinite. By making (14) more exact, it is possiblP

to obtain an analytic solution of the equations under consideration

near 1 = 0 from the exact equations (6-8). This solution has the formq715q 714 518 3--%29

MVCY'ý__4_+ C.O-72 ;ý-I -5184--e p,

T3 j'Yi'+ (I i _t 7), +....
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In addition to the solution (14) and (15), there exists an in-

finite set of nonanalytic integral curves, which approach this solu-

tion as n -0. To find these solutions we put in the first equation of

(13)

Adsuming • and q to be small quantities, we obtain

dr, 2 3j "* |--f,- (16)
4 1i ,

The solution of this equation is

ar I Jct I
£ c )• -- i- (17)

Using the second equation of (13), we obtain finally

I. + (18)3n~

where = v - Tju, while ci and c 2 are constants.

Equation (18) yields the sought solution; u, v, and p are deter-

mined in accordance with (12). Thus, the general solution near the

singular point depends on the three arbitrary constants p0, cl, and 02.

We propose to consider in the future the question of the unique-

ness of the construction of the solution for • close to zero,. the solu-

tion having the form (18) and satisfying on the shock wave the ordinary

gasdynamic relations for a shock wave.
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APPROXI3-ATE METHOD OF INVESTIGATING PLANE
VORTICAL FLOWS IN XAGNETOHYDRODYNAMICS

I.I. Nochevkina
Moscow

We are investigating plane steady-state vortical motion of an

ideal compressible liquid with infinite conductivity in an external

magnetic field perpendicular to the plane of flow. The determination

of the parameters of such a flow reduces mathematically to a simul-

taneous solution of the following system of electrodynamic and hydro-

dynamic equations

(V P [/ r div (z,) 0

for an equation of state specified in the form

p A B()

(A(1f), B(*) are functions characterizing the entropy distribution);

this equation of state, as is well known, is valid for a tremendous

majority of vortical flows. From the induction equation and from the

continuity equation we can find the first'integral of the system (1)

H =,) a(2)
P

The effect of the magnetic field on the motion of the conducting liq-

uid reduces in this case to an additional pressure

P .A (3)

and therefore the general equation of state can be written in the form
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S=S

EZ-- ('-( ,) -!. -!

We represent the velocity vector in the form
00. Y) - x. it brid T. (5)

where )(x, y) Is a proportionality coefficient and q,(x, y) = const is

a family of surfaces orthogonal to the stream lines. In this case the

normal cross sections can be drawn also for current tubes of finite

dimensions, since the Gromeka condition [1] is always satisfied for

plane flow. Ile solution of the system (1) can be reduced to the solu-

tion of the differential equations

ox F (x, Y) '., x) - t" (6)

which are obtained with the aid of (5) and the continuity equation, in

the presence of the equation of state (4) and the projections of the

equation of motion on the tangent and on the normal to the stream line.

Let us consider the vortical flows for which the degree of regularity

of the dependence of the velocity on the entropy is stronger than that

on the density, and for which the coefficient of proportionality X in

(5) can be regarded approximately as a function of the density only.

We break down the entire flow region into elementary regions within

each of which the entropy has its own specific constant value A1 , A2 ,

., A ... For such elementary regions, the equations (6) expressed
n

in new specially selected independent variables p and 8 (a is the angle

between the velocity vector and the x axis) assume the form

~~~ PS - +()1 3I a a? 1 4)~

The equations in (7) contain, for a constant density p* in an adiabat-

ically decelerated gas, the following invariant with respect to the

stream lines:
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In fact, using the Bernoulli equation, we obtain

2R($)

where
RI'II=, A(- ),-- IH (n =2. )

from which we verify that (8) is correct. It is easy to show also that

the projection or the equation of motion on the normal to the stream

line vanishes within the elementary regions. On the basis of (8), the

equations in (7) are real for the entire gas flow region when X = X(p).

In the presence of a perpendicular magnetic field we have p*

= vmax(t)/1R(t), i.e.,. it depends on the character of the eddies (the

distribution of the total energy along the stream lines) and on the

specification of the function a(*). For arbitrary vortical flows and

for a definite specification of a(*), p* can be regarded as constant.

Thus, it becomes possible to investigate the vortical flows in this

case by means of the same methods that were developed for potential

flows. Substituting the value 1/v (ýv/@p). from (8) in (7) we obtain

aOf 2p (?*-- )l" O•o _~ 1

:z(- -- ) i)
A method of solving the equations in (9) by introducing the function

of S.A. Chaplygin was detailed in [2]. It is possible to use that

method to investigate the parameters of plane subsonic and supersonic

nonisentropic flaws with the equation of state specified in the gen-

eral polytropic form -

P--A G -- (D ( . 9-. 3 ... )

We note that V.S. T:-lich obtained several results in magnetic

gasdynamics with the aid of the transfor-.ation of S.A. Chaplygin.
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With the aid of this method "we can investigate also the param-

Seters of plane steady-state flow in the presence of perpendicular mag-

netic fields and also in the case of finite conductivity of the medium.

The mechanical problem reduces in this case to a solution of the system

(1) with a modified induction equation

"rot 2 .-•.V' (10)

where l = c2/Ira is the coefficient of magnetic viscosity. In the case

"of constant finite conductivity, Tj = const, we obtain from (10)

I.e., the velocity vector can be represented in the form

v = grad ip. (12)

where 9 = t in Hz.

This method can be used to solve analogously the mechanical prob-

lems also in the case of variable conductivity of the medium, when
I

grad a (and consequently also grad 1) coincides in direction with the

conduction current, as is the case, for example, with the cooling Jet

in a plasmotron. Then [grad q X rot V = 0, and the induction equation

can be represented, apart from a gradient of an arbitrary function, in

the form

[ul] -- rotH, (13)

hence

-(X. y) =in(x, y) gra d, (14)

where c = in Hz. which is equivalent to a certain vortical flow with

proportionality coefficient j(x, y).
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INVESTIGATION OF STEADY-STATE ULTRARELATIVISTIC ISENTROPIC
FLCWS IN THE PRESENCE OF MAGNETIC FIELDS

I.I. Nochevkina
Moscow

The motion of a relativistic gas in the presence of arbitrary mag-

netic fields can be represented in the form of the vanishing of the

four-divergence of the summary mechanical and electromagnetic energy-

momentum tensor. In the case of a gas of infinite conductivity, the

energy-momentum tensor can be written in the form (i]
we

T",_ u.u., + P.030(,

where W* = pV + pVc 2 + W' is the summary heat content of the gzes and

of the magnetic field, p* = p + pt is the summary pressure, V is the

specific volume, Ui is the 4-velocity, x,9 2 s3 = x, y, Z; x4 = ict.

It can be shown that in the presence of arbitrary electromagnetic

fields it is sufficient to consider only the modified energy momentum

tensor for macroscopic bodies, which includes the additional heat con-

tent W' and the additional pressure p'. In the general case W' and p'

can be readily calculated frcm the formulas

F (2)
P 16 -..b ( 7 1-

where F'ik are the components of the tensor of the electrczag.etic

field in the K' frame, relative to which the element of the m=dium

moves with velocity u. The advantage of reducing the siary energy
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momentum tensor of the system csmprising the gas and the electromag-

netic field to a modified tensor of macroscopic bodies manifests it-

self in going over from one reference frame to another, since the

Lorentz transformations for the components of the electromagnetic field

tensor F ik are much simpler than those for the components of the elec-
(1)'

tromagnetic energy momentum tensor Tik

If an isentropic mode is maintained, the investigation of the

parameters of a plane steady-state flow of an ultrarelativistic gas in

an arbitrary magnetic field can be carried out with the aid of the

method described In [2].

We-shall carry out the investigation for an infinitesimally small

gas element in the laboratory frame K. In the case of isentropic flows,

as is well known, there exists a relativistic analog of the potential

, =WO. (3)

from which we have for plane flows with i = 1, 2

-'U,----_. _U=•- (4)

Using also the relativistic continuity equation to introduce a rela-

tivistic analog of the stream function

Y, A. Li=A 5
= X' V O,'(

we obtain equations analogous to the equations describing a plane vor-

tical flow of an ordinary gas [2], where the role of the proportional-

ity coefficient X is assumed by a quantity that is reciprocal to the

summary heat content

Wd. Vs-. - . V_.(.=x.y). (6)

Thus, the problem reduces to a solution of Eqs. (6) using the relativ-

istic Bernoulli equation (7)

W = C. Const (7)
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and the equation of state (8)
p * zý f- - I) ; (I <1<2). (8)

which in the case of ultrarelativistic systems is completely defined

by specifying a single thermodynamic function (for example, W*).

By introducing new independent variables t(W*) and a, where a is

the angle between the velocity 3-vector and the x axis, and noting

that u = u(W*), V = V(W*), we represent the equations in (6) in the

form

, a,: (av V o dWs

'I '.,. I al dIVdf.=v (9)
"-W.- Iw" r; I-- a IV"."

We have assumed here that the functions 9(t, a) and *(g, a) are con-

tinuous, finite, and single valued, while the Jacobian x •, Y 0 does

not vanish in the entire flow region. Substituting into Eqs. (9) the

values of u(W*) and ýu/AW* determined from (7), and V and ZV/AW* from

(8) in the particular case when y = 4/3, and imposing on •, as an ar-

bitrary function of W*, the simplifying condition

A, (- 3W*-'+ 4) dW"
W'(I-W) W*--

we reduce the equations of (9) to the form

D T a x 0 7 (10 )

where

A, - 3117*2 4- )
K(W")= W*;(I -2117")

is the Chaplygin function which we have introduced. The solution of

the equations in (10) with the aid of the approximate Chaplygin method

was described in [2].

The proposed method is used to investigate steady-state isentropic

flow of an ultrarelativistic gas in a perpendicular magnetic field. It

2 21.8



is observed here that a perpendicular magnetic field dces not affect

the isentropic flow of an ultrarelativistic gas. In the case of a mag-

netic field with arbitrary orientation in the plane of flow, the isen-

tropic mode is as a rule disturbed.
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DISCUSSION FOLLOWING THE PAPER

V.S. Tkalich
Sukhumi

The method of S.A. Chaplygin was first used in magnetic gasdynam-

ics by I.I. Nochevkina [I]; that paper generalizes the previously ob-

tained results.

The successive application of the methods of I.S. Gromeka and S.A.

Chaplygin turns out to be fruitful.

If all the principal quantities and the electrostatic potential

are independent of one of the Cartesian coordinates (Xl, x2 , x3 ) and

of the time (t) (/•x 3 = M/ht = 0), and if there is no dissipation or

external ponderomotive forces,. then, by using the method of I.S. Gro-

meka, we obtain the vector fields 4

The quantities t VO,'0, Q, and also the entropy s are arbitrary func-.

tions of the parameter t = •(Xl, x2 ). The prime denotes ever7-.4here the

derivative with respect to its argument.

In order for the transformation of S.A. ChaplygIn to be possible,
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it Is sufficient for the effective pressure P(p, E) p(p, s) + h2/8•r

(where the ordinary pressure p(p, s) Is an arbitrary function of the

density and of the entropy) to have the form

r,•V3 j ,,., E3--€¢Q.,#-(V.,P,4N (2)

where II is an arbitrary function of E. The first two components of the

equation of motion (the system (1) - solution of all other equations)

is transformed to the form

+! Mdp +O! A.I .)=4 (3)

where 9 is the analog of the two-dimensional velocity potential and a

Is the angle between the x1 axis and Vp.

Putting in (1-3) * = const, v = 0, we obtain the plane flows in

the presence of a magnetic field perpendicular to the plane of the

flow.
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CONTfRIBUTION TO THE THEORY OF
THE MAGNETOHYDRODYNAMIC PISTON

l.A. Akhiezar, G.Ya. Lyubarskiy, R.V. Polovin
Khar'kov

The types of waves arising in a magnetohydrodynamic medium with

infinite conductivity under the influence of an ideally conducting pis-

ton moving uniformly in it are determined. Because of the adhesion of

the magnetic force lines to the medium and to the piston, the relative

velocity of the medium on the surface of the piston is zero. When the

piston moves in a normal direction, two magnetic sound shock waves are

produced on the side of the liquid; when the piston moves in the oppo-

site direction, two self-similar magnetic sound waves are produced;

there is no Alfven wave in either case.

The problem of the motion of a piston at an arbitrary angle to

the normal is solved for the case when the magnetic pressure is appre-

ciably smaller than the hydrostatic pressure. If the transverse veloc-

ityj component of the piston exceeds the velocity of sound in the un-

perturbed medium, then a magnetic field is generated, i.e., the mag-

netic field increases from infinitesimally small to finite quantities;

in this case the magnetic pressure is comparable in order of magnitude

with the hydrostatic one. In the case of supersonic velocities, a

vacuum region (cavitation) is produced between the piston and the

medium. Compared with ordinary hydrodynamics, a conducting medium is

subject to additional cases of cavitation ".when the piston moves in a

direction perpendicular to the normal with supersonic velocity, and
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also w-hen the piston is inserted, provided the angle betw:een the pis-

ton velocity vector and the normal to its surface exceeds 700 (for an

ideal gas). An increase in the component of piston velocity perpendicu-

lar to the normal decreases the frontal resistance. In the presence of

cavitation, the frontal resistance is one quarter as small as in the

case when the piston moves in the direction normal to its surface.

The work was published in DAN SSSR, 128, 684 (1959); ZhETF, 38,

529 (1960); ZhETF, 38, 15•4 (1960).

ON THE "LAW OF ACTION INVERSION"
IN MAGNETIC GASDYNAMICS

L.A. Vulis, P.L. Gusika
Alma-Ata

She equations of action inversion [1] are derived for the general

case of a conducting gas for an arbitrary form of the equation of

state and in the particular case of an ideal gas. The changes in flow

velocity, Mach number, temperature, and other parameters are considered

for stationary quasi-one-dimensional flows.

It is shown that the conditions for the inversion of action per-

tain to the transition through the magnetohydrodynamic speed of.sound

a = a + am2 where a is the speed of sound in the absence of the

fields and am is the speed of the magnetic sound oscillations. It is

of Interest, however, to investigate also the conditions of the transi-

tion through the hydrodynamic speed of sound.

Tlo limiting cases of flow, for large and small values of the mag-

netic Reynolds number Re.., are analyzed in detail. In the first case

(Rem >> 1) the results obtained are a direct generalization of the

equations of ordinary gasdynamics, with a2 = a 2 + A' where VA is the
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velocity of the Alfven wave. In the second case (Re, << 1 and a - a)

the conditions for the transition through the speed of sound reduce

essentially to those considered in [2]. For the intermediate case

(finite but large conductivity), the results given in [3] are developed

and made more exact.

The main results of the work is a generalization of .the law of

action inversion to include the case of magnetic gasdynamic flows. A

detailed exposition of the problems considered is given in the paper

by the authors "On the Inversion of Actions in Magnetohydrodynamics"

(ZhTF, XXXI, 7, 806, 1961).

REFERENCES

1. L.A. Vulis. Termodinamika gazovykh potokov [Thermodynamics of

Gas Flows], GEl [State Publishing House for Literature in Our

Engineering], Moscow, 1950.

2. Ye.L. Resler and U.R. Sirs. Collection "Mekhanika" [Mechanics],

6, (52), 3, 1958; 6 (58), 39, 1959.

3. G.S. Golitsyn and K.P. Stanyukovich. ZhETF [J. Expt. Theor. Phys.],

33, 6 (12), 1417, 1957.

SOME PROBLE3S IN THE THEORY OF S324PLE WAVES

R.V. Polovin
Khar ' kov

The Riemann invariants in magnetohydrodynamics are calculated for

the case when the magnetic pressure is appreciably smaller than the hy-

drostatic pressure. The formulas obtained are used to solve the prob-

lem involving the flow of a plasma in vacuum in the presence of a mag-

netic field. In the case of outgoing flow, three magnetohydrodynamic

waves propagate in the plasma while an electromagnetic wave is radiated
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in the vacuum. %be Riemann invariants obtained make it possible to

solve the problem of supersonic motion of a magn3tohyarodynamic piston.

The paper vas published in ZhETF, 39, 2(8), 463 (1960); Z-EETF,

39, 3(9), 657 (1960).

RELATIVISTIC SHOCK WAVES IN 14AGNETOHYDRODYNAMICS

L.M. Kovrizhnykh
Moscow

The properties of the shock adiabat in relativistic magnetohydro-

dynamics are investigated for the case of perpendicular shock waves.

In several limiting cases (strong shock wave) simple expressions are

obtained relating the values of the thermodynamic quantities on both

sides of the discontinuity. The possibility is discussed of accelerat-

ing charged particles with the aid of shock waves. It is shown that in

the ultrarelativistic case of perpendicular shock waves such an ac-

celeration is possible.

The paper was published in ZhETF, 39, 4, 1042 (1960).

STRUCTURE OF LOW- ITENSITY

SHOCK WAVES IN iMAAGIMETOHYDRODYNAMICS

Ye.P. Sirotina, S.I. Syrovatskiy

0 Moscow

1. The problem is considered of the structure of weak shock waves

of arbitrary type [1] in a viscous heat-conducting medium with finite

conductivity.

2. Accurate to second-order tez.s, the system of magnetohydrody-

namic equations for stationar-y one-di.-ensional flow, with allowance, of
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the dissipative terms, reduces to an equation analogous to that ob-

tained In [2] for an ordinary gasdynamic shock wave. An exception Is

the vicinity of the singular point, at which the velocity of propaga-

tion of the discontinuity relative to the medium is equal to the Alfven

velocity. This point corresponds to a rotational discontinuity. It is

obvious that a rotational discontinuity cannot be stationary in the

presence of dissipation, since the boundary conditions for such a dis-

continuity call for the constancy of the entropy, In contradiction
S

with the fact that the entropy must grow as a result of dissipation.

3. Linearizing the equation obtained, we can determine the damp-

Ing coefficient of small amplitude waves. The damping coefficient is

= ak2 , where i is the wave vector and

+a (uCS + .)

2(,,s_ ,,2.) 3 ,

Here v is the phase velocity of the wave under consideration (see, for

example, (1]), un is the Alfven velocity, c is the velocity of sound,

p is the density of the medium, cv and cp are the specific heats; I

and j are the first and second viscosity coefficients, X is the heat

conduction coefficient, and 1 is the magnetic viscosity.

4. Inclusion of terms of second order of smallness leads to the

following expression for the width of the discontinuity in magnetchy-

drodynamics

A

where p2 - p1 is the pressure difference away from the discontinuity,

IPSO(8--&.2)1•5-). -3(oA--•=•

V = 1/p and the derivative is taken at constant entropy S.
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5. The same expression for the width of the discontinuity can be

obtained from qualitative considerations, by considering the equilib-

rium between two processes: the diffusion smearing of the discontinuity

under the influence of the effective viscosity, and the opposing proc-

ess of "entanglement" of the discontinuity, owing to the difference in

the velocities of the disturbances on the two sides of the discontinu-

Ity.

The paper was published in ZhETF, 39, 3(9), 746, 1960.
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SPECIAL CASE OF ITfERACTION BETWEEN
A MAGNETIC FIELD AND A STRONG SHOCK WAVE

Yu.L. Zhilin

Moscow

A shock wave giving rise to ionization of a gas is considered,

with the conductivity of the gas equal to zero outside the shock wave,

and with a certain region inside the wave, in which electric currents

flow and the electromagnetic field interacts with the motion. As a re-

sult of this interaction, the temperature of the gas drops and the con-

ductivity disappears.

The structure of such a wave is analyzed for the case when the

gas has ordinary and rmagnetic viscosities.
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ABSORPTION! OF I.AGIMTChIDRODYUAI.!IC WAVES I11 .4AVEGUIDES

Yu.F. Filippov
jhar'kov

A paper by Gajewski [1] is devoted to an investigation of magneto-

hydrodynamic vaves of infinitesimally small amplitude in waveguides

filled with an ideal conducting liquid. However, the formalism em-

ployed is unjustifiably complicated and difficult to check. Conse-

quently [1] contains several incorrect results. In particular, it is

shown in the present paper, in contrast with the statement made in [i],

that no Alfven wave can propagate in a rectangular waveguide and no

Alfven or sound wave can propagate in a coaxial waveguide.

The paper presents the derived dispersion relations for magneto-

hydrodynamic waves with dispersion, the critical frequencies, and also

expressions for the velocity field and for the magnetic field inten-

sity in a rectangular and in a coaxial waveguide. The dependence of

the absorption coefficient on the signal frequency and on the medium

and waveguide parameters is considered for the propagation of waves in

a conducting medium having viscosity and heat conductivity.

REFERENCE
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MRIDIONAL FLOWS OF A CONDUCTD-G LIQUID

G.L. Grodzovskiy, A.N. Dyukalov, V.V. To'k-rev, A.N. Tolstykh

Moscow

It is shown that a broad class of self-siilar solutions exist for

the magnetohydrodynamic equations in the case of meridional flow of a

conducting liquid. Examples of several exact solutions are considered.
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TU -3U'•..T FLO , CF A "'I-TCT""' L -:.''D, .-. iCx,•. A. E..

E.F. Fradkina, A.V. Kozy-akov

A study is made of the motion of solutions of cuprous oxide under

the influence of crossed electric and magnetic fields betwaeen coaxial

cylindrical electrodes (in a homopolar engine) at Reynolds numbers R

from 6000 to 60,000 and at different ratios of the electrode radii a

-rl/r 2 . The dependence of the resistance coefficient ý on R and z is

found to be in agreement with the theory of turbulent flow of liquids

in a homopolar engine as given by M.F. Shirokov and Ye.P. Vaulin.

CONCEýNING THE STEADY FLOW OF A

CONDUCTING LIQUID IN A RECTANGULAR TUBE

Ya. S. Uflyand

Leningrad

1. For motion of a viscous incompressible electrically conducting

liquid in a prismatic channel in the presence of a magnetic field per-

pendicular to the channel axis, the equations of m-a-gnetohydrodynamics

can be reduced to a linear system of twro differential second-order

equations. In this case both the flo-w velocity and the induced magnetic

field have only a single component directed alcng the charnnel axis.

2. -I the case of a tube of ractan-ular cross section, a simple

solution can be obtained for two linlting cases, ,;hen the channel

walls have either very small or very large conductivity.

3. An exact solution of the problem -was fourd wirth the aid of

Fourier series for the case of ideally conducti-n tube w.alls. The form

of the solution obtained is convenient for n--merical calculations aLmed

at determi- ning the influenrce of the lateral walls of the tube, since
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the part of the solution corresponding to the one-di-ensional mode has

been separated out.

PLANE PROBLE.4 OF FLOW OF INCOMPRESSIBLE LIQUID

OF FINITE CONDUCTIVITY AROUND A SOLID BODY

IN A PERPENDICULAR MAGNETIC FIELD

K.A. Lur'ye

Leningrad

In the case considered, the magnetic field does not Influence the

velocity distribution, which is obtained by solving the corresponding

hydrodynamic problem. Nondetached flow is assumed.

The magnetic field is determined from the induction equation. The

latter can be reduced by mapping in the complex potential plane to a

form that is independent of the velocity distribution in the flow. The

boundary condition for the magnetic field in the complex potential

plane are specified on straight-line segments if the flow is around

obstacles of finite dimensions, and on rays in the opposite case. The

shape of the obstacle does not play any role in this case.

As an example, symmetrical frontal flow around a parabolic dielec-

tric profile is considered. The magnetic field is produced by current

flowing out of a wire placed in a channel specially made in the dielec-

tric.

The paper was published in ZhTF, XXX, 6, 736, 1960; 9, 1960.
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ESTI.ATE OF T"HE INLUEC_ OF THE EARTH'S MAGNETIC FIELD
O01 THE TURBULEENCE III THE LOW'• IONOSHKER

G.S. Golitsyn
Moscow

The author has shown previously (DAN SSSR, 132, 2, 1960) that the

density of the random currents induced in the turbulent flow of a

poorly conducting liquid (magnetic viscosity much larger than the kine-

matic viscosity) is in a weak magnetic field a locally homogeneous

random quantity, i.e., like the velocity or a passive impurity, it Is

determined locally, independently of what goes on on large scale. This

theory makes it possible to determine the conditions under which one

can neglect the reaction of the magnetic field on the turbulence. Vio-

lation of these conditions should be regarded as an indication that

the influence of the magnetic field may prove to be appreciable for

the dynamics of the medium. These premises were applied to an analysis

of specific conditions of the upper atmosphere and it was shown that

the influence of the magnetic field on the turbulence in the ionosphere

is insignificant up to heights on the order of 150 km.

EFFECTIVENESS OF LOCAL MAGIE-TIC FIELD IN SOLAR CORONA

E.I. Mogilevskiy
Moscow Oblast

1. Calculation of the propagation of local magnetic fields of the

solar photosphere in the region of the upper chromosphere and of the

corona, taken in the form of magnetohydrodynamic and magnetic-sound

waves in accordance with the Ferraro scheme, has shown that a magnetic

field cannot propagate in this manner above the middle chromosphere.

2. The local magnetic field of the active region may be "carried j
-230-
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out" by solar plasma clouds moving out of the chromosphere into the

corona. In this case the magnetic field in the cloud may become appre-

ciably intensified. A qualitative examination can be made of the inter-

action of such a cloud with the varying magnetic field of the active

region. This enables us to judge whether the sun can eject geoeffective

streams.

3. At large distances from the sun (Ž3-4 %0 ) and near the earth

(>4 RB) the quasi-stationary magnetic field does not change appreciably

the parameters of the corpuscular solar streams.

EFFECT OF THE MAGNETIC FIELD
ON MOTION IN CHROMOSPHERIC FLARES

S.I. Gopasyuk
Crimea

The development of chromospheric flares is characterized by two

stages: initial - expansion independent of the field direction, and

subsequent - motion directed essentially along the magnetic field.

2
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GENERATION OF COSMIC RAYS

IN A SOLAR FLARE

A.B. Severnyy, V.P. Shabanskiy

Moscow

It is assumed that the solar flare is none other than a reflected

shock wave outgoing from the region of the neutral point of the mag-

netic solar fields; the shock wave energy ccmes from the opposing

plasma motion brought about by a change in the magnetic field in the

sun spots. An estimate or the temperature of the medium behind the

front of the reflected shock wave, based on experimental data concern-

ing the rate of expansion of the flare region with allowance for the

fact that the front propagates in a plasma moving toward the neutral

point, shows that in strong flares the temperature can be sufficiently

high to effect thermonuclear fusion of the deuterium nuclei present in

insignificant amounts in the solar chromosphere. The products of these

and of the secondary thermonuclear reactions have sufficient energy to

satisfy the necessary conditions for the acceleration of the particles

upon reflection from the approach'ng magnetic mirrors under the condi-

tions of the solar flare. The role of magnetic mirrors is played here

by regions with large magnetic fields which extend inside the sun spots.

It is shown convincingly that the minimum injection energy of the par-

ticles entering the region between these magnetic mirrors, necessary

to satisfy the acceleration conditions, coincides precisely with the

energy of the thermonuclear reaction products. There are also other in-

dications that a thermonuclear reaction occurs in strong flares.
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Estimates based on the picture so developed give satisfactory

agreement with the experimental data.

Other acceleration mechanisms, which are compatible with this

flare model, are considered: the Fermi statistical mechanism, accelera-

tion between two approaching magnetic mirrors with field directed per-

pendicular bo the plane of the mirrors, acceleration of a particle

passing through the front of the shock wave in a magnetic field, and

acceleration between the fronts of collapsing magnetohydrodynamic shock

waves. It is shown that these mechanisms, which can play a certain

role in other objects, are little effective compared with the first-

order Fermi acceleration mechanism under the conditions of the solar

flare.

J
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FOR14ATION OF ACTIVE REGIONS IN
THE PRESENCE OF A IIAGI-ETIC FIELD

S.B. Pikel'ner

Moscow

The active regions on the sun are closely related with magnetic

fields. Even an intensity of 1-2 oersted gives rise to torches, floc-

culas, coronal rays, and streams of geoactive particles. A mechanism

is proposed whereby the convection becomes more Intense in the pres.-

ence of the fields, so that the indicated formations can appear. The

mechanism is connected with the suppression of turbulence in convec-

tive streams, so that the turbulent viscosity is decreased. High lati-

tude torches, the prominent wind from the sun, and other phenomena are

given a natural explanation.
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THEORETICAL PROBLEMS IN PLASMA PHYSICS

SOME PROBLEMS IN RELATIVISTIC GASDYNAMICS
OF CHARGED PARTICLES

V. N. Tsytovich

Moscow

S1. INRODUCTION

The relativistic motion of conducting gas masses has several spe-

cific features. Thus, for example, V.I. Veksler [1] showed that in

collisions between an ionized mass and a condensation of magnetic

force lines the ions transfer a considerable part of their energy to

the electrons, which become relativistic. This means that even at neg-

ligibly low frequency Veff of collisions between the electrons and the

ions (i.e., high conductivity), in a reference frame that moves to-

gether with the given gas element, E + [vH/c] X 0 and is determined by

the inertia force, the value of which can become large in the ultra-

relativistic limit, owing to the relativistic increase in mass. Conse-

quently the flux of the magnetic field through a liquid contour is not

conserved and the adhesion of the magnetic force lines is violated.

Thus, one of the unique features of relativistic motion of con-

ducting gas masses is the possible violation of the freezing in of the

magnetic field force lines. As a consequence of this, it becomes in-

possible to describe such a motion with the aid of equations contain-

Lig the two vectors v and 7, the hydrodynamic velocity and the magnetic

field (the vectors of relativistic magnetic gasdynamics). This remark

pertains in particular to nonstationary processes, for which the force

of inertia in the acczmpanying reference frame may be large.
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Another qualitative difference, also connected with the creation

of relativistic electrons, is, as Is well known, the possible viola-

tion of electric neutrality, even In the stationary state. Thus, a col-

lective effect is produced resulting from the action of the sumnary

electric field produced by the gas.

To investigate these effects of relativistic motion of conducting

masses, it is advantageous to turn to relativistic two-component gas-

dynamics in electromagnetic fields. In the present paper we consider

several general problems in relativistic gasdynamics of charged par-

ticles. We find an analog of potential motion in the presence of "rela-

tivistic current" and in its absence, and consider several one-dimen-

sional nonstationary motions. Problems of relativistic gasdynamics of

a neutral gas were considered by I.M. Ihalatnikov [2]. In.§2 of the

present article we follow [2] closely, and generalize the correspond-

Ing results to the case when self-consistent and external electromag-

netic fields are present.

§2. SOME GENERAL PROBLEMS

The relativistic motion equation for one of the components of a

gas of charged particles situated in an electromagnetic field has ob-

viously the form

where [3] T = wu u + p6 is the gas energy in the momentum tensor,

u is the 4 velocity, . is the pressure, w = e + p is the heat function

per unit volume, e is the internal energy per unit of the medium's own

volume, J3 = enu is the current produced by the particles, n is the

proper density, v is the three-dimensional velocity (the velocity of

light c is assumed equal to unity), FPV is the electromagnetic field

tensor, and
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Takirng into account the fact that u F 3Jv = 0, we obtain as a conse-

quence of (1) the conservation of the entropy per unit of own volume,

a, along the particle trajectory:

_d (0. (2)
ds n.

where d/ds = ut( a/7ýL) is the substantial derivative with respect to

the proper time. Confining ourselves to Isentropic motion, introducing

the heat function per particle W = w/n, and taking into account the

thermodynamic identity dW = (1/n)dp, we can represent Eq. (1) in the

simple form
S,,, - +eF,A,. (3)
ds

Let us find the analog of the potential motion for a gas of charged

particles in an electromagnetic field. As was shown by I.M. Khalatnikov

[2] and Frankel' [4], the relativistic analog of potential motion of a

neutral gas is Wu /= B/x . It is easy to generalize this result to

include the presence of electromagnetic fields. Introducing the 4 poten-

tial of the electromagnetic field FVv = Av/xL -- (MAp /Zxv), we can

note that Eq. (3) has solutions of the following form

"" 8x,- + (4)

The fourth of the relations (4) is the analog of the Bernoulli equa-

tion. For a one-dimensional stationary case, the condition (4) is Ll-

ways satisfied; in other words, one-dizTenslonal motion Is always "quasi-

potential." Arguments analogous to those in [2] enable us to obtain

from the equations of motion the relationsI:
(,,, + eA,) (5)

thus proving the "quasipotential nature" of the motion. Let us consider
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now the case of one-dLmensional motion in the presence of a current

perpendicular to the direction of motion, as referred to in the intro-

duction. We can assume that the charged liquid considered here is an

electron gas, the charge of which is partially or completely neutral-

ized by the ion gas, the contribution of which to the current density

can be neglected. We assume that all the quantities dependent only on

x, and x4, and in addition, since u3 / 0, we also have A3 *1 0. Then

the equations.of motion (3) projected on the 3 axis yields

"i rII* 3 + U4 = - eI oft. (6)

or (X0 x4 ; I = CT=.1, T _

+r = e (E3 + II2).
lo* 

(7)
1

Equation (7) is the analog of Ohm's law,* but the left half of the

equation is determined not by the friction force but by the inertia

force. Owing to the inertia force, noticeable electric fields, which

do not satisfy the relation E3 -- vH2, may arise in the ultrarelativis-

tic limit. Instead of finding the connection between H2 and E3, which

follows from (7), it is convenient to find the condition imposed on

the potential A . Equation (6) can also be written in the form

III -J + 0.1"u + e.-0-)e (1) +, e4 3) = 0. (

In other words, the quantity Wu3 + eA3 = P3 is conserved along the tra-

Jectory of particle motion. This result is valid not only for one-

dimensional motion. To satisfy (8) it is sufficient that all the quan-

tities be independent of x3 ("cyclic coordinate"). If the inertial

term hi can be neglected, then the conservation law (8) reduces to
the conservation of the flux through the liquid contour (A ).I

at the initial instant of time P3 is constant for all points, it re-
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mains constant in all succeeding instants of time. Such one-dimensional

nonstationary motion is also always quasipotential. Indeed, the first

equation of (3) can in this case be represented in the form

(1 . I w~

+ eu .(9)

We use for the transformation of (9) the relations
~ O,,~ - .+. 0c,

U I + la + ,,4 t U. ", + t# + 3 Ox.

and the relations e(U 3 /Ax1 ) =-u 3 (aW/ x1 ) - W(au3 /)x 1 ), which follow

from Wu3 + eA3 = const. Then (9) is reduced to the form

which proves the quasipotential nature of the motion. For three-dimen-

sional motion there exists a generalized Thomson theorem on the con-

servation of the circulation of the velocity
d ou,. doi.

Tss

where pp -- Wit, + eAr; , pi- •-•PP

In the derivation of the last equation we made use of Eq. (6), of ua =

=ua/xv = 0, and of the Mam~ell equation (3F PVv/ xa) + (6F av/ax) +

+ (3JFaxv) = 0. In the nonrelativistic limit we have W- m; u = v;

u4 = i; in the absence of electromagnetic fields, (11) reduces to the

well-known conservation of the circulation along a liquid contour

d 
(12~rot V (rot -1 -V) V--rot Vdiv V. (

§3. SOME• ONE-D]I.rENSIONAL PROBLEM
a) Problem of Relativistic Scattering of a Layer of Charged Particles

in Vacuum

The problem of the relativistic scattering of a layer of neutral

gas in vacuum was first solved with logarithmic accuracy by L.D. Landau
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[5] in connection with the hydrodyn=-lc theory he proposed for multiple

particle production in the collisicn of high-enrgyj nucleons. Subse-

quently I.M. Khalatnikov [2] showed that the one-dimensional problem

of relativistic hydrodynamics (using a certain transformation that he

introduced) can be reduced to the problem of integrating a linear dif-

ferential equation with constant coefficients, and also found an exact

solution of the problem of the relativistic scatter of a neutral layer

of gas in vacuum.

In the problem of the disintegration of a cluster of charged par-

ticles, the collective interaction of the summary electric field pro-

duced by the particles may exert a decisive influence on this disin-

tegration.

In one-dimensional motion, it is advantageous to write down the

four-velocity components in the form (see [3])

.,=sh 1 ; u4-= ila u.O=C 1 q; X4 =ixo. (13)

Then the equations of motion (3), the continuity equation, and Max-

well's equations can be written in the form

a I OW E

oeE•xnchij1+Dýý nshij,= 0; • 4-'n'C2 hq. (

j- 4.ia'hj0

Let us consider the limiting case of the scattering of a charged layer

of cold gas into a vacuum.

For nonrelativistic temperatures and a monatcmic gas we have

W + ý T"(15)

where TO and n0 are certain initial values or the temperature and den-

sity of the gas, m is the rest energy (mass) of the particle, and c

= k= 1.
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By virtue of the proof given above, the one-dimensional motions

are always "quasipotential": Wu= eA1 + (•/•Xl); Wu4 = -eA4 +

+ (0/•x 4 ). Using the gauge invariance, we can put o = 0; both the

field and the motion of the gas are then described only by the poten-

tials Al and A0 =-iA 4 . The electric fields are expressed in simple

manner through

Wand u l(u 4  +2)=

eE In i~+.Wu-t-Ii~ (16)&I= ax,

From the last two equations of (14) we can obtain as a consequence

dx0  a 1I E__0. (17)dXoS Yi- I X,
To solve the posed problem of relativistic scatter of a charged layer,

it is convenient to determine not u as a function of x. and x0 , but x,

as a function of x0 and u; xI = #(x 0 , u). Putting a*/•u ; 0 and X

eE(xou)/m, we transform (17) to the variables x0 and u:

o. (18)
OX 0 ill' r V~2

We make a similar transformation for (16):

L _ + , +
Z= ~4!± hI+T- j-ýU

+_5 V3it al HOl . +I, I+il

The coefficient of aX/cdu in (18) can be expressed in terms of X (19)

accurate to terms of first order in Tim. We obtain in place of (18)

and (19)

__+ X G,. O-- + u (20)

where
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:- l ,!r-oil-f d.(h, I
\ oi / " I

The density n should be expressed in (20) in terms of X and *:

.Oxn to* 4.t(22)

Inasmuch as T0 << m, the solutions of the system (20-22) can be sought

in the form of expansions in the parameter
ZZ+z, ý-+.... u+•v .. (23)

We confine ourselves only to two terms of the expansion (23):

0•, + ,.,.
( xO du cig I/u'

+7.3k ~+Y ko
.O d u d0u O~

__e a_+__+ (24)

fit~~ ý1 01 d! I /!TU2 ý

It o-I (25)
* ro V t+ .i5 "

We see that the system (24) for the zeroth approximation of the func-

tions XO and 10 turn out to be linear (the linearity of the equations

for the higher approximations is trivial). Besides, the system of equa-

tions (24) can be solved successively, since the boundary or initial

conditions for XO can be specified independently from physical con-

siderations, since X coincides with the magnitude of the electric field

accurate to the constant e/m. From the determined value of X we can

find the solution of the second equation of (24).

Let us give the results of an analysis of the scattering of a
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charged layer of thickness 21. We assume that at the initial instant

"of time = 0 the gas density Is zero, with the exception of a layer

-< xI < 1, where it is constant and equal to nO. The electric field

Inside the layer is assumed to be static at the initial instant of

time (linearly dependent on x,)

(26)

U = Vy = v/nhrOxo, where v is the hydrodynamic velocity. Putting -

= we obtain an implicit expression for the velocity v as a func-

tion of x1 and xO. The solution (26) holds true when

The equality sign corresponds to the motion of the layer boundary.

When x0 << l/1nor0 the boundary of the layer moves with uniform ac-

celeration and when x0 >> I/inor0 it moves inertially. In the nonrela-

tivistic limit y = 1 + E, E << 1 it followS from (26) that
V2900 (27)

The particle energy increases quadratically away from the center of

the layer. At a fixed point it first increases in time, and then de-

creases. The latter is due to the fact that when x0 is large slow par-

ticles start arriving at a given point frcm the center and these could

not acquire large energies in the weak self-consistent field at the

center, whereas the fast particles move away from this point. The c:.ar-

acteristic ttme interval for the buildup of energy at a given point is

V2/norO. If X0 << l/lnor 0 and 2nor 1 2 << 1, then the maximumn values
of the particle energy on the layer boundary, £ma = n0rx 2 /2 2( 1,

are nonrelativistic. When nor1 2 >> 1 and 1 >> x0 » l/Inor 0 the quan-

tity.) becomes relativistic. It is also easy to obtain
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the distribution over the energies in the ultrarelativistic limit. The

result is as follows: the energy increases linearly with increasing _x.

The distribution of the particle density can be obtained with the aid

of (25)

n.0 (U, . l, - u (28)

To determine the region of applicability of the results we used (23-25)

to obtain the next approximation in To/m: the criterion obtained was

TOm << noro1 . The procedure described here was used also to solve

problems involved in the scattering into vacuum of density distribu-

tions of other forms, particularly of a stratified structure.

b) Collisions Between Charged Layer and a Constant Electric Field

We assume that at the initial instant x0 - 0 there exists a dis-

integrating layer of thickness 21, moving with initial relativistic

velocity uH >> 1 toward a constant electric field eE/m = XH(Xl). Neg-

lecting the temperature effect and using the gauge invariance, we ob-

tain

at a (29)

0- 0- (30)OXo V-1:lf-U- oX1

Introducing, as above, xI = *(Xo, u), we transform (29) and (30.) into.

x 0± (+'dif Ox0  ý-:-ý VI. +1

A solution of this system for the problem under consideration can be

obtained in parametric form (the parameter t varies between the limits

_ý1 4 <t < _ [ +4)

O .Z -+'j + 7" (t) (•- )+ fJ•• t:::9# •(32)
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where XH(t) Is the initial distribution of the layer's orun electric

field inside the layer.

For an initial density no that is constant along the layer, we

have XH = n0r 0 t. The calculation or (32) even for an external field

that increases linearly with distance already leads to elliptical in-

tegrals.

c) Collision Between Charged Layer and a Constant Magnetic Field

A magnetic field gives rise to a current, i.e., to a component u

in the velocity of the electron gas. We assume that at the initial in-

stant of time u3 = 0 and that there is no magnetic field inside the

layer (A3 = 0). Hence, if we neglect temperature effects, we obtain by

virtue of the proof above that u3 = -eA 3 /m. We consider a,-,case when

the screening of the external field by the produced current .is small

and we assume that u3 u- = Xl)/m, where AXl) is the potential

of the external field. Proceeding to find x, *(x 0 , u), we obtain for

small temperatures

_a+f (7 110 1J. 017 (34)O* _ _ ' eI." . .. .. .. . _, ,_

where H0 = -- A0 /oxI is the external magnetic field and x= eE/m is the

own electric field. The solution or the systems (34, 35) for the case

when the layer 21 moves at the •intial instant of ti±-:e with relativis-
tic velocity HH »> I tohard a magnetic field has the formown~ ~• elcti field The • souto of• th ytm ( 34, 35) for th ( cas)

Vi+Uf(36)

V +l2 + 4 5 ) J,--t? G)
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:t!, r.<t <|I 1+ .. (37)""

For a magnetic field that increases linearly with the distance, the

calculation of (37) leads to elliptic integrals. In the case of a Jump

in the magnetic field, the calculations can be carried through to con-

clusion.

In conclusion I consider it my pleasant duty to thank V.I. Veks-

ler, M.S. Rabinovich, and A.A. Rukhadze for fruitful discussions of

the results of the work.
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PLATE AND CYLINDRICAL WAVES IN A MEDIUM
WITH FINITE CONDUCTIVITY

L.B. Levitin, M.I. Kiselev, K.P. Stanyukovich

Moscow

.The investigation of the convergence of shock waves was first

started by L.D. Landau and K.P. Stanyukovich in 1944 (see K.P. Stanyu-

kovich "Nonsteady Flow of Continuous Media," Gostekhizdat, 1955, §64).

These ideas were subsequently used by A.D. Sakharov and I.Ye. Tamm

to obtain high temperatures on the axes of a converging cylindrical

wave in a plasma. However, preliminary calculations, and also later

work (for example, by S.M. Osovets and M.A. Leontovich) were based on

the notion of a plasma as an ideally conducting medium. In fact, in a

weakly conducting plasma there are dissipative losses (Joule heat is

released), and this leads during the course of the experiments to con-

siderably lower temperatures than expected. The radiation produced upon

convergence of a shock wave also leads to a decrease in the temperature.

In the present paper we attempt to consider the problem of com-

pression of a plasma with allowance for finite conductivity of the

medium.

1. FUNDAlETITAL EQUATIONS

The fundamental equations describing the motions of the medium

with finite conductivity can be written in the following form [1]:

dp

d ÷+divr=O. a --- [drot l] =xA9*R,!
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I C2

P -dt.. ..- l -: r,,t !i.

Here B -1'v itrot i;. cE. - i5-. "

Eliminating B; i = TIP; 7, we arrive at a system of four equations

VduP T- + -rid p + [rot ,:,,]---- O.

dt at + -

dp
p-+pdivu=O, (2)

'L =-Irotr]+ YAe

Besides, for any medium

di=cvdT+r dV dv+ Vdp =TdS+ Vdp. (3)

In the case of an ideal gas i = kp/(k - l)p, where k =c/cV.

For motions with central symmetry [plane waves (N = 0) and cylin-

drical waves (N = 1)], the fundamental system of equations (1) has the

form

, i,+ + 0.(r•.tO="

Jc) _/, •__ a1=

2 2 ot 4-. r(r
+ + + F dO-+ Or

Here m= I if HI•, E E z, = ?z and m= 0 ift=Hz, E=EG, .p

= 8. With this

C t 27f V
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By eliminating E and B (and H) we can rewrite this system cf equations

in the form (with p = const)

+r Sit

di dr[ %di'rl [r+"~ -?M
+, .. d _•,•,r--,L'r &.., 01:,;_ ,,,, ,)=o-..

-2 -u) -j
-10," .. ' dr'

To find approximate solutions of the system (5), we use the sayne pro-

cedure as for the one-dimensional case [2, 31.
We first investigate the last equation of the system (5), which

we now write in the form
°--x + -=d -i ' 7ia (6)

where for N = 1 and m = I we have • = • and we choose the plus sign,

while for m = 0 we have = pr and we choose the minus sign. When N 0

we have T = p. This expression is conveniently written in the form
3•. ,,43 :

Xit 4• Or (7)

where

u*-T. (8)

The equation written out in this form is perfectly analogous to the

equation describing one-dimensional motions of the medium.

To solve Eq. (7) we can employ various methods. We shall use the

method developed in the papers by G.A. Skuridin and J.P. Stanyuukovich

- 2149.
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[2, 31.

We assume that

then Eq. (7) can be rewritten in the form of two equations
aA + UA x 'A " 42) (10)

o r (orf Wj.

Of + 1 +2 L dt nA),. (n)

We assume now that w can be sufficiently large, such that we can

neglect the first term of the right half of Eq. (10) compared with the

second. We assume further that ,cw2 (af/*r) 2 = R2 (r)i 2 (t), and then we

can rewrite this equation in the form
dmnA dlnAOM +U'•In +.RY 0 . (.12)

Equation (11) then assumes the form
• .. , InA

where•a= c 1. R.==fRdr. T= T(4.

Hence
IR; Wt (R ,InA\

U ' - l : + • - t.1- 0-+ ý +

and after elimination of u* Eq. (12) becomes

...... {l + •./J 2 \(d A) + R'2 0O. (13)

We put a In A/sr = 6, and then, differentiating (13) with respect

to r, we arrive at the equation

+f 4 +
Ot Or IR R- -:.R

The set of functions R and T, of the arbitrary function of time

T = T(t), and of the arbitrary function that arises upon integration

of Eq. (I4), will be more than enough-to solve completely any problem
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with the most general initial and boundary conditions.

2. PLINE WAVES

The problem of investigating plane waves by the method indicated

above reduces first of all to a study of Eq. (14).

We put in this equation RT = B = const.

Then

u==29-~74x81-. t).o, (15)
BI ax

hence x = 44xt - (aT/B) + F(e); putting F(S) = p, where 0 = const < 0,

we obtain

P( t (16)

and

xi + P B

Further
I=•"+n(18)

f (19)
A =A.(t) i''4 +

=_Ao(t)e 474 . cos x + T). (20)

It is then easy to find h = Zi/x. The arbitrary function T(t) can be

determined by knowing the conditions say on the piston or on the wall,

assuming that the latter moves in accordance with the law

X. = Mt U. = fl. =.( (t).

A complete solution of the problem with account of all the equations

entails no difficulties (see [2]), and only the energy equation, which

in itself is not accurate, is not accurately satisfied here.

We proceed to a description of a second effective method for ob-

tainirg the solutions of the equation
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•+a . (21) •

At the same time we consider the problem of the magnetic piston.

We shall approximate the plasma velocity in the region between the

front of the shock wave and the magnetic piston by means of a linear

function of x, where the coefficients are arbitrary functions of the

time
"u(x, t)= a(t)z.{-b(t). (22)

Then the equation for the magnetic field can be reduced to an ordin-ry

heat conduction equation for a homogeneous rod by changing over to

Lagrange coordinates and introducing the effective time scale [4$]

"fe- Jb(e (24)

Equation (21) assumes the form

S.(25)

In coordinates (xo, )} we obtain the ordinary skin effect. We can now

carry through to conclusion the solution of the equations for plane

one-dimensional motions.

The remaining equations have the form

JX 0.
all + U• all, I OR'. a

S ax.. - + F =0.. (26)

The boundary and initial conditions for the mranetic field will be

taken in the magnetic piston problem in the form

h(x 6 (f).O=.i(): h(x.o)=O. (27)
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where

Xjq ef"'s b)(tf"dt (28)
f

is the Euler coordinate of the piston (plasma boundary).

Conditions on the front of a perpendicular gas magnetic shock-

wave for finite conductivity have the following form for the case un-

der consideration [4]:
PJU,,,-o.F,(U-,-D). (29)

+(2-2Pr+Tp2(u*-D) +Pa (30)

+ L P2 P (.,-D) h,

_k-1 2. p2p )(31)

(uj-~hjxIah) I(2D~2 ahl 32

The indexl denotes here the quantities ahead of the wave front and

the.index 2 the quantities behind the front, D D(t) = dXV(t)/dt is

the velocity of the shock wave front. Condition (32) for the magnetic

field on the discontinuity is rather complicated, but from physical

considerations we can greatly simplify the solutions of Eq. (25). If

the conductivity is high, we can assume that the magnetic field propa-

gates in a semi-infinite space (x 0 > 0).

With increasing t, the front of the shock wave moves rapidly away

(compared with the slow dlffusion of the magnetic field) from the pis-

ton, the field on the front decreases rapidly, and the distribution of

the magnetic field in the region between the piston and the front of

the shock wave depends on the propagation of the magnetic field in the

region ahead of the front of the discontinuity very weakly, and only

in the narrow region which lies directly behind the front.

In this analysis we neglect the perturbing action of the weak mag-
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netic field, which "seeps through" the front, ani assuie the gas ahead

of the front- to be at rest: x0 = x, UI = 0. If we assume that the mag-

netic field accelerates the gas somewhat ahead of the front, the equa-

tion for the region behind the front and ahead of the front will be

closer in form, and the error of our assutmptions will become even

smaller.

Thus, the magnetic field can be expressed with sufficient accuracy

in the form of the derivative of the Duhamel integral (x const):

h.. ....).... .q "(33)
A~q)~jAjAq2I3

where A(t) = e/adt.

Here and in what follows it is convenient to assume A(t) and Xn(t)

to be new approximating functions. The functions a(t) and b(t) are

readily expressed in terms of the former:

IdA dTIxlW

After determining h(xo, t), we can readily find the pressure and den-

sity, using the continuity equation and any equation of motion, or else

the energy equation. The remaining equation is not satisfied exactly

in the general case. It is possible, however, to choose the approximat-

ing funztions a(t) and b(t) in such a way, as to have this equation

satisfied approximately in the region of interest to us between the

magnetic piston and the front of the shock wave. For this purpose it

is necessary to satisfy the boundary conditions on the piston and on

the fronts.

Let the initial conditions be constant:

•(,.)= •; p•.o)p,.(35)

Integrating the continuity equation, we obtain
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P1 (36)

It is interesting to note that the density depends on the linear coor-

dinate only through the initial distribution. This is understandable,

since If the velocity depends linearly on x, the plasma becomes uni-

formly compressed (or rarefied).

Tais raises the question as to which of the equations is prefer-

ably used to determine the pressure. The point is that the energy equa-

tion itself has a more crude and approximate character. It is more

strongly influenced than the equation of motion by the neglect of the

viscosity, heat conduction, or radiation. It is therefore necessary to

satisfy exactly the equation of motion, and satisfy the energy equa-

tion approximately, imposing on the functions A(t) and Xn(t) the con-

dition of energy balance on the front of the shock wave.

Integrating the equation of motion, we obtain

p(x 2+)=_ _W

The primes denote here differentiation with respect to t, and T(t) is

an arbitrary function of the time.

We now have four arbitrary functions: A(t), Xn(t), X,(t), and

T(t), with the aid of which we can satisfy the momentum balance equa-

tion on the piston and the conditions on the continuity (29-31).

On the piston, in fact, we have a contact discontinuity, and con-

sequently the total pressure p + h2 /2 should be continuous. Hence

r(l=, . (38)

The pressure has a final form

p(r)=.{-E- - " 2.- p(39)
2 2 Y~Xe

The condition for the mass balance on the front of the shock wave

yields an equation for Xf(t), frcm which we readily obtain
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x.(W=I-A (40)

The Euler and Lagrange coordinates of the front of the shock wave are

equal, which incidentally is obvious beforehand as the result of the

continuity.

Let us consider now the equation for the momentum balance (30)

p, (u --D)2 4- p,+-.-• -- •

We note that in our case the right half of the equation is independent

of the magnetic field behind the front (since it does not contain h2 ).

Consequently, the left half should also be independent of the ex-

tent to which the magnetic field seeps through into the space ahead of

the front. We can therefore, without introducing any new error what-

ever, assume that h1 = 0 and then uI = 0; p1 = pO; p1 = pO (this would

hold true in the case of infinite conductivity ahead of the front).

We alternately obtain

I(--A)X'+A'X2 p jPOA"X +
PO~ + POEo -

- XX,, i 2 ,(1- Ayn
iiL=IL (41)

The influence of the magnetic field behind the front on the motion of

the front is significant only for very small t. Neglecting these and

assuming the medium ahead of the front to be at rest, .;.e can write the

energy balance equation in the form

k-- Ip (I + -AI- A)X, -+A'X^ p p, A'-
kA (I -AY3  2 (1Aj÷

A +- 2OW (42)

The system of ec':atlons (4!, 42) determines the approximating functions

a(t) and b(t). From this we readily obtain an expressicn for the ccor-

dinates of the front
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Sx.(, = k_,. (43)
X . QA A ( A 1 )__ _ _ _ _

where co = is the velocity of sound in the unperturbed medium.

We see therefore that the function A(t) can vary only within the limits

,>A>- (44)

We note that the velocity of the front of the shock wave is inversely

proportional to the square root of the medium density. This agrees

with the results obtained in a different manner by Harris (5] and con-

firmed experimentally by Kolb [6].

Let Xf =Vc 0 B(t). The system (41, 42) readily reduces to a

single third-order equation for the function B(t):

B-1-"- -+M+s + 3B" 28" 2P " + L(t)0. (45)

where

Op .- (46)

Let us determine the initial conditions for Eq. (45). From physical

considerations B(O) = 0 and B'(O) 1 - (the velocity of the front is

finite). Then, from the equation (45) itself, after analyzing the or-

der of the growth of the terms as t - 0, we obtain

B'(O) = t , where LO = L(O) > I (we assume that I±2(0)/2 > po).

If the magnetic field on the boundary is knowm as a function or the

velocity (or coordinate) of the front or the piston, then the order of

the equation can be lowered. When B'(t) 1 const the substitution L

y=-B'; z(y)=--BB- (47)

reduces Eq. (45) to an Abel equation

dz 3 L(y)y - 2y'
-•+.ay + + (2y'+y+3)=O. (48)

Let us consider in detail the simplest case, when the magnetic field

on the boundary is constant:
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v(t) =g '. i.e., L Lo.

Then the solution of (45) is a linear function of t

2()1At (49)

Hence

A= A,= (k- I1 ).-2± 2(k-+ IOpO (50)

This corresponds to the following choice of approximating functions:

a (1 -O; b (0---- const ---- (I -- AO) c9 r/•. (51)-

Now all the physical quantities are expressed in explicit form

h (x, t) paerrc(x 0IrQ-AOr4t)I 2VW• I

P (x.)= const . (52)

p(xt)- -- erfc1 (x 2-t s),

x, M0 = CX-•.

Thus, under the influence of a constant boundary layer, the plasma

acquires a constant velocity u = (1- Ao)C 0 FLO, which is approximately

proportional to the square root of the ratio of the magnetic -,--ssure

to the initial density of the medium.

Let us consider a numerical example.

Let go = 10CO oersted; the initial concentration is no 10 16

particles/cm3 , and the initial temperature Is To = 300°K. We then ob-

tain

u£ = 7.7-106 cm/sec (for atomic hydrogen).

The magnetic field on the front or the shock wave is

h. erf (I,5-IO~j/- ...

Thus, even at the instant of timre t = 10-6 sec the ragnetic field on

the front is already negligible in magnitude. Conzeqtiently, when the

shock tube length has an order oL' not less than 50-IC0 cm, the magnetic
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field on the front can be neglected and o-r approximation is Justified.

3. CYLINDRICAL WAVES

To investigate cylindrical waves we may use only the first method

proposed, where we put ( - Ae1.

Even a more simplified version of solution of the problem, when

we put for simplicJty (as was done in the case N = 0) that Rr = B

= const, we already get a good approximation for the investigation of

an axially symmetrical wave.

In this case
M

."=2Xe- �, (53)

a- + 0( - t =o. (5')

hence

• +(55)

Let
(56)

(In the case N = 0 we assumed that F(G) = fC.) Then (55) assumes the

form

r (57.)

When r + >(>/B) » 4 c6t we have, apart from terms of first order of
smallness, 2

hence

q + [I --- +X (59)

ST) . + (60)
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It is necessary to have at the center (at r = 0) u = when x = 0.

For x =0 we have u =--aT/B. Let

T T. I -+(61)

where 0 <'n-< 1;

then 0

"U-•4(Lt'-tJ- (62)

When t = 0 we have u = 0; when t = T we have u-. This approximation,

however, although it does give. the correct result when r = 0 can be

improved.

Let us stipulate, for example, that the following condition be

satisfied

"[b (t-- to)-- 2]; (63)

here I governs the motion of the plasma boundary, and then Eq. (60)),

neglecting the term 4,zrct/P(* + (cT/B)/B)n <( 1 can be readily inte-

grated and we obtain

I,-4 (It n)2 (- ) %b V -- to) .(64)

T= 0 ? -- to) +-z"I

b-n) (t b(tt.t)_2+ (65)

The constant b is determined from the conditicn "• = ro. The vector

potential of the field inside of a current-carrying plasma cylinder is t
now written in the form

-=A(t)coso 2r+ CX )
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The function A(t) is found from the boundary condition

A (t) (67)

The ohmic power loss by unit volume is

(68)

i.e., the losses increase for small * ii proportion to

P I

When making a complete energy balance, it is necessary to take

into account the inductive losses both in the electrical circuit and

in the plasma pinch itself, as well as the radiation and losses through

excitation of the internal degrees of freedom.

Let us make numerical estimates by means of a simple model example.

Let n ; 1, • = r/(Dt + 1), with D >> K/I >> 1, and then T Dt

Let at the same time r 0 - 0; Bw/a = 27r/M, where M >> 1, i.e., the cur-

rent decreases monotonically away from the pinch boundary toward the

axis. The expression for the vector potential assumes the following

form
?A(t)exp{4(r+ DI+1Dt I

C los' 2=IL + Dt
--2 Q t-- " (69)

We then have in order of magnitude

A ( -• 2 -1- P ý -• (70)

and for I = 105 kA; r 0 = 10 cm; 1= 10 6 , i.e., a 10!4 sec-1, I cm.

The ohmic lo3s power will have an order of 1016 erg/sec, i.e.,--] mil-

lion kilowatts. When the pinch contracts to 0.3 cm, the loss power in-

creases, obviously, by another almost three orders of magnitude.

Thus, in pinch accelerating systems it is necessary to avoid ex-
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cessive compression of the plasma, since the "tail" of the accelerat-

Ing pulse is expended for the most part in heating and not in accelera-

tion.

It should be noted that the "magnetic piston" as a means of plasma

acceleration has in general the following essential shortcomings: the

forces exert a surface action, so that shock waves are produced in the

accelerated plasmoid along with supplementary dissipation, and the

character of the losses, as demonstrated by many examples, is close to

that of volume losses.

In addition, the accelerated plasmoid can capture the field pene-

trating through its boundary, form an unstable magnetic gasdynamic con-

figuration, and collapse on emerging from the accelerating unit. It is

probably this type of plasmoid collapse that was observed in the con-

ical chamber presented in the paper of D.V. Orlinskiy [7]. The field

that seeped into the plasmoid then dissipates and heats the plasmoid

somewhat.

We note that a certain increase in the rate of plasma ejection

from conical chambers having a length and a diameter of merely a few

centimeters, occurring upon increasing the aperture angle of the cone,

is due to the increase in the average radius of the chamber, which im-

proves somewhat the condition for the optimutm utilization of the "mag-

netic piston."

Finite conductivity deteriorates also the quality of the "mag-

netic" wall as a means of plasma confinement and heat insulation, lead-

ing to a seeping of the plasma through the wall and to its departure

from the plasmoid.

It is necessary in the future to look for schemes in which the

accelerating force has not a surface but a volu..e character, and the

electrcmagnetic energy is consu-ed essentially in an increase of the

- 262 -



electric conductiv ity of the plasma and its acceleration wit~h minfiumi

dissipation.
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CONCERNIMS ONE ANALOGY BETWEEN WAVES ON THE SURFACE
OF A HEAVY LIQUID AND NONLEAR PLASMA OSCILLATIONS

0

R.Z. Sagdeyev

Moscow

There is a well-known analogy between the theory of the so-called

"shallow water" and the gasdynamics of plane isentropic motions. A

generally arbitrary initial flow profile gets deformed in time, in

both theories, in such a way that the steepness of the leading front

increases continuously. In gasdynamics, there is ultimately established

a stationary steepness, when the dissipative effects come into play.

In the theory of waves on water, the finite nature of the depth of the

channel becomes significant when the steepness of the leading front

becomes sufficiently large. An account of this factor leads to disper-

sion effects. Thus, the analogy between gasdynamics and the theory of

"shallow water" ends when dissipative effects appear in the former

case and dispersion effects in the latter. This finds its manifesta-

tion also in the different character of the nonlinear steady-state mo-

tions. In the former case (in gasdynamics) we deal with shock waves,

while in the latter case we deal with periodic or so-called solitary

waves.

In the theory of nonlinear notions of a low-density plasma (in

which the pair collisions play a small role), it is well known that a

situation analogous to gasdynamics arises in many cases. Thus, for ex-

ample, in the presence of a strong magnetic field in the plasma, the

motion of the plasma in scales larger than the Larmor particle radii
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is described formally by the Chew, Goldberger, and Low equations of

anisotropic magnetic gasdynamics. To what effect does the increase in

the steepness of the leading front of the perturbation lead in this

case? One can show that at least in the case of a "cold" plasma (when

the magnetic field pressure greatly exceeds the plasma pressure) there

appear here, unlike in gasdynamics, effects of the dispersion type.

The steady-state nonlinear motion has in this case, as in the theory

of waves on water in a channel of finite depth, the form of periodic

and solitary waves. These solutions exist only at Mach numbers that

are smaller than a certain critical value. On going through this crit-

ical value, the "tumbling" of the front takes place. In the theory of

waves on water, this should lead in final analysis to the formation of

a "water spout" (or "twister"). In a plasma this can lead to an analog-

o ous phenomenon, namely a "collisionless" shock wave.*

We consider here a second case, a plasma without a magnetic field,

but under the condition that the electron pressure greatly exceeds the

ion pressure. As will be shown below, the situation arising in this

case is very similar to that noted above.

As is known from linear theory, the propagation of sound waves in

a plasma in the absence of pair collisions and of a magnetic field is

possible only if p1 << Pe (Pie is the pressure of the ions or elec-

trons). This condition can be realized both because the plasma is not

isothermal, and because the ions are multiply charged (either Z >> 1

or Te >>T).

Let us consider one-dimensional waves of arbitrary amplitude in

such a plasma. Since the velocity of sound, - (Te + T1 )A4, greatly ex-

ceeds the thermal velocity of the Ions, it is reasonable to neglect

the thera-l scatter in the velocities of the latter. On the other hand,

if we confine ourselves to an examination of waves with propagation.
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velocities that are much smaller than the thermal velocity of the elec- -

trons, then the electric field in such a wave will be quasistatic rela-

tive to the electrons. Then, if the electron velocity distribution Is

Maxwellian, f - e mv2/2T in the region where the electric potential 9

has a maximum, then the electron density at any point is determined by

a Boltzmann distribution n = n0 e e/T. This corresponds to inclusion of

the so-called "captured" electrons, inasmuch as the maximum of i cor-

responds to a potential well -eT for the electrons (a minimum of poten-

tial energy), where -e is the electron charge.

Taking the assumptions made into consideration, let us write down

the initial system of equations for the one-dimensional motion:

+,V ,O (1)
aN

a',
+ Ae • (Nu,) 0. (2)

_ j 4 r N n e X ( 3 )
Here v is the ion velocity and N the ion density.

For motions with characteristic space scales that considerably

exceed the Debye radius (T/47mne2)1/2, the quasineutrality assumption

n - N Is valid (one can leave out 32q,/ýx2 from Eq. (3)). Then, elim-

inating the electric field from the equations, we obtain a system of

two equations for an adiabatically compressible gas with adiabatic ex-

ponent y = 1 (isothermal case). In this case the solution in the form

of a simple Riemann wave is valid, from which it follows that the front

of the wave becomes steeper and steeper in time until it topples over

completely. However, before this solution becomes multiple valued, the

quasineutrality assumption beccmes inapplicable, when the characteris-

tic scale decreases to the Debye radius with increasing steepness of

the leading front of the wave. - .
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An account of the charge separation effect can be carried out for

the case of a steady-state wave, in which all the quantities are func-

tions of (x - ut) only, where u is the velocity of wave propagation.

The initial system (1-3) can be reduced to a single ordinary second-

order differential equation for the potential T

~u ::2-" .,: (

Depending on the choice of the integration constants, we can con-

struct various steady-state waves. If it is assumed that at tht initial

Instant of time we had a perturbation localized in a limited region of

space with 9 - 0 as the distance from this region increases, and that

such an initial perturbation approaches asymptotically with time to a

steady-state motion described by Eq. (4), it is sensible to choose a

solution in which dq,/dx -* 0 when q -• 0. Such a choice gives a steady-

state motion in the form of a symmetrical isolated wave. The propaga-

tion speed u of such a wave depends on the amplitude qmax" By assuming

dq/dx = 0 for 9 = 9max we obtain this dependence

0 , r - I

e - .

In the limiting case of small amplitudes, u -, I - the velocity ofF---e max/T

sound. At large amplitudes (e~max >> T) we have u - (.1/2) e

The explicit form of the profile of the solitary wave can be obtait-3d

for the case of small amplitudes by expanding the left half (4) in

powers of eq/T and then integrating

T

2 e ~ ~ ,,,)ecK -. r (- ui)). (6)

It is curious that a solution in the form of solitary waves for Eq. (4)

exists for arbitrarily large 'Mch numbers, unlike -,aves on water or in

a plasma with a magnetic field.
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265 This part of the communication will be published in "ZhETF,"
and is therefore merely mentioned in the present text.

- 268 -



"PROPERTIES OF A MAGNETIC TRAP IN A PLASMA EJECTED FROM THE SUN

L. I. Dorman

Moscow

§1. ELECTROMAGNETIC PROPERTIES OF A PLASM4A EJECTED FROM THE SUN

In several investigations. [1-41 carried out on the basis of the

experimental data obtained by the international network of cosmic-ray

stations, a study was made of different cosmic-ray effects: 1) the

slow reduction in the intensity of cosmic rays preceding suddenly

starting magnetic storms that give a Forbush drop, 2) the increase in

the cosmic-ray intensity following this drop, which lasts only several

hours and also occurs before the start of the magnetic storm, 3) the

various profiles of the variation of the cosmic-ray intensity during

the time of magnetic storms. A rather laborious analysis of all these

effects, a study of their distribution for various secondary compo-

nents in latitude and in longitude using the coupling coefficient

method [5, Chapter IV] and data on the trajectories of charged par-

ticles of different energies in geomagnetic fields, have made it pos-

sible to determine the energy spectrum and the direction of arrival

from different sources of cosmic-ray variations. A comparison of these

results with the theoretical calculations [6, 7] of the cosmic-ray

variations, expected from different suggested sources, makes it pos-

sible to interpret these effects as follows.

the reflected particles from the forward nonmagnetic part of the solar

plasma stream before the plasma envelops the earth (i.e., before the
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magnetic storm starts on earth). In this case the particles acquire

energy, just as in the case of reflection from a mirror moving head on

(7).

2. The decrease effect, first observed in [8], is connected with

the propagation in Interplanetary space of a shock wave formed by the

forward nonmagnetic part of the plasma stream moving with hypersonic

velocity. Compression of the interplanetary medium behind the front of

the shock wave and a corresponding intensification of the interplanet-

ary magnetic field will lead to an increase in the scattering of the

cosmic-ray particles and to an attenuation of their intensity on earth

(9].

3. Different profiles of the variation of the intensity of cosmic

rays are connected with the different velocity of motion and angular

width of the plasma streams, different distribution of the frozen-in

magnetic field, and, principally, with the different character of the

capture of the earth by the solar plasma [6]. The point is that the

earth can be captured by the forward front of the stream (and this

brings about a magnetic storm with sudden start; such streams are con-

nected essentially with solar flares). In this case a sharp decrease

occurs in the cosmic-ray intensity. With this, the rate at which the

intensity decreases is proportional to the velocity of the stream and

to the degree of intensification of the magnetic field frozen in the

forward part of the plasma stream.

Comparing the experimental data obtained from the world network

of stations with the profiles expected under various assumptions, and

using the method of coupling coefficients (5, Chapter IV], it is pos-

sible to determine the anogular dimensions, the intensity of the frozen-

in magnetic field, and its distribution in the plasma of the stream,

as well as the degree of compression of the plasma and the field. An
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analysis of this type [10] was carried out for more than 40 plasma

streams, some of which gave rise to suddenly starting magnetic storms,

and some to storms with gradual starts. The latter were connected with

the enveloping of the earth by the lateral side of the stream (where-

upon the intensity of the cosmic rays decreased rather slowly and was

restored practically Just as slowly). In particular, it was shown that

the solar plasma streams carry frozen-in magnetic fields with intensity

from 10-5Oe to 10-0e, and in the forward part the fields are greatly

intensified (by a factor 3-6) as a result of the compression of the

plasma, owing to interaction with the interplanetary medium and the

formation of shock waves in it. The angular dimensions of the streams

turn out to be quite different, ranging from several tens of degrees

to 7r. The velocities observed also had a wide range, from 3-107 to 2 x

x 108 cm/sec.

The presence of frozen-in magnetic fields in the streams of solar

plasma (there being in addition several serious arguments in favor of

assuming that these fields are more or less regular and not turbulent)

makes it possible for magnetic traps to be formed in such a plasma,

capable of retaining particles whose radius of gyration is much smaller

than the dimensions of the stream.

§2. lIVESTIGATION OF COSIMIC-RAY FLARES AND TWO POSSIBLE WAYS OF 1ROPA-
GATION OF SOLAR PARTICLES TO THE EARTH

Numerous investigations of cosmic-ray flares (for a review see

[5], Chapters X, XI) have shomn that even several hours after the start

of the flare the flux of high-energy solar particles becomes isotropic

and its intensity decreases with time in accordance with a power law,

as t 3/2 The power law was rurtherr.ore maintained for all the flares

observed to date. The only differences were in the delay of the occur-

rence of isotropy relative to the start of the flare. This character
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of variation of the intensity of the solar particles agrees writh the

diffuse model of propagation of particles in the interplanetayz madium.i-

D.tailed calculations [II1 show that on the basis of such a model it

is possible also to understand the law governing the variation of in-

tensity directly after the start of the. flare.

At the same time, one cannot exclude also another possibility,

namely the propagation of the particles generated in the solar atmos-

phere with the lowest energy (but still retained in the trap) via a

8relatively slow transport with a velocity -10 cm/sec in a magnetized

plasma ejected from the sun. However, it was only relatively recently

that data demonstrating that such a possibility is apparently realized

could be obtained.

§3. FLARE OF LOW-ENERGY. SOLAR PARTICLES IN THE STRATOSPHERE ON 11-13
MAY 1959 AND PROPERTIES OF MAGNETIC TRAP

Low-energy particles, with energy lower than several hundred MeV,

which can be captured in the trap, cannot penetrate through the earth's

atmosphere and in order to observe them measurements must be carried

out at high altitudes (where the absorption is low) and at high lati-

tudes (where the geomagnetic cutoff is quite small). From this point

of view, measurements of exceptional interest were made by the group

of A.N. Charakhch'yan above Murmansk (geomagnetic cutoff 120 MeV) and

by Winkler's group above Minneapolis (geomagnetic cutoff 3C0 MeV).

These measurements showed the presence of a large number of flares of

low-energy solar particles, which were not observed by instrum.ents at

sea level or by measurements at high altitudes, but in the region of

low latitudes above points with large geomagnetic cutoff [12, 13]. Of

particular interest are the data on the flare of 11-13 May 1959. A com-

parison of the data of A.N. Charakhch'yan et al. [121 and of Wink-ler

et al. (13], and an analysis of the conditions of particle propagation
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by diffusion in interplanetary medium and by transport in a magnetic

trap, has shown [14] that what occurred here without any doubt was the

formation of a trap in the forward end of the magnetized plasma ejected

from the sun (the properties of this plasma stream were investigated

in [15] on the basis of the data obtained by the world's station net-

work). The following interesting phenomenon was observed here: after

the start of the magnetic storm the intensity of the low-energy par-

ticles increased by almost 40 times, after which it decreased exponen-

tially by a factor e in two hours (whereas the intensity of the par-

ticles propagating by diffusion decreases in accordance with a power

law). Direct measurements of the energy spectrum [12, 13] have shown

that it had the same form as during the time of large flares, i.e.,

* D(ek)~ •(5 + 6), where ek is the particle kinetic energy (such a

spectrum could be traced with the aid of satellite measurements up to

-k = 30-40 MeV). In addition, measurements of the spectrum [13] have

shown also that a very interesting phenomenon takes place: during the

time of the magnetic storm the geomagnetic cutoff greatly decreases,

this being due to the effect of the stream plasma on the earth's mag-

netic field (compression of the cavity and intensification of the equa-

torial current ring). Calculations [16, 17], as well as investigations

[18, 19] of the corresponding cosmic-ray variations, show that such

changes in the geomagnetic cutoff are world-wide in character and can

be understood on the basis of modern notions concerning the interac-

tion between the stream plasma and the earth's magnetic field.

A comparison of the calculations with the experimental data, made

in [14], shows that the particle density in each part of the trap cor-

responds to the density of the particles generated in the solar atmos-

phere for each instant of time, when the corresponding part of the

plasma is ejected.
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It follows therefore that a rather large particle density gradient

is maintained in the trap and that the particles are not appreciably

intermixed. The magnetic field in the trap should be directed perpen-

dicular to the line of stream propagation. The compression of the plasma

in the forward end of the stream leads to a corresponding increase of

the density of the trappe& particles. An estimate of the total energy

of the particles transported in the trap shows that it is less than

the energy of the frozen-in magnetic field. This relation between the

particle energy density and the density of the magnetic field energy

is retained also in the most forward part of the stream, where the par-

ticle density is the largest. It is necessary to assume here that the

indicated particle spectrum extends not lower than 3-5 MeV. Such a

limit on the spectrum agrees with the hypothesis that the particles

are injected prior to the flare with an energy of several MeV, as the

result of thermonuclear reactions, with subsequent acceleration by the

first-order Fermi mechanism (20, 21]. We note that the total momentum

of the generated particles turns out to be of sufficient order of mag-

nitude for the ejection of a magnetized plasma from the solar atmos-

phere. Calculations based on a model with two possible paths of par-

ticle propagation show that the formation of the trap should occur at

distances 1.5-2 R. from the center of the sun, where Re is the radius

of the sun 114].
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CONCERNING THE STABILITY OF A PLASMA PINCH

M.D. Iadyzhenskiy

Moscow

We investigate the stability of a plasma pinch situated in a

medium with nonconducting liquid in vortical rotation.

A comparison is made of the regions of stability of a plasma

pinch and of a vortex in "ordinary" hydrodynamics.

It was shown in [1, 2] that a plasma pinch is unstable against

perturbations of the "sausage" and helix type. In connection with the

instability observed, several methods were proposed for the stabiliza-

tion of the pinch [3, 4 ].

We consider below the question of pinch stabilization with the

aid of vortical motion of a nonconducting medium surrounding the pinch.

The problem is formulated in the following manner: a current of

intensity I flows over the surface of a round cylinder of radius R of

an ideally conducting incompressible liquid; the current flow is in

the axial direction. The cylinder is placed in a medium in which a non-

conducting incompressible liquid moves vortically. The system is in

equilibrium: the hydrodynamic pressure from the inside of the cylinier

is balanced by the sum of the hydrodynamic and magnetic pressures f:om

the outside. It is required to investigate the stability of this sys-

tem. The problem Is solved in analogy with [1].

We introduce a cylindrical system of coordinates r, e, z with z

axis directed along the cylinder axis. We consider the system for a

small deviation from the equilibrium position. The peripheral compo.-.
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nents of the velocity vector v6 and cf the magnetic field he in the.

unperturbed state are given by

v",

where V and H are, respectively, the peripheral components of the vel-

ocity and the magnetic field on the surface of the cylinder. We denote

by _, 9, and " the potentials of the perturbed motion for the external

flow, internal magnetic field, and internal flow, respectively. These

functions satisfy the Laplace equation with the following conditions

on the axis and at infinity:

.4.<oo for r=O.
NlMI=O0, lim 4P . (2)

On the surface of the cylinder, the equation of which in cylindrical

coordinates has the form

the following conditions are satisfied: the internal and external flows

do not penetrate the surface, the component of the magnetic field per-*

pendicular to the surface of the pinch vanishes, and the pressures

from the outside and from the inside of the cylinder are equal (the

pressure is defined as the sum of the hydrodynamic pressure, determined

by the Lagrange formula, and the magnetic pressure)

01 va r 0. (3)

(4&)o, io = ;,(e

0.. (5)

val at " 12 H o h?
-" --- '0+---Or4R* +?zj (6)

R6,0g , t 2 r 47-. -q -O (6) a

where p, and P 2 are the density outside and inside the cylinder.

We seek the solution in the form of a Fourier series. By satisfy-

Ing the Laplace equation, the conditions at infinity, and the condition
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that the velocity be finite on the cylinder axis, we obtain

IaKas Or) eI(M 0+ kZ+ ft'S
S=bX.jk,)e,"' +&Z +0..*1 (7)

d--el= (4,O + + "+ .) U

U

where k and m are integers, .*I(kr) and K,(kr) are Bessel functions of

imaginary argument, and a, b, c, and d are certain constants. From the

condition that there exist a nonzero solution for a, b, c, and d, we

obtain, by substituting (7) in Eqs. (3-6) an equation for Om,k" Intro-

ducing the notation 1 = w%,•" E = ckr (the superior bar over k will be

left out henceforth for the sake of brevity),*we obtain the following

equation:

(IF-21 - p,K.l.J - 2p, VmK.IjQ +

+ N • x:., +.,.,.) =o.. (8)

The condition that 0 have no complex roots in this quadratic equa-

tion yields the limit of the stability region of the flow under con-

sideration.

Putting p = 47rpV 2 , H = P142 and using the following equation

(retaining the notation of [1])
K'=_K-_ rn_ (kJ

K. K. k- k
!__ ._ , -,._,r,(k)
<-=T , --k "

we can write the stability condition in the form

Mr( ) •,, (k 1 + , M2. I> 0. (9)

When p = 0, which corresponds to the absence of the external flow, Eq.

(9) coincides with that obtained by V.D. Shafranov [1]. The stability

regions given by thi3 equation are as follows: when m = 0 and 1 the

pinch is absolutely unstable. Starting withm = 2, a stabilit-y region
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appears at small values of k, while at large values of n the stability

region is given by the expression k < m2 .

When p we arrive at the question of stability of a vortex with

a core at rest. When m = 0 and m = 1 the vortex is absolutely stable.

In other words, the vortex is absolutely stable against perturbations

of the sausage and helix type, which are the most dangerous for a

plasma pinch. For m > 2 there appears in the vortex an instability re-

gion which is given by the following relation (for large m)

k (10)

Perturbations with m > 2, with respect to which the vortex is unstable,

have a "twist" character. Numerous observations have shown that the

vortices are stable; it follows therefore that perturbations of the

"twist" type are not dangerous and do not lead to a destruction of the

vortex. We consider now the general case of arbitrary I. The stability

region is characterized in the following fashion. The configuration

K
12

:0i

, lit,.'.,_

Fig. 1 l

considered at 1 ( Di < 1 + p is absolutely stable with respect to any I

perturbation. Thus, cc.mplete stabilization of the pinch is possible

for the indicated values of the para.'neters. Let us proceed to a irore {-
detailed description of the instability regions. ~i
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When m 0 the system is stable if • > 1. Mhen m = 1 the stability

regions lie in the plane to the right of the lines shotm in Fig. 1,

each of which depends on a certain value of 7, i.e., in this case the

system is also stable with respect to all perturbations if tL > I, but

there are stability regions also for p < 1. When m > 2 in the half

space g > 1, instability regions appear when m > 1 + 7, bounded by

curves that depend on ; (see Fig. 1). The abscissas of the points of

intersection of these curves with the line k = 0 are expressed in the

following form (for large m)

-1

* 1+P

To the left, for p < 1, the boundary of the stability regions shifts

toward the side of larger k with increasing _M.

Furthermore, the following asymptotic relations hold true for

large numbers m: when IL < 1 the stability region is given by the rela-

tion

I~+p (11)
k<m'

(qualitatively the configuration is similar to a plasma pinch). When

S> 1 + p the s tability region is given by

1 - t
k >m2 (12) F

(the configuration Is qualitatively analogous to a vortex).

CONCLUSIONS

1. In principle it is possible to stabilize a plasma pinch with

respect to any perturbation with the aid of vortical motion of a non-

conducting liquid surrounding the pinch.

2. Perturbations of the "twist" type are not dangerous, as can be

seen with a vortex as an example..

!ilI



We note in conclusion that the method o^ vortical stabilization

can be combined with several other known methcds [3, 4]. Then the

.speeds of vortical motion needed for stabilization will not be too

large.
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NATURAL OSCILLATIONS OF A BOUNDED PLASMA

DI A. Frank-Kamenetskly

Moscow

A plasma cylinder in a longitudinal static magnetic field can

have the properties of an electromagnetic resonator or a waveguide

over a wide frequency range. In the absence of a magnetic field, reso-

nance is possible only at frequencies above the plasma frequency, where

the ion motion can be neglected. Such plasma resonators operating in

the microwave band were investigated by a group headed by Braun and

their detuning Is the basis of a widely used method of plasma diagnos-

tics. In the presence of a magnetic field resonance phenomena occur

also at much lower frequencies (in the UHF band), where the motion of

the ions is significant. A study of such hydromagnetic and magnetic-

sound resonators and waveguides is barely in the initial stage.

The dispersion equation of a plasma is of the fifth degree in the

square of the frequency. Therefore a plasma volume has under given

definite conditions, generally speaking, five different natural fre-

quencies (real and imaginary) [1]. These frequencies are resonant in

the direct meaning of this word, i.e., they are frequencies of stand-

irn waves that can exist in stationary manner in the given volume and

satisfy the boundary conditions. They depend both on the properties of

the plasma and on the geometrical form and dimensions of the volume

under consideration. Such resonan.es we shall call buildup resonances;

in radio language they correspond to the vanishing of the imaginary

part of the plasma impedance. They must be distinguished frcm absorp-
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tion resonances, which correspond to maxima of the real part of the

impedance..

In unbounded plasma there is also a series of characteristic fre-

quencies, which depend, naturally, only on the properties of the plasma

.itself. These frequencies are also custor.arily called resonant, al-

though it would be more correct to call them the frequencies of anoma-

lous dispersion. These include first of all the electron and ion cyclo-

tron frequencies, at which the refractive index of the plasma along

the magnetic field becomes infinite. For the refractive index trans-

versely to the magnetic field, an analogous role is played by two fre-

quencies which, using the very appropriate suggestion by Hurwitz [2],

are called hybrid. In a dense plasma the lower one of these frequencies

is close to the geometric mean of the electron and ion cyclotron reso-

nances, and the upper one is close to the plasma- frequency. At these

frequencies the phase velocity of wave propagation in the plasma van-

ishes in the corresponding directions. The anomalous dispersion is ac-

companied by energy absorption. Therefore the characteristic frequen-

cies of an unbounded plasma always correspond to absorption resonances.

One can point out, however, conditions under which there coincide

with the anomalous dispersion frequencies also buildup resonances. The

resonance condition for a standing wave requires that the time of prop-

agation of the wave between the specified boundaries coincide with the

period of the oscillation. Away from the anomalous dispersion frequen-

cies, the rate of wave propagation both along the magnetic field and

transversely to it tends to the Alfven velocity. If the dimensions are .

small or the Alfven velocity large (low densities, strong magnetic

fields), then the resonance condition can be satisfied only by letting

the phase velocity tend to zero, i.e., anomalous dispersion. Therefore,

if we decrease the plasma density, decrease the dimensions of the vol-
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ur'.e occupied by it, or increase the intensity of the static ra~netic

field, then the resonance frequencies shift toward the ancmalcus dis-

persion frequencies, i.e., the buildup resonances coincide with the

absorption resonances. To the contrary, in a dense plasma pinch of

large radius, the most important of the buildup resonances, namely

magnetic-sound resonance, can be realized in pure form.

The dispersion equation contains two wave numbers, the radial k1

and the longitudinal k3. The longitudinal wave number is determined by

the boundary conditions on the ends of the cylinder, while the radial

one is determined by the conditions on its lateral surfaces. If the

cylinder is surrounded on its lateral surface by ideally conducting

walls, in which current flows, then the approximate boundary condition

reduces to the vanishing of the azimuthal electric field on the wall.

The total magnetic flux through the transverse cross section vanishes

in this case, since the sign of the longitudinallalternating magnetic

field reverses along the radius. If a gap exists between the wall and

the plasma, then one can assume, in view of the large refractive index

of the plasma, that the boundary condition is specified on the surface

of the plasma and not on the surface of the wall. For a plasma cylinder

of radius R. the boundary condition requires that klR0 be equal to the

root of a definite combination of Bessel functions. In the simplest

case of axially symmetrical oscillations for a cylinder surroundr:d by

conducting walls, kR0 should be equal to one of the roots of a first-

order Bessel function.

For free oscillations with radiation electrcmragnetic waves at in-

finity, an approximate boundary condition is imposed on the longitud-

inal alternating magnetic field, and for the case of axial syrmetry

this condition is that k R be equal to one of the roots of the zero-

order Bessel function. In this case, owing to radiation of energy at
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infinity, the frequency is complex, i.e., the oscillations are damped.

The attached plots show in dimensionless form the resonant fre-

quency of a plasma cylinder for three cases with different values of

the longitudinal wave number. The horizontal axis represents the square

of the resonant frequency divided by the product of the electron and

ion cyclotron frequencies:

The vertical axis represents the quantity

where kI is the radial wave number, c is the velocity of light, and w0

is the plasma frequency. This quantity is inversely proportional to

the running number of electrons in a length equal to the classical

radius of the electron. We shall call the reciprocal quantity, I/z,

the effective running number of electrons. The parameters of the curves

are:

A = 2lie = c 2 /u2 -_ the square of the refractive index corres-

ponding to the Alfven velocity;

B = we/i = /zm - the ratio of the electron and ion cyclotron

frequencies and y = kc 2 /W, where k3 is the longitudinal wave number.

The values of A and B are taken for hydrogen at the density for which

the plasma frequency is equal to the electron cyclotron frequency. The

plots correspond to different values of y, increasing from Fig. 1

toward Fig. 3. Figure I represents pure radial oscillations of an in-

finite cylinder. There is one low-frequency branch corresponding to

magnetic sound. When the running number of electrons is small (z -+ c)

the resonant frequency tends to the lower hybrid frequency (vertical

line). Ln the case of a large running nutLber of electrons (z - 0, mag-

netoacoustic region), magnetic sound resonance is possible at frequen-
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ties as low as desired. Above the lower hybrid fraquency there is a

broad region where a wave propagating transversely to the field does

not penetrate into the plasma (imaginary frequencies). Near the plasma

frequency (0 = A) are located three branches of high-frequency elec-

tron oscillations. In the case of a cylinder of finite length (Figs.

2 and 3) the high-frequency branches vary little, while in the low-

frequency regions a second branch arises (magnetohydrodynamic oscilla-

tions of the TEM type) with anomalous dispersion at the ion cyclotron

frequency. These are oscillations propagating along the fields and re-

flected from the ends of the cylinder.

A very important difference between a finite cylinder and an in-

finite one is the behavior of the magnetic-sound branch near the lower

hybrid frequency. The purely radial oscillations at the lower hybrid

frequency are cut off. Oblique waves, on the other hand, propagate in

the plasma even at frequencies above the lower hybrid one. In place of

a region of total reflection, in a finite cylinder there is produced a

region of complex values of the refractive index, shifting toward the

higher frequencies. This region is represented in the plots by the

shaded strip. The thin continuous line in the strip represents the

real part, and the two thin dashed lines represent the imaginary parts

of the two complex conjugate values cf z. In the region of low frequen-

cies there is also an Imaginary branch, shown dashed in the figures.

In an incompletely ionized plasma (3] one can note two limiting

cases: if the frequency of the charge-exchange collisions is small ccm-

pared with the oscillation frequency, then the neutral particles are

not entrained at all, and the opposite case, they are ccmpletely en-

trained by the magnetic-sound oscillations. In the intermediate region,

where the oscillation and collision frecuencies are of the same order

of magnitude, a partial entrair-ment of the neutral particles should
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occur and lead to strong danmping.
Experiment [4] shows that in a finite but lone cylinder, magnetic-

sound oscillations that are of the standing-wave type along the radius

are really excited, and resonance phenomena that depend on the plasma

concentration are observed. The character of the resonance phenomena

does not change on going through the hybrid frequency, thus indicating-

the role played by the oblique waves.

The combination of the buildup and absorption resonances can be

used for ionization purposes [5] and for high-frequency heating of a

plasma [6].
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14AGNETOHYDRODYNA14IC INSTABILITY OF A PLASMA STREAM

MOVING THROUGH AN IONIZED GAS

V.P. Dokuchayev
Gor' kiy

It is shown that when a plasma stream moves through an ionized

gas with a velocity larger than the Alfven wave velocity, the system

comprising the stream and stationary plasma becomes unstable. In this

case one of the normal magnetohydrodynamic waves builds up with time.

A criterion for instability is discussed in detail and the buildup co-

efficient of this wave is analyzed.

A study of magnetohydrodynamic waves propagating in plasma streams

is of certain interest for a whole series of astrophysical and geo-

physical problems. This pertains in particular to the dynamics of solar

corpus~ular streams, to arc protuberances on the sun, and possibly

also -. motions in the spiral arms of galaxies. However, in its gen-

eral "ormulation, the investigation of the .magnetohydrodynamic insta-

bili1 of a plasma stream moving through a completely ionized gas is a

ver-' complicated problem. By virtue of this it becomes necessary to

emp.:y several simplifying assumptions, making it possible to obtain

the solution of the problem and consequently to clarify the conditions

uncI r which the plasma stream is unstable. Let us consider the problem --

of Interest to us in the following formulation.

Assume a stream of strongly ionized quasineutral plasma with con-

,:ntration Ns, moving through a strongly ionized quasineutral gas with
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concentration U . Such a system Is scmetimes called a system of inter-

p
penetrating unbounded moving media. The entire system is placed in an

external homogeneous magnetic field , which is parallel everywhere

to the stream velocity VO. These assumptions greatly facilitate the

subsequent quantitative analysis of the problem of magnetohydrodynamic

instability of the system comprising the stream plus stationary plasma,

and at the same time enable us to establish a sufficiently general cri-

terion the satisfaction of which indicates the occurrence of the in-

stability. We note that the buildup of high-frequency electromagnetic

waves occurring during the motion of electron and ion streams In a

plasma has been considered in a whole series of papers [1-4]. We are

interested in a different limiting case of instability, namely the sta-

bility of the aforementioned system against low-frequency electromag-

netic waves (with frequency lower than the gyrofrequency of the ions),

when the latter degenerate into magnetohydrodynamic waves [9]. Let us

determine under what conditions magnetohydrodynamic waves that grow in

time occur in the stream plus stationary plasma system, and conse-

quently when the system becomes unstable.

The conservation laws for the momentum of electrons and ions in a

strongly ionized gas, when the degree of ionization is so large that

the interaction between the charged particles prevails over their in-

teraction with the neutral atoms, can be written in the form [6]

-+ '. - - _ +eN ¢-l

P + pv,, (v - -- e~vE I[ 1 + FO)-0 4- eN V

dv, -- e.Eb 44 4l +

where Pe= meNe and Pi = miln are the densities of the electron a-nd

ion masses in the plasma, va and v-i are the velocities of the e!ec-

trons and the ions, 7e and 7, are the forces acting on the electron

.and ion gas, ] and are the intensities of the electric and magnetic
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fields, Vel is the number of collisions between an electron and the

ions per unit time, e is the electron charge, me and m. are the mass

of the electron and the ion, and Ne and Ni are the concentrations of

the electrons and the ions per cubic centimeter. We introduce the vel-

ocity V of the motion of the entire plasma as a whole, and the density

of the electric current in the usual manner:

eJ==N(u,- vA (3)

V=. , + ply, (4

where, p = Pe + Pi" For a quasineutral plasma we have Ne N= N, and

consequently p = p.. Using Relations (3) and (4) we can readily trans-

rorm (1) and (2) into

dv .. 4 4
F(5)

+/ J+ eI ~r& J-g

where we = eH/mec is the gyrofrequency of the electron in the magnetic

field Hr, and T is the unit vector of this field. In the derivation of

(5, 6) it was assumed that mi >> me. Equation (5) is the hydrodynamic

equation for the plasma, while Eq. (6) for the electric current T ex-

presses the generalized Ohm's law. Unlike the relations given in (5, 6],

in the derivation of Eq. (6) we have retained here the total deriva-

tives with respect to tire d/dt = (V/•t) + (vV), which is of importance

in the present case. From Max.,,ell's electrodynamic equations it fol-

lows that

E_7T (7)
t2 ifTt I aH

rot1E81- (8)

Startirg with Eqs. (5-8), we can readily set up linearized equations

describinr the electrodyrmLic processes in the stream plus stationar-,[
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"plasma system:
•' (?o)7..,.i--,ois VV= +1I- +!I-VA.o). (9)

. , I , IA-VV) . & -.- (10)

-. I (12)

rot E = -;, (13)

The subscripts s and p2 pertain to quantities in the stream and in the
resting plasma, respectively, V0 is the stream velocity, and TO is the

external magnetic field.

The system (9-14) allows us to obtain the dispersion equation for

plane transverse electromagnetic waves propagating along the stream,

and consequently along the force lines of the magnetic field . Let

us choose a rectangular coordinate system and direct the z axis along

the magnetic field. For the sake of convenience we choose the complex

quantities

and analogously represent the stream quantities j+ and Vs+, With this

notation and under the assumption that all the indicated quantitics .1
vary as exp i(wt - kz), where w and k are the frequency and the wave fk

number, we obtain the following dispersion equation:

2,.o.-- hV . - i -1.-k o.,/) - V) i

+ 4 1., WAts (15)

where w se = (47r1sel2/m)ll and =pe (4nilpe 2/me )l/2 are the plasna fre-
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quencies of the electrons in the stream and in the stationary plasma,

nH = eHo/mic is the gyrofrequency of the ions. The plus sign corres-

ponds to the ordinary wave and the minus sign to the extraordinary one.

Dispersion Equation (15) describes the propagation of transverse elec-

tromagnetic waves only. The propagation of longitudinal high-frequency

waves was considered in [7, 8]. In the absence of a stream, when =se

0 0, Eq. (15) goes over into the well-known equation for electromag-

netic waves propagating in a plasma along the magnetic field [9]. When

the entire plasma moves and 6pe - 0, and also when the ions are neg-

lected, we obtain from (15) the equation derived in [4].

Let us consider the usual approximation of magnetohydrodynamics -

the case of extremely low frequencies << - and let us assume that

kV0 << %H, and then we obtain from (15)

S(-ky 0 )2 (16)

where we introduce the Alfven wave velocities

V• '• -- Ho and 112= HO
wAI 4n?, A, ii

The solution of the dispersion equation (16) can be readily obtained

and can be written in the form

I + (N,;) + (VL2 (1

For the analysis that follows it is convenient to rewrite the formula

in a scmewhat different form with account of the fact that we are con-

sidering a stream of particles with nonrelativistic velocities (V0 <<

<< a):
M N.1'}Vo (N + N,+ N.p--•pv,W Na+ ,+NO VO. (18)

We have introduced here the notation NI 2 H• i-c 2 and N0  1 V
kp H/=-0 IV--,0

Frcm (1) we can readily establish that if the condition
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5.H

Fig. 1. Plane of the parameters Np and
Na: I) system stability region; II) sys-

tem Instability region; the dashed lines
are the asymptotes of the boundary curve.

N ,V, > NO (N, + +N 1(19)

is satisfied there appear In the stream plus stationary plasma system

waves that build up with time, i.e., the system becomes unstable. This

type of magnetohydrodynamic instability difference from the instability

of plasma streams against high-frequency electromagnetic perturbations,

when ca > % [1-4]. In magnetohydrodynamics, in addition to the condi-

tion w << %, it is usually assumed that N > N kp. In this case (19)

can be rewritten in the form 0 > V2A V2 + Vp . Thus, a magnetohydro-0 A As Ap

dynamic instability arises in the case when the stream velocity ex-

ceeds the Alfven wave velocity in the stream plus stationary plasm.m

system. In this case it is necessary to use for the system density the

reduced density I/p = I/ps + i/p . It must be noted that an analogous

instability criterion is encountered in magnetohydrodynamics in the

analysis of the instability of tangential discontinuities [11].

Figure 1 shows a plot of the stability boundary in the plane of

the ;arareters N p, Ns. The boundary curve is determined by the equation
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cI-

.%,.+ •v+ A..,0

The shaded part of the plane together with the boundary is the region

where the system is stable. The remaining part of the plane is the re-

gion of magnetohydrodynamic instability of the system. The boundary is

an equilateral hyperbola with asymptotes parallel to the coordinate

axes. It is easy to obtain the value of the plasma concentration cor-

responding to the asymptotic values of the curve. This value is No for

Np and N5 .

If Condition (19) is satisfied in the stream plus plasma at rest,

one of the normal waves builds up with time. The buildup coefficient 'Y

is determined from (18) and has the form

fNV N. -MO(N, + A, + NO) (20
-==kV* N, + N,+N,,

By regarding y as a function of two variables y = '(Np, Ns), we can

determine the condition for the maximum value of the buildup coeffi-

cient. It turns out that ty has a maximum if the equality N =
p

+ (N5 + N k)(Ns + N0 )/(Ns - NO) is fulfilled. In this case the maximum

value of the buildup coefficient is 'Ymax =(kVo/2)(Ns - NO)/IVN(Ns ).

We shall assume that Np and N» >> Nk, NO, and then y = kV0 VN;i.I/(NP +

+ Ns), ymax = kVI2. Thus, y assumes a maximum value in the case when

the plasma concentration in the beam is approximately equal to the

plasma concentration in the medium at rest.

In conclusion it must be noted that dispersion equations analogous

to (17) or (18) are encountered also in ordinary hydrodynamics in the

analysis of instability of Jet flows [12].
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INTERACTION OF ION BEAM WITH MAGNETOACTIVE PLASMA*

N.L. Tslntsadze, D.G. Lominadze

Tbillsi

It was shown In several investigations that In the absence of a

magnetic field the state of an unmodulated electron beam with homo-

geneous density and with constant velocity is unstable as the beam

moves through a plasma.

When the plasma is in an external magnetic field, passage of a

particle beam through it may be accompanied by new types of instabili-

ties, one of which is connected with the anomalous Doppler effect and

the other with the low-frequency oscillatPon of the plasma.

We consider in the article the excitation of electromagnetic

waves in an unbounded plasma situated in a magnetic field 70 brought

about by a nonrelativistic cylindrical particle beam of radius r 0 pass-

ing through the plasma parallel to the external magnetic field;

The system of equations describing the interaction between the

charged beam and the plasma will be specified by means of the self-

consistent Marxwell equations together with the linearized kinetic equa-

tions for the electrons and ions of the beam and of the plasma.

By Integrating the kinetic equation over the trajectory of the

charges under the assumption that the magnetic field is strong, we de-

termine the dielectric tensor

0 .

Assuming that the ccmponents of the electrcmagnetic field are pro-
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portional to exp [i(kz- wt)], and solving Max1.zell's equations, we ob-

tain all the field components. The continuity of the tangential compo-

nents of the electric and magnetic fields on the surface separating the

cylindrical beam from the plasma determine the boundary conditions,

from which we obtain the dispersion relation. This complicated disper-

sion equation describes both the longltudinal and the transverse oscil-

lations. In view of its complexity, we consider only transverse oscil-

lations, carrying out expansion in powers of lIA in the frequency re-

gion W < = el/mc. The resultant dispersion equation will be inves-

tigated for broad and narrow ion beams.

We first consider the cyclotron mechanism of wave excitation in a

plasma with the aid of ion beams. If u is the velocity of the beam

along the magnetic field, then, as a result of the anomalous Doppler

effect, the frequency is given by w = ku - &H = aH(u/V - l)-1, where

V = co/k is the phase velocity of the waves. Neglecting the thermal mo-

tion in either beam or plasma for broad ion beams, we obtain the wave

buildup increment
a--V + (U -- rV)2+CSgV1,

v== a(u1 )v

where VAI = H//47-ini is the Alfven velocity of the plasma ions, and

= 4Trne 2 /m is the Langmuir frequency of the beam ions.

The corresponding cases for narrow ion beams have the form

10_y,+ '- T

2c 04.2~zV W2V,3 (2)

ro< 2 (
2V

where an is the root of the Bessel function Jo(xro) = 0.

As follows from (1) and (2), waves are excited if u > V, the beam

velocity exceeds the wave phase velocity.
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For broad beams, taking into account the thermal scatter of the

particle velocities in the beam and the low density of the particles,

the oscillation buildup increment is

=11C UVW wi, [I 2a -VV

where S is the thermal velocity of the beam Ions, f) is the Langmuir

frequency of the plasma ions.

Analogously we have for narrow-beams:

""4 . v(Q/.kv (4)

We conclude that oscillations are excited in the plasma in Case

(3) when u > V and V >> VA , and in Case (4) whenu > V and r 0 >
> ,rvlu - v).

This was followed by an investigation of the excitation of mag-

netohydrodynamic waves (c << (HI) with the aid of ion beams.

We determine the frequency for an interaction between a broad ion

beam and a plasma (both cold) by assuming that the beam density is

much smaller than the plasma density, n << n., 0 /k 2 r2 >> 1,

a n d Q 
2 . ckr 2  > > 1,

U- VA

and for a narrow beam the imaginary part of the buildup increment is

ný, =--- VAd )( V)(I (6)
C" Wif

Wave excitation occurs for (5) when u > VA and in the case (6) when

u > V = VA o.

We have also considered other cases of interaction between Ion

beams and a plasma; we conclude from all this that the excitation of

certain waves is directly connected with the beam radius.
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script
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No.

298 The article was-published in "ZhTF," XXXI, 1039, 1961, wherethe question is examined in greater detail.
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MAGIEVOHYDRODYNAMIC EQUATIONS FOR A NONISOTHERMAL

COLLISION-FREE PLASMA

Yu.L. Klimontovich, V.P. Sulin

Moscow

In spite of the large number of Investigations devoted to the

derivation of the magnetohydrodynamic equations for a plasma without

collisions, the analysis of this question can nevertheless not be re-

garded as complete.

One of the main researches on this question Is that by Chew, Gold-

berger, and Low [1]. Its results were the basis for many subsequent

investigations devoted to magnetohydrodynamic theory of. plasma.

It must be noted, however, that the main premise of this work,

namely that the electric field is perpendicular to the magnetic induc-

tion in a collision-free plasma, is not satisfied, as will be shown

below. This leads, in particular, to the violation of the adiabatic

equation of Reference (1]. Only a correct allowance for the longitud-

Inal field arising in the plasma (which was not made in (1]) leads to

the correct spectrum of the magnetohydrodynamic waves in the plasma.

It must finally be noted that the magnetohydrodynamic equations

obtained In [1] do not take account of dissipative processes. However, K
as will be shown below, even under the conditions when the collisions

in the plasma are not significant, the magnetohydrodynamic equations

contain dissipative terms due to the absorption of the arising magnetic

sound waves by the electrons.

In the present article we consider the magnetohydrodynamic equa-
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tions only for the case of a strongly nonisothermal plasma.

Correct estimates of the conditions under which the magnetohydro-

dynamic description is applicable for such a case are contained, for

example, in the paper by S.I. Braginskiy [2]. ftowever, for example to

investigate the spectrum and damping decrement of magnetic sound waves

in a plasma, or to consider the question of the possibility of the ex-

istence of shock waves in a plasma, it is necessary to use the complete

system of magnetohydrodynamic equations for a plasma with inclusion of

the dissipative terms.

In a strongly nonisothermal plasma it is possible in many cases

to neglect the thermal motion of the ions. Then, in the absence of col-

lisions, the ion motion can be described by the continuity equation

~+divpV-0(1

and by Newton's equation

V O+P- ,E+[BjdV W V -0)t (2)

Here p is the mass density, q1 the ion charge density, A(", t)

the ion velocity, • and i the electric and magnetic field intensities.

To describe the motion of the electrons in a nonisothermal plasma,

it is necessary to use the kinetic equation with self-consistent field

S+ e IV 0o. (3 )S -C ap

For frequencies w that are small compared with the Larmor ion fre-

quency (in a coordinate system bound to the ions), we obtain from Eq.

(2), neglecting terms of second order of smallness,

Substituting this expression for • into the field equation rot =

we get
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Equation (5) is indeed included in the system of magnetohydrodynamic

equations for a plasma. Neglect of the collisions causes the conduc-

tivity to be infinite. The second equation has the form

divil=O. (6)

If the Langmuir frequency of the ions is much larger than the con-

sidered frequency w, then we can neglect the displacement current in

the field equations, which assume the following form:

J= (c14:T)rot B. q.0. (7)

Here.. = qi V+ ef-vfdp is the current density and q =qi + effdp is

the plasma charge density.

To obtain a closed system of magnetohydrodynamic equations it is

necessary, using Eqs. (3, 7), to determine the electric field in terms

of the electron characteristics and to eliminate the field from Eq. (2).

We shall do this first without account of the dissipative proc-

esses. If the characteristic magnetohydrodynamic velocities are much

smaller than the electron thermal velocities , then we can neg-

lect the term 3f/•t in the kinetic equation for the electrons (3) when

we derive the hydrodynamic equations without the dissipative terms.

This means that a stationary distribution can always be established

for the electrons.

We denote by V(7 t) the electric potential, and byV e ee
the electron drift velocity, and attempt to satisfy Eq. (3) by means

of a solution in the form

I=F r.1) V'Y(8)

Here F is an arbitrary function. As a particular case, for example,

the function f Is a Maxdell-.Boltzmann distribution.

Let us find an expression for i as a function of p, T, e B, for
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which Expression"(8) satisfies Eq. (3). For this purpose we multiply

Eq. (3) with af/at = 0 by V and integrate over the rnomenta. As a result

we obtain a transport equation for the electron momentum density

Using Expression (8) we obtain

f v~vjdp .~(V~. V .a. (10)

Here 6

q. o.f d,=opr. i =f (u)- V,2 dP.

Substituting Expression (10) in Eq. (9) and using the continuity equa-

tion, we obtain

pimVs-k+ &T-'==q, ( .+!IIVBhp
dr, jr- eo~

Comparing (II) with (2) we see that in calculating the electric

field intensity E we can neglect the first term in (1i), owing to the

smallness of the mass ratio m/M. As a result we obtain the sought ex-

pression for E

qE=(Tp,) -7 q-IV,81. (12)

Substituting this expression in (2) and recognizing that in ac-

cordance with (7) Pe -e./elp and J = qiV + qeVe, we obtain the mag-

netohydrodynamic equations of motion without account of the dissipative

processes:

-••V p , ".-. (13) (r

Here v.= iei/elcAT/ is the velocity of sound in the plasma

(T const). Equations (1, 13, 5, 6) do indeed form a closed system of

magnetohydrodynamic equations. This system coincides with the corres-

ponding system or equations for an ideal liquid, if the pressure is

2written in the form p v v3P.
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If dissipative processes are Included, a supplementary term

(l/p)F(diss) appears in Eq. (13), where F(diss) is the force due to

the radiation of magnetic sound waves. The expression for F(diss) is

obtained by solving the kinetic equation for the electrons (of course,

with allowance also for the term Uf/•t), and has the following form:

,.. [B (B, + [8" [B" B] -

- [.[. ~~J ~~fQ(,r - p (e. V('1) de. (.14)

Here B0 is the external constant field, pO is the average density,

Qkx . (I-r) O 4 (k)Ad,

It follows from (14) that the dissipative force is proportional to the

square root of the electron temperature and to ,i ._ It is important

to note also that the dissipative force has in this case an essentially

nonhydrodynamic form. Indeed, in the given case we arrive at an in-

tegral equation, because of the nonlocal character of the forces brought

about by the absorption of magnetic sound waves.

The equations obtained were used for the analysis of the question

of the spreading of a wave packet in a plasma. In the case under con-

sideration, the spreading follows a linear law (the width of the packet

is proportional to the time). The rate of spreading is yv/kvs, where

v+ is the phase velocity of the magnetic sound waves:

(Z; + %P "1(, +""y-4v~v'Cs ) v2V2-p

and

t.I;,,f (COS?2zY)COS22a 1 I !,__ 2_ e A- •I

Is the damping decrement of the magnetic sound waves. The expressions
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for v; and Y+ coincide with those obtained in [3].

On the basis of the system of hydrodynamic equations obtained, we

investigated also the possibility of existence of stationary shock

waves in a plasma. We first give here the corresponding formulas for

the case when the magnetic field is equal to zero.

In this case the equation of motion assumes the form

The.kernel Q differs from Q in that IkBoI/B0 is replaced by lki. This

equation together with the continuity equation comprises a closed sys-

tem of hydrodynamic equations for the plasma with account of the dis-

sipative processes when B0 = 0. The kernel Q (or Q% in the absence of

a magnetic field) decreases slowly with increasing r. This is connected

with the fact that '(k) has a singularity at k = 0. The appearance of

this singularity is connected with the fact that in the case which we

are considering the characteristic dimensions of the spatial inhomo-

genelties are assumed to be small compared with the mean free path.

For distances r that are comparable with or greater than the mean

free path 1, we must use in place of the given expression for % the

expression

Here 1 = o l; K0 is the Macdonald function.

For the one-dimensional case, when V depends not on the coor-

dinates y and z but only on x and t, the kernel Q(r) must be integrated

with respect to y and z. In this case we obtain in place of the ex-

pression for Q(r)-

In the absence of a magnetic field we must replace BO/IBOxI in this
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expression by unity.

To investigate the possibility of the existence of shock waves,

it is sufficient to consider Eqs. (1, 16) for the one-dimensional case.

We introduce a coordinate frame fixed on the discontinuity surface and

direct the x axis perpendicular to this surface. Using Eqs. (1, 2, 16)

we obtain the conditions for the continuity of the matter flux and

momentum flux of the discontinuity surface. Putting pV = JO and elim-

inating p from these continuity conditions, we write down the contin-

uity condition for the momentum density flux in the form of an Integral

equation

• ".---I (i7)

where a r mv8ý,/2.T.

We introduce a new constant V- and write C in the form V- + v!/V'.

In this case the integral equation (17) assumes the form

Equation (18) is satisfied by definite constant values of the velocity

V. To determine these constant values we obtain from (18) the equation

v-v-+•,(v' --_) =0 o(19)

from which follow to constant values for V, namely V = V-, V = v2 /V-

- V+. Both values coincide only if V- = vs-

To answer the question of whether shock waves exist in a plasma we

must consider the possibility of a solution of Eq. (18) such that it

assumes values V+ and V-, where V+ /i V-, as x- +-.

It follows from (18) that such a solution of the equation exists

when the transition from V- to V+ is such that V(x) changes little

over distances on the order of the mean free path. Indeed, we can take
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•dV/dx in this case outside the integral sign, and the integral equation

reduces in first approximation to the following differential equation

-- "- =a,=- --'dV (20)

It is well known that Eq. (20) has a solution which assumes the
values v+ and v- when x -.ti. In this case we must have V- > vs, v. >

> v+ in order for the solution to be stable. The width of the transi-

tion region is determined by the mean free path. In the approximation

employed by us, this case is analogous to that considered In ordinary

gasdynamics.

It follows from (18) that the plasma cannot support a stationary

shock wave in which the transition from V- to V+ occurs over distances

much shorter than the mean free path, i.e., under conditions when col-

lisions can be neglected.

Indeed, in this case, if we assume that the transition from.V" to

V+ occurs near xo, Eq. (18) can be approximately written in the form

(V-V-- V-)z11-V-6 K.(I XX (21)

Since the right half differs from zero also when x - x0 - 1, it fol-

lows therefore that the assumption made in the derivation of Eq. (21)

is not corroborated.

Thus, no stationary shock waves with width smaller than the mean

free path exist in the plasma.

In the presence of a magnetic field, the corresponding integral

equations will contain integral terms of the same type. Therefore in

this case there are likewise no solutions describing stationary shock.

waves in the plasma, with width much smaller than the mean free path.

let us note again the conditions under which the derived magneto-

hydrodynamic equations are valid:

1) the mean free path Is assumed to be infinitely large;
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2) the plasma is strongly nonisothermal. The Ion thermal velocity

is equal to zero;

3) noticeable changes in the functions p, V, and B occur over dis-

tances that greatly exceed the Debye radius, the Larmor radius, and

the length c/WL.
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INSTABILITY OF A SYSTEM OF TWO ELECTRON BEAMS
IN A MAGNETIC FIELD

V.N. Rutkevich
Khar'kov

1. INTRODUCTION

Two electron beams which move with different velocities represent

under certain conditions an unstable system. The energy of transla-

tional motion of such beams changes over into the energy of oscilla-

tions that propagate along the system. The instability against longi-

tudinal oscillations (space charge waves) has been well investigated

and is used to amplify microwave frequencies in traveling wave tubes.

It manifests itself in "pure form" either in the case of large trans-

verse electron beam dimensions, when the edge effects are not signifi-

cant and the motion is sufficiently completely described within the

framework of the one-dimensional problem, or else in the case of a

strong magnetic field, when the electrons move only along the magnetic

force lines.

In other cases the transverse motion of the electrons can play an

essential and even the principal role [1, 2] and must be taken into

consideration in the analysis of the question of stability of a system

of electron beams.

Allowance for the transverse motions is the main task of the pres-

ent paper. It will be shown that a system of two beams can lose its

stability not only because of space charge waves, but also because of

interaction between transverse oscillation3 that are due to cyclotron
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rotation of the electrons in the magnetic field (cyclotron waves [2J).

For simplicity we consider hollow coaxial beams (1'ig. 1), thin

enough to make the distribution of the fields over the thickness of

the beam to assume a negligible role. In this case the electron layer

is merely a surface on which the normal component of the electric

field experiences a discontinuity equal to 4wa, where a is the surface

charge density. In addition, it is assumed that the phase velocity

(vf) of the waves propagating in the beam is small compared with the

velocity of light, so that quantities of the order of v./c can be dia-

regarded.

p •Ei •Er

@ 
ar

Fig. 1

2. FUNDMENTAL EQUATIONS

Let us set up the equations that characterize the motion of the

internal beam; the formulas for the external beam are similar.

.We assume that the effect of the Coulomb forces is balanced by

the magnetic forces, so that the distance from the electrons to the

axis remains in the main unchanged. We superimpose on the equilibrium

motion a small perturbation of velocity and of the charge surface den-

sity, symmetrical with respect to the z axis and propagating along the

z axis in the form of a wave eIW IY)

The radial motion of the electrons causes the beam to become

slightly corrugated. Denoting the inclination of the electron layer to

the z axis by the letter -'l (see Fig. 1), we have j
-312-
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where rlI denotes a small deviation of the radius from the equilibrium

value.

By virtue of the relations
dr,.' 8,, *,~
"dt = t d. I.l4,, -- Is,,. (2)

where

", mW-VI,. (3)
vI is the mean velocity of motion of the elec trons of the internal

beam along the z axis and vfr- is the velocity of the radial motion of

the electron, Eq. (1) can be rewritten in the form

t9 f, -5y '-" (4)

The radial and axial components of the electric field experience on.

the electron layer discontinuities equal to 4It 1cos *i and 4coi.sin #i0

respectively. Therefore, denoting by Es and E the variable components
s q

of the electric field in the regions s and q (see Fig. 1), and putting

ao + a.-, we can write in the linear approximation

E4 ('a) - E. (,,) - s-,~. (6)

The field acting on the electrons of the layer (1) will be as-

suumed equal to the arithmetic mean of the fields on both surfaces of

the layer:

E, j f E•, (n,)+ 9, V3)] (7)

As is well known [3], the motion of a particle in an axially symmetrical

system can be treated as motion in the plane (r, z) with potential

. + e (8)
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where P. = mr 2 6 + erA.fc is the generalized momentum, which is a con-

stant of the particle motion in the axially symmetrical system, A6 Is

the azimuthal component of the vector potential, which in this case Is

equal to rH/2, and q is the potential of the electric field. The motion

of the particle in the (r, z) plane is represented by the equations

4 2 Z e E( 9 )
Nk~ + -L (10)

d=' - 4 a

where o), = eg/mc is the cyclotron frequency in the field H. Putting

r = r1 + r1 - and using Relations (2), we obtain for the oscillatory

velocity components the following equations

dt -f= * mz (12)
a•,, _ __,_-" =••

We furthermore obtain from the equation for the conservation of the

number of particles in the beam

* (2. tra) + ± (±rav,) ='0, (13)

and in the linear approximation we get

&I-+V l + aa1s + wl~ 0.(4

Analogous equations can be set up for the external beam:

. (,2- = .(15)

42ES E.2 (-- +, -# (17)vp =----•~.(16)

007 - 0 -M (18)

0Z J@

01_ = ••(

•- ~ +in = O . (0
t + -+ -w "-- - (20)

- 314 -



&* •

3. DISPERSION RELATION

Eliminating the variable components of the velocities and of the

.charged surface densities, we obtain equations for the fields on the

electron layers

Er (.,)-- E,(,) = Q, tEE,(rj + E.(r,)]-

-iQn[E, z•() + E. (,)1. (21)

E., (r,) - E. (r,) = iQar, [E, () + Es (,,). (22)

E,(r,) - E, W = Qi2 [E,(r3) + E,(r )l -

-- QnIE0 (r,)+E4A.rA • (23)E. (rj - E,1r. T2t2tp rV 24)
We use here the notation

IQ" = .W(26)

Q=2 - (27)

Q= -(28)

(29)

I- '(30)

The electric fields in regions s, _, and p must satisfy the Laplace

equation. It is obvious that in the case of slow waves (y > c.,/c) the

dependence of the potential 9_ on the radius will be represented by

linear combinations of modified Bessel functions:

A,_ ---;!=.r,) + BK, (-.r) (31)

? Clo (ý,) +- DK ( ,r, (32)

.r) +- FK ( -.4,. (33)

Frcm the requirement that the fields be bounded on the system axis and

at a considerable distance from the axis, we find that the ccefficients
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B and E must vanish. The remaining four coefficients are determined

from the four equations (21-24), which represent the boundary condi-

tions on the electron layers. The problem reduces to a system of homo-

geneous equations for A, C, D, and F.

Equating the system determinant to zero, we obtain the dispersion

relation for the oscillations under consideration:

- + Q, I10 (-sr) K, (-'r) - 1 (:r,) K. (ft')I +

.+ +_,.(Y,',) Q21 - Y-...Q I . (Y..)

--- + .,l.(•=)K.(, -, (.,'r2) K.(ft!r2
K ir2) KO ('tr2) Q, +

2Q Ko ('r.,) 10 (:'r) +" 2":r2 O,1., (rv2) K, (-tr,) - IQ (34)
"*+ Q224 (Yr,)- V,.AA (-.-J•

4. CASE OF SMALL WAVELENGTH

In the general case the motion Is quite complicated. However, un-

der certain conditions it can be resolved into longitudinal and trans-

verse oscillations in the first and second beams, after which the mo-

tion pattern becomes Immediately clear.

We can consider the "partial" oscillations separately, and then

take into account the connection between them and investigate the os-

cillations of the coupled systems. We shall be interested here in the

appearance of growing solutions.

A weak coupling between oscillations of different types can be

ensured by the following conditions:

(35)

(36)
¥(r,-r=•--' l.(37)

They are equivalent to requiring that the wavelengths in the beams be

small ccrnpared with the differences in the radii of the first and sec-
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ond beam. Using the asymptotic expressions for Bessel functions of

large arguments, we now wri.te down the dispersion equation (34) in the

form

[ci ~'an) ( - ai)-*r 2Q2 2) (I-Q 22)---

=z a(Q21 -TjIQuI) (Q" - Q12)O (38)

where

a- (39)

In the limiting case of weak coupling, a vanishes and Eq. (38) breaks

up into two independent dispersion relations for the waves in the

first and second beams. Let us consider one of these equations

(I - Q2,) 0 -- Yr.Qnn =. (40)

If its right half is small ('yr >> 1), it also breaks up into two in-

dependent equations

I -Q*I -0 (41)

and

1- 0~= (42)

or

,-- 0o (43)

and

(to 2- 0.(44)

Equation (43) pertains to space charge oscillations, while (44) per-

tains to cyclotron waves connected with the cyclotron rotation of the

electrons. From these equations it follows that
+ (45)

T,.2 -1•_ + -- ,-.--,-- -- YT1.2 ,+v-'-y-- +4v,4

and""

+J4+ II +
V, 2v,' v (46)
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We see that the propagation constants are always real, therefore, as

expected, the beams are stable against these oscillations.

An account of the coupling between the space charge waves and

the cyclotron waves in one and the same beam likewise fails to lead to

growing solutions.

Going over to the coupling between oscillations in different

beams, let Us retain in Eq. (38) the term with a, and let us leave out

in the square brackets the small terms that characterize the coupling

between oscillations in one and the same beam. As a result, the dis-

persion relation assumes the simple form
z(Q --Tr.Qa') (Q2--TrQ7) (

(I -- TrQ,) (I - Q21) (I 0r2Q,,) (0 -Q22) (17)

In the case of small coupling, a << I and the last equation Is satis-

fied only when the denominator of the left half approaches zero.

The vanishing of any of the brackets, as we have seen, does not

lead to growing solutions. Let us assume that two brackets pertaining

to different beams approach zero simultaneously. This can correspond

either to the well-known coupling between space charge waves in two

beams, or the coupling of the cyclotron oscillations with each other,

or finally to the coupling of space charge waves in one beam with cy-

clotron oscillations in the other beam. An analysis of all the fore-

going cases can be carried out following a single plan.

We consider the last case.

We assume that the following equations are approximately satis-

fied

, -, , = 0 . ( 4 8 )
T-r 2Q12 ,=0. (49)

and that their roots are

"+ (50)2"' v, + - 4R
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f0

i0

and

T. - ,-- , +, (51)

The first index assigns 7 to the internal or to the external beam,

while the indices i and j assume values 1 and 3 or2 and 4, depending

on whether the radical is taken with the plus or with the minus sign.
"*0

Dispersion Equation (47) becomes particularly simple if (48) and

(49) are satisfied:

, ,(52)

Its roots should differ little from the roots of Eqs. (48) and (49),

and we can put

T iT,(, +xia) =Tj(l + x12). (53.)

where x, and x2 are the coefficients in the expansion of y in powers

of the small parameter a.

Substituting (53) in (52) and eliminating x2 , we obtain the fol-

lowing expression for xl:

LI + ,- + W ., . (54)

where

M = w1;•r:"(55)4 (2 12. + •-'1"2) ((20, + -72)

An Imaginary component appears in the expression for xl, and conse-

quently in the expression for y, if

I- T-ri 4L i Tv (56

This inequality can be fulfilled only when M is positive, something

that can be assured by choosing identical signs, either plus or minus,

In Expressions (50) and (51), i.e., by choosing the indices (i = (,

a = 3) or (I = 2, j = 4) for the coupled oscillations.

Thus, If the equalities y11 = (23 or ^12 ^(24 are approximately
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satisfied, instability sets In; the boundaries of the instability re-

gions are determined by the equations

or

TV

Let us consider in greater detail the particular case, when the elec-

trons of one-of the beams are on the average at rest (v 2 = 0). These

may be electrons of an annular plasma layer, so that we are dealing-

essentially with excitation of plasma oscillations by a beam. Along

with the well-investigated mechanism of excitation of space charge den-

sity waves (4], another mechanism may also be in operation, connected

with the transverse motion of the plasma layer electrons. Small oscil-

lations of beam density give rise to in-phase cyclotron rotation of

the plasma electrons, which in turn intensifies the space charge os-

cillations of the beam.

The equation of the cyclotron oscillations will in this case be

2- (59)

and consequently

- -2.4 (60)

The instability, as in the general case, occurs upon appearance of im-

aginary roots of Eq. (54), in which the quantity M is now equal to

M" . (61)

The condition M > 0 determines the choice of I = 2, i.e., the choice

of a minus sign in front of the radical in (50).

The boundaries of the instability region are given by Relation

(58). The equation
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2z~ "+~ (62)

determines the frequency near which the oscillations will be taken

into account; in the case of low charge densities, it is close to the

cyclotron frequency •H

5. CASE OF LARGE WAVELENGTH AND LOW DENSITM

We analyze in similar fashion the case when the wavelengths in

the plasma are large compared with the radii of the beams:

g',CI. (63)

The dispersion equation has .in'this case the form

a__ 4MWr I.
x +.--!+( ' )+ - - -

where
S= 1.12

In order to consider the oscillations that are possible in one beam,

we put w2 = 0, and then (64) reduces to

+ !F2, (Q2- W-4) + (,6 =5)
Tri I I- 4921(21- 24)

Assuming the frequency w to be small, we can discard the last term in

(65):

-,,, a -r,(Q _,w ) - = o.- (66) 1
Because of the smallness of wl, the roots of Eq. (66) will be close to

the roots of the equations C.

fe. 0 (67)
and

el - g 0.(68)
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Ir (67) is approximately satisfied, we obtain from (66)

:Fri + R,=0 (69)

and

VA -- x Wr A-,(70)

on the other hand, if (68) is approximately satisfied, we get

S(, 71)

and

* b,4±• n,+ . (72)

We have obtained dispersion relations for the space charge waves

and for the cyclotron waves in a single beam. Let us now take into ac-

count the coupling between them. In the dispersion relation (64) the

coupling between the waves of the first beam is represented by a term

with a, that in the second beam by a term with w2, and the coupling

between oscillations In the first and the second beam is represented
2 2Atowcag

by the right half of (64), which is proportional to w 2iw. At low charge

densities, the coupling terms are significant only if two quantities

of the form or (~ y ) vanish simultaneously. In other words, the

coupling comes into play only when the propagation constants of the

two waves approximately coincide (this follows also from the general

theory of interacting waves, developed by J.R. Pierce [5] in 1954). -C

The coupling between oscillations in one and the same beam cannot be

appreciable, since Eqs. (68) and (69) cannot be satisfied simultane-.

ously. The coupling between the space charge waves In two beams has
been well investigated (travelirg wave tubes with interacting electron

beams). We shall consider the interaction between the space charge

wave in the first (internal beam) and the cyclotron wave in the second

beam. It Is realized if one of the equaticns
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is satisfied, i.e., when

(73)

If the external beam is stationary (v 2 .= 0), Eq. (73) goes over into

In order to find the boundaries of the instability region, let us re-

turn to Eq. (641) and put in it'v 2 = 0. It has a solution that is slmul-
2 2taneously close to the roots of the equations 1 = 0 and f- c= 0

in the form
-Wu +Pr,- ±((WO, +Pr,)20-2(U12-,.) (75)

r__ 2

where

2r, Wit

The instability region is determined by the equation

or

V.2 o;T 2 Is"(y6)

With decreasing charge density, the instability region contracts

toward the frequency (71). Thus, the system comprising a beam and a

plasma layer can support oscillations at a frequency close to cyclo-

tron frequency.

In conclusion, the author expresses his sincere gratitude to Pro-

fessor K.D. Sinel'nikov for continuous interest in the work.
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CHERENKOV GENERATION OF HYDROMAGNETIC AND MAGNETIC SOUND WAVES
IN LOW-DENSITY ANISOTROPIC PLASMA

N.L. Tsintsadze, A.D. Pataraya
Tbilisi

6

We consider the excitation of hydromagnetic and magnetic sound

waves in a low-density anisotropic plasma, resulting from the motion

of current loops at high velocities.

If the low-density plasma is in a strong magnetic field and the

mean free path of the particles is considerably larger than the char-

acteristic dimensions, then the pressure in it will generally speaking

be anisotropic [1-3].

The propagation of hydromagnetic and magnetic sound waves in a

plasma with anisotropic pressure was investigated in the linear approx-

imation in References [2,'3].

The present work is devoted to an analysis of Cherenkov generation

of hydromagnetic and magnetic sound waves in an anisotropic plasma.

Expressions are obtained for the power of Cherenkov radiation

from moving sources. The wave sources are assumed to be current loops

and a charged filament, moving at high velocities.

In the present work we use the equations of Chew, Goldberger, and

Low [1]. These equations, however, which are analogous to the magneto-

hydrodynamic system of equations, are valid only for a plasma moving

transverse to the magnetic field.

We have used these equations in the analysis of the excitation of

waves in an anisotropic plasma with the aid of a charge filament and
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current carrying loops, moving both transversely to and along the mag-

netic field. The authors do not claim that the results are rigorous in

the case when the motion of the loops in the plasma coincides with the

direction of the magnetic field, although they would be exact were the

plasma to be replaced by a conducting liquid.

Of particular interest is the case when the motion of a charged

filament transversely to the magnetic field through an anisotropic

plasma is considered. The main difference from the case of an isotropic

plasma is the existence in the anisotropic plasma of strong excitations

of hydromagnetic waves. This effect is brought about by the occurrence

of anisotropic Alfven waves in the region under consideration.

An analogous problem for an isotropic plasma, in the case when

the current loop moves along an external magnetic field, was considered

by A.I. Morozov [4]. Those results which we have obtained for the mo-

tion of loops along the magnetic field agree qualitatively with the re-

sults of A.I. Morozov.

We consider a plasma situated in a strong homogeneous magnetic

field H0 directed along the Z axis. In the presence of external cur-

rents Jo, the motion of the plasma is determined by the following mag-

netohydrodynamic equations (1, 2]:

tC

-b-

4+i ~ p ' =. d h7 H = O?)_ d (iH
o _ * ; d
+div (p)o = 0. div'H =0 d -0. =0,

- - .a~ - LO • J
where p1 , p0 are the transverse and longitudinal pressures, respec-

tively, i is the magnetic field, 7 and p are the velocity and density

of the plasma, and T is the density of the current flowing in the medium.
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It is assumed here that vo/c << 1, where v= Hr/i/3 , and c is

the velocity of light.

The system of equations (1) can be linearized If JOis small.

Solving the linearized system of equations without an external current,

and assuming that the dependence of the alternating components on the

coordinates and on the time has the form const / e"; - w~t)dkid4, we

obtain the dispersion equation for the waves in a low-density aniso-

tropic plasma in the presence of a- strong field:

a,- 42v2+ e,(I +2cos') + sin2' 2.L +

+COS2#{3Sf Iv + sin2ae. +Se cos, SLsWn'). (2)

k = kX + gq4 + Oz V + V- S is the Alfven velocity, and

S1 =vpo;0/PO S = 4 po|/PO are the transverse and longitudinal vel-

ocities of sound, respectively, pOjs pO0 are the equilibrium trans-

verse and longitudinal pressures, pO is the equilibrium plasma density,

and 0 is the angle between the direction of propagation of the wave

and the magnetic field.

This equation has three different solutions, corresponding to

three different types of waves capable of propagating in a low-density

anisotropic plasma. The first factor corresponds to "hydromagnetic"

waves, and the second to magnetic sound waves. The phase velocities of

the "hydromagnetic" and magnetic sound w.aves are, respectively,

V6. = VACOS', (3)

V3.. 5.6.=4+'_,< Vi. + S?.sin2, + S2 [I +2cos, I+

+<VA+ ssiia.+set[ + 2cos •1$--
-4cor{3-.13S2 [ V,2+ (S2 + s. sin?'ai - si> ' (4)

From (2) and (3) follow the conditions for the stabillty of the

anisotropic plasma:

V2>, 0.(5)
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which should be satisfied simultaneously (2, 3].

We now proceed to consider the generation of hydromagnetic waves.

We consider the generation of hydromagnetic waves with an infin-

itesimally thin charged filament moving~in an unbounded anisotropic

plasma perpendicular to the magnetic field. Assume that the charged

infinite filament moves with a velocity u along the Z axis, and then

the current density is equal to

10 qua (yf) a (z - U4)

The power of the Cherenkov radiation from the filament can be de-

termined by the formula

where we made use of the relation

Linearizing the system of equations (1) we obtain vx. Substituting

vx in (7), we get

j2quHo -1 d20 (8)

=0 " v<o .

The system of equations (1) is obtained under the assumption

max << eH/mc, so that cn,,x is bounded from above.

It is important to nzote that V2 has a different meaning for an
A

isotropic plasma, vo = o, and an anisotropic plasma, V = +

+ V2O S2. Consequently, only in the anisotropic case as A - 0 does a

2 A

strong excitation of hyd.'omagnetic waves occur.

In addition, excitL;ions of magnetic sound waves were considered

in (5]. Three cases were investigated:
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1) excitation of a magnetic sound wave with the aid of a charged

current-carrying filament moving along a constant magnetic field with

velocity u;

2) in view of the fact that the plasma occupies the half space,

the magnetic sound wave is excited by a straight loop moving along the

surface of the plasma;

3) the generation of magnetic sound waves in a cylindrical plasma

pinch is considered for the case of a moving annular current coaxial

with the plasma cylinder.
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EFFECT OF FLUCTUATING MICROFIELDS ON MULTIPLE COLLISIONS
IN A GAS OF CHARGED (OR GRAVITATING) PARTICLES

V.I. Kogan
Moscow

4

The questions considered .of the influence of fluctuating micro-

fields on niultiple collisions in a gas of charged (or gravitating)

particles, aimed at clarifying the following: a) the relation between

the.multiple and pair collisions; b) the structure of the "Coulomb

logarithm." Using some typical problems in the theory of multiple col-

lisions as examples, it is shown that the Joint action of many field

particles on the trial particle does not change the fundamental "binary"

character of the collisions; however, the role of the maximum cutoff

length in the Coulomb logarithm can be played (depending on the char-

acter of the problem) not only by the dimension of the system and the

Debye screening radius, but also by the longitudinal range of the

trial particle. In other words, multiple Coulomb (or Newton) scatter-

ing does not always have a strictly diffuse character. This nondiffu-

sion, brought about by far order correlations, is essential for systems

of the space charge or stellar cluster type. For a quasineutral plasma,

it leads only to a certain correction (-10%) to the transport coeffi-

cients.
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KI1eTIC AI:ALYSIS OF THE STRUCTURE OF THE

BOUNDARY OF A PLASMA Il A MAGNETIC FIELD

A.I. Morozov, L.S. Solov'yev

Moscow

Neglecting collisions, dLifferent versions of the transition layer

between a plasma and a magnetic field are calculated.

Three basic cases are considered in the paper:

a) plasma interface with and without field;

b) interface in the presence of a field in all of space;

c) structure of plasma layers whose width is of the order of the

Larmor radius.

The results obtained in the first part are generalizations of the

well-known Chapman-Ferraro theory.

STRUCTURE OF TRANSITION LAYER BETWEEN

A PLASMA AND A MAGNETIC FIELD

V.P. ShabanskLy
Moscow

The magnetohydrodynamic equations do not make it possible to de-

termine the structure of the transition layer between regions occupied

by a plasma on the one hand and by a magnetic field on the other. Yet

a knowledge of the structure of this layer is important for problems

in which one considers questions of the confinement of a plasma by a

magnetic field and questions of stability.

The character of motion of the electrons and ions and the depth

of penetration of the magnetic field in the plasma are similar in such

a problem to the behavior of the electrons and Ions in the surface

layer of a plasmoid reflected from a magnetic wall.
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Consequently, from the mathematical point of view, the problems

are equivalent to a certain degree of approximation.

The paper considers first the character of.motion of electrons

and ions in the case of reflection by a magnetic wall of a neutral

plasmoid of sufficiently low density to be able to neglect the Influ-

ence of the magnetic field of the surface currents themselves, and in-

cident with sufficiently low velocity to be able to neglect the polar-

ization effect.

A similar problem is then solved more rigorously. The motion of.

the electrons and the ions is described by means of the equations of

mechanics for individual particles in self-consistent fields. In this

approach we neglect the dispersion in the absolute magnitudes of the

velocities and in the directions of the plasma particles. This formula-

tion yields a better approximation for the problem involving an incom-

ing plasmoid, than for the problem involving the confinement of a hot

plasma, but even in the second problem the qualitative results should

not differ greatly from the results expected in the rigorous approach

with the aid of the kinetic equation. It is shown that when the incom-

ing beam has sufficiently low velocity, so that the energy of the in-
2cident protons is less than mc2 (where n is the electron mass), the d

entire longitudinal energy of the protons goes over into transverse

electron energy at the instant of reflection. At greater velocities,

the polarization effect becomes appreciable and changes the conditions

of the redistribution of the energy between the electrons and the ions

in a way as to decrease the energy transfer from the ions to the elec-

trons. The thickness of the layer and the character of the variation

of the magnetic field and of the electron and ion velocities in the

layer are determined, and an expression is obtained for the surface

current. The layer in a collision-free plasma turns out to be so thin
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that the orbital theory does not apply to it.

EFFECT OF EXTERNAL MIAGITIC FIEL
ON THE BOUNDARY LAYER IN A FLASMA

E.I. Andriankin, Yu. S. Sayasov

Moscow

The influence of an external magnetic field on an incompressible

laminar boundary layer in a plasma with finite temperature-dependent

conductivity was investigated.

It is shown that under certain simplifying assumptions, depending

on the temperature difference AT between the incoming gas and the sur-

face walls, two streaming modes are possible:

1) at sufficiently small AT, the friction Tj on the surface in-

creases monotonically with increasing H, following approximately the

linear law ii - H as H- (H is the component of the magnetic field

perpendicular to the velocity of the inccming stream);

2) if AT is sufficiently large, then the friction decreases with

increasing H and detachment of the boundary layer occurs at a certain

critical value of H.
Results of numerical calculations of the dependence I = j(H) are

presented for a wide range of variation of H for two examples, pertain-

ing to cases 1 and 2, respectively.
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MOTION OF VISCOUS PLA.L-A 'IN A MAGNETIC FIELD

FOR ARBITRARY w.

A.I.-Gubanov, Yu.P. Lun'ktn

Leningrad

1. An exact comparison is made of the equations of the one-liquid

and twQo-liquid approximation in the theory of vis•ous plasma. It Is

shown that the usually employed equations p = Zps; 7r k = 7sjk." etc.,

where ps and Wisk are the partial pressure and the viscous stress ten-

sor of the individual mixture components, hold true only with accuracy

to the first degree of the current.

2. Expressions are obtained for the viscous stress tensor and for

the heat flux of a completely ionized plasma in the one-liquid approx-

Imation for arbitrary wr, both In a special system of coordinates (mag-

netic field along the z axis) and in an arbitrary Cartesian coordinate

system.

3. The equations of motion and heat flux are derived for the

plasma and are expressed in terms of the components of the current vel-

ocity and the temperature gradient. The equations are written out in

both the special and in the arbitrary coordinate systems. Unlike or-

dinary hydrodynamics, which holds true when wT << 1, the Hall effect

Is taken into account here, as is the dependence of the viscosity and

heat conduction on the magnetic field.

4. The equations obtained are solved in the simplest case of

Couette flow of an incompressible liquid, which is also of practical

interest, inasmuch as it approximately describes the laminar boundary

layer.

Different directions of the external magnetic field are considered.

In the first approximation the induced magnetic field is neglected.

5. In the case of an external magnetic field perpendicular to the
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plates, the velocity profile, the current components, and the induced

magnetic field components are calculated. A specific effect of arbit-

rary wT is the motion of the plasma in a direction perpendicular to

the velocity ux of the moving plate, i.e., v 4 0, and also the occur-

rence of a space charge, the current 3x' and the induced magnetic

field Hy.

6. The case of a magnetic field oriented in the plane of the

plates, the velocity profile is linear, as in the absence of a magnetic

field, but a decrease in viscous friction occurs with increasing mag-

netic field.

7. The case of arbitrary direction of the external magnetic field

is also considered.

MAGNETIC "WRINGING" OF FREE-MOLECULE PLASMA CURRENT

V.N. Zhigulev

Moscow

The problem is considered of the interaction between a magnetic

field and a free-molecule plasma current incident on it; this problem

leads to a study of the behavior of the plasma and of the magnetic

field in the "return" layer. The problem of Interaction is formulated

for the case when the thickness of the "return" layer is small corn-

pared with the characteristic dlmenesion of the interaction. By way of

an example, the problem of the flow of the corpuscular streams of the

sun around the earth's magnetic dipole is considered with the corpus-

cular stream regarded as free-molecular.
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STABILITY OF PLANE POISEUILLE FLOW OF A PL-ASMA WITH

FINITE CONDUCTI1ITY IN A MAGIETIC FIELD

Yu.A. Tarasov
Moscow

We consider the stability of plasma flow in longitudinal and

transverse magnetic fields against infinitesimally small perturbations,

for magnetic Reynolds numbers RF - 1. This case includes the region of

large velocities and of temperatures on the order of 5000-10,000 0 .

A differential equation of sixth order for the z-component of the

perturbations of the magnetic field is. solved for the longitudinal mag-

netic field. Four nonviscous and two viscous solutions are obtained.

The three symmetrical solutions obtained in this manner are substituted

in the boundary conditions. A series of neutral curves is obtained for

several values of Rm. In order to fix the values of the Alfven number

A, the curves are closed on the side of the large Reynolds numbers R,

and for a certain value Akr they contract to a point, i.e., there are

no instabilities upon further increase in the Alfven number. The de-

pendence of Akr on Rm is plotted and the curve shows that as Rm changes

from about 3-4 to infinity, the value of Akr changes little (from 0.17

to 0.1).

For flow in a transverse magnetic field, it is shown that the re-

sults obtained by Lock for values Rm << 1 can be extrapolated to the

region of values RM - 1.

The paper was published in ZhETF, 37, 6(12), 1708, 1959.
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fIlU3STIGATION OF THE STABILITY OF A PLASM4A WITH
TAE AID OF THE GEnERALIZED ENERGY PRINCIPLE

V.F. Aleksin, V.I.-Yashin

inar 'kov

Using the generalized energy principle, account is taken of the

fact that the plasma has a neutral charge under the assumption that

the magnetic field is constant along the force line.

Stability criteria are obtained for a plasma with an anisotropic

distribution of particle velocities, the plasma being situated in a

magnetic field with cylindrical symmatry. Cases of longitudinAl and

azimuthal magnetic fields are considered.

The work was published in ZhET?, 39, 822, 1960.

SOME PROBLEMS IN THE MAGNETOHYDRODYNAMIC STABILITY
OF A THIN ANNULAR PINCH

Yu. V. Vandakurov
Leningrad

The stability is considered of a thin annular pinch without active

resistance, against long-wave perturbations (long wave comparable with

the length of the torus). It is assumed that there are no volume cur-

rents in the stationary state and that there is no ideally conducting

Jacket.

It is shown that the most difficult to stabilize are perturbations

with wavelength that is several times smaller than the length of the

torus. The conditions for the stabilization of certain types of per-

turbations are mutually contradictory.

Part of the paper was published in ZhTF, XXX, 6, 711, 1960; 7,

781, 1960.
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IUISTABILITY OF ELE CTRUC-LG NETIC WAVES
III A SYSTEM OF IUrEPPENETRATING PIASMAS

A.A. Rukhadze

Moscow

The investigation covered electromagnetic oscillations in a sys-

Jem of interpenetrating plasmas. Both high-frequency and low-frequency

(hydrodynamic) oscillations are considered. Instability criteria are

obtained for oscillations in the system, and the corresponding expres-

sions are obtained for the wave buildup increments.

PROPAGATION OF ELECTROMAGNETIC WAVES IN
A HALF SPACE FILLED WITH PLASMA

Yu.N. Dnestrovskiy, D.P. Kostomarov

Moscow

Electromagnetic waves are considered in a half space filled with

a magnetoactive plasma, propagating transversely to the magnetic field.

It is assumed that the plasma is contained by a stationary magnetic

field I, and the structure of this field is investigated for the case

when the ratio of the pressure to the magnetic field pressure is low.

It is shown that the electromagnetic wave with electric vector parallel

to the stationary magnetic field 7, has at large distances from the

plasma boundary the form of a plane wave with a propagation constant

determined by the dispersion relation for an unbounded plasma. The co-

efficients of reflection and transmission are calculated for a plane

wave incident from vacuum on the plasma.

The paper was published in ZhETF, 39, 3(9), 845, 1960.
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"SO•E SIIIGULARITIES OF TRAIISVERSE PROPAGATION OF ELECTRC1.MAG-ETIC WAVES
3I A PLASMA SITUATED IN A CONSTAIM MAGNETIC FIELD

B.N. Gershman
Gor'kiy

In 1951 Gross established interesting singularities in the be-

havior of plasma waves in a plasma situated in a constant magnetic

field i0 and for waves propagating in a direction transverse to the

field 110, on the basis of the kinetic theory he developed for the

propagation of electromagnetic waves in a plasma. These singularities

consisted of the appearance of narrow frequency regions (Gross' "gaps"),

in which the propagation was impossible. These regions arise in the

vicinity of the gyroresonant frequencies, and their width decreases

with increasing number of the resonance.

It is shown that if a nonrelativistic analysis is used, then the

"gaps" arise not only for plasma waves, but also for the ordinary and

extraordinary waves. It is particularly simple to study the structure

of forbidden regions for ordinary waves, where the "gaps" arising

starting with the first gyroresonance (w = w., where w is the frequency

of the wave and N is the gyrofrequency of the electrons), and subse-

quently occur at the resonances w- 2cH, 30., etc.

It is further shown that if collisions are taken into account,

and also in the case of deviations, sometimes rather small, from the

direction of propagation perpendicular to t, the "gaps" may disappear.

The latter is most probably due to the high gyroresonances.

However, the most essential factor for a final solution of the

problem of the reality of the Gross "gaps" is an inclusion of the rela-

tivistic effects. An analysis carried out with account of the variation

of the relativistic Doppler effect shows that for a strictly transverse

propagation one can speak of noticeable charnes in the behavior of tr.
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waves, which at the same time have no direct correspondence with Gross'

conclusions, for a plasma wave at w = 3c,, for the extraordinary wave

at w-- 2wH, and for the ordinary wave at w = wH. Accordingly, for each

of the types of the waves no noticeable. singularities whatever occur

for resonances whose order Is higher than the one indicated. For plasma

waves at w-= wH the propagation is impossible, and the forbidden re-

gion arising at co will not have the character of a narrow "gap."

For the extraordinary wave at w =ý , no essential singularities arise

in the transverse case.
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TENDENCY OF COMPRESSION WAVES TO "TUMBLE" AND LOSE THEIR

ISENITROPIC NAT77RE IN THE ABSENCE OF COLLISIONS BETWEEN

THE PARTICLES OF THE PLASMA MEDIUM

V.A. Belokon'

Moscow

It can be shown that under conditions encountered both in experi-

mental setups and in nature (stellar atmospheres, etc.), the collisions

cease to influence noticeably the change in the entropy of the medium,

so that the hydrodynamic equations can be written for a collision-free

plasma in the Isentropic form [1]. This vanishing of the "traditional"

dissipative factors of the viscosity type leads to a formal (within

the framework of the hydrodynamic equations, which are maintained in

this case) paradox, for nothing prevents the compression wave from

"tumbling" or even "billowing over." Although the absurdity of the lat-

ter follows from obvious considerations, i.e., any dissipation should

hinder the "tumbling" from pure retrospective considerations, it is

important to derive more rigorous arguments in favor of the hindrance

of the "tumbling" of the waves. So far only particular arguments were

advanced, for example, that the width of the wave cannot be smaller

than the Debye length, etc. A similar theory was developed by Kantro-

witz and Petschek, where it is shown that under definite conditions

the width of the transition is determined by the mean free path of the

magnetohydrodynamic perturbations, which is much smaller than the mean

free path of the particles of the medium, by virtue of which the en- F
tropy starts increasing when the wave becomes very steep and the tumb-_

ling stops. Yet the solution of the problem should in principle be more f
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general and turns out to be simpler, independent of the special condi-

tions, and arguments can be advanced which are valid also outside mag-

netohydrodynamics.

I. Inasmuch as a situation can be encountered in general, wherein

the equations of motion can be recast in hydrodynamic form, and the

nature of the dissipative factors is not clear, it is-useful to turn

to the most fundamental laws, which are more general than any dissipa-

tion law in terms of viscosity, etc. Such a law is.the Heisenberg un-

certainty principle, which has a direct bearing to entropy.

The uncertainty principle yields the absolutely possible minimum

of transition time of a medium particle through the front of the wave

(with the entropy of the medium zero everywhere):

since the information that the medium element, being adiabatically com-

pressed, has acquired a different internal energy is compatible only

with the condition that the change in energy AE is much larger than

the uncertainty in the energy 6E, and the uncertainty in time 6t asso-

ciated with that uncertainty is much smaller than the time T of the

transition process, or else the transition time loses its physical

meaning. It can be shown that in case of a finite initial entropy of

the medium, the absolute lower limit of the transition tine of the

medium particle in a state with a different (specified) energy in-

creases exceedingly rapidly with increase in the specified initial en-

tropy of the medium.

Thus, when the front of a ccnpression wave that tends to topple

over becomes sufficiently narrow, then in spite of the fact that the

isentropic solution tends to form a "billowing over," i.e., to become

multiple valued, the fundamental uncertainty principle goes into opera-
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tion, so that further decrease in the width of the front, i.e., a re-

duction in the time of transition from one specified state to another,

would lead to an uncertainty in the energy that the particle of the

medium would acquire ultimately, i.e., to a physically sensible mul-

tiple valuedness, in contradiction to the "absurd" multiple valuedness

obtained by formal solution of the isentropic (or other) hydrodynamic

equations. In other words, information concerning a sufficiently rapid

transition of the medium particle from one energy state to another is

incompatible with information that this transition occurs .isentropi-

cally, in splendid agreement with the theory of fast adiabatic proc-

esses at which the entropy increases (2].

II. Ir we make the very general assumption that excitations that

in the limit are photons can exist in the plasma (this is quite likely

if the plasma is regarded as an aggregate of Faraday force filaments

which are loaded with masses), then the first Law of thermodynamics,

in the particular case of a plasma which is sufficiently cold that the

medium makes no contribution whatever to the thermodynamic functions,

is written in the form

and from the statistical procedure for deriving this law it is even

seen for states close to thermodynamic equilibrium that T is the tem-

perature of the plasma "excitation gas" which can in the particular

case be Identified with the "avcon" gas, the hypothesis of which was

advanced by the theoretical group of the Avco firm (Kantrowitz,

Petschek). In the case of "frozen-in" force lines in the medium, we

have

ýSS= (3<ll2V>+<H2>8V)., # <H>I<JHV>14.•--O,

i.e., the entropy of the plasma can change also when the medium does

not play any role.
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If the r.edium does make an appreciable contribution to the thermo-

dynamics of the plasma, then the aforementioned factor of energy change

nevertheless remains and this factor is the only observable one when

the dissipation via collisions becomes too slow under the given condi-

tions.

This result can be regarded as a somewhat generalized interpreta-

tion of the work of the theoretical group of the Avco company, carried

out from the point of view of fundamental simple laws of statistical

thermodynamics.

REFERENCES

I. Pechek. Kosmicheskaya gaodinamika [Cosmic Gas Dynamics], Izd-vo

Inostr. lit. [Foreign literature Press], 1960 (report); report

at Upsala, 1959.

2. R.C. Tolman. Principles of Statistical Mechanics. Oxford, 1938.

344-

•0



OSCILLATIONS OF AN flHOMOGENEOUS PLASMA

L.I. Rudakov
Moscow

The kinetic equation is used to consider the problem of the damp-

ing and buildup of magnetohydrodynamic waves in an inhomogeneous plasma

in a magnetic field.

The main contents of the work was published in ZhETF, 37, 5(11),

1337, 1959.

PLASMA OSCILLATIONS BETWEEN TWO ELECTRODES
S.V. Iordanskiy

Moscow

The problem is considered of the excitation of electronic one-

dimensional oscillations in a plasma when a beam of electrons is passed

between two electrodes that have a specified negative potential rela-

tive to the plasma. The plasma and beam electrodes are assumed cold

and the hydrodynamic approximation is used. The solution of the linear-

ized equations with allowance of suitable boundary conditions on the

electrodes and on the boundaries of the ion layers shows that an in-

finite number of oscillations that increase exponentially in time arises,

with frequencies located near the plasma frequency. The formulas ob-

tained for the case of low beam intensity and for large distance be-

tween electrodes show that the dependence of the frequency of the os-

cillation with the largest increment on the plasma frequency has a
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steplike character, and that the maxLmunm increment is obtained when

the oscillation frequency is exactly equal to the plasma frequency.

These results agree qualitatively with the experiments of Looney and

Brown [i], which were carried out at high beam intensities.
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NONLINEAR LANGOJIR OSCILLATIONS OF IONS IN A PLASMA

M.V. Konyukov

Moscow

Nonlinear oscillations of a one-dimensional plasma are considered

in the quasihydrodynamic approximation.

In addition to the already considered nonlinear electron oscilla-

tions, nonlinear ion oscillations in the plasma are investigated.

The solution is presented for two cases:

a) localized oscillations of the ions with the frequency, arising

in the plasma at infinite electron temperature;

b) electroacoustic waves, existing at finite electron temperatures.

In the first case, an exact solution can be found.

In the second case, the solution is obtained in quadratures; the

dependence of the period on the plasma parameters and on the initial

conditions Is obtained, and the region of existence of nonlinear elec-

troacoustic waves is also established.

The paper was published in ZhETF, 37, 3(9), 799, 1959.
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TRANSITION RADIATION OF A CHARGE

ON THE FROIM OF A SHOCK WAVE

L.S. Bogdankevich, B.M. Bolotovskiy, A.A. Rukdhadze

Moscow

The problem is solved of transition radiation of a fast charged

particle passing through the front of a strong shock wave which ionizes

the medium. Formulas are obtained for the energy loss of the particle

under different assumptions concerning the properties of the media

ahead of and behind the wave front.

CYCLOTRON RADIATION OF A PLASMA

V.I. Pakhomov, K.N. Stepanov
Moscow

The radiation of an electron moving along a helix In a plasma

situated in a magnetic field is considered. It is assumed that the

velocity of the electron is of the order of the mean thermal velocity

of the plasma electrons.

The angular distribution of the radiation intensity is obtained

for different harmonics. Losses to cyclotron radiation from a bounded

plasma are estimated.

The paper was published in ZhETF, 38, 5, 1564, 1960.
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EXPERIMENTAL PROBLEMS OF PLAS.MA PHYSICS

BEHAVI6R OF A PLASMA IN STRONG ELECTRIC FIELDS

L.V. Dubovoy, A.G. Ponomarenko, O.M. Shvets

Thar'Ikov

The behavior of a plasma in electric fields with intensities 0.1-

100 v/cm was investigated by high-frequency diagnostic'methods. It was

observed that in discharges with charged particle concentrations 108-

1010 per cubic centimeter for electric field intensities larger than

1-10 v/cm, the effects of the interaction of the ions and electrons in

the plasma cannot be explained by means of the pair collision theory

that takes into account collisions of the type occurring between a

charged particle and a neutral particle (under the experimental condi-

tions the contribution of the Coulomb collisions was negligibly small).

Rapid thermalization of the beams of charged particles in low

pressure discharges (the "Langmuir paradox" (1]), experiments on ohmic

heating of plasma in stellarators, attempts to create a plasma beta-

tron, and an investigation of the feasibility of heating ions by the

cyclotron resonance method [2, 3] disclose"interaction effects between

particles, greatly in excess of those expected from the pair collision

theory.

At the same time, an investigation of an electron plasma in ther-

mal equilibrium [1] shows that the interaction between particles cor-

responds in this case to the theory. Consequently, the "X" mechanism,

which is possible in the Langmuir paradox, etc., should be the result

of the fact that the discharge plasma is not in thermal equilibrium,

which in particular is disturbed by the extensive use of electric
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fields in most modern structures used to investigate discharges.

In connection with the indirect character of the data available

on this problem (the Increased frequency of the collisions that bring

about a reinforced exchange of energy between particles can be Judged

from the increase in the diffusion coefficient of the charged particles

transversely to the magnetic field, from the Maxwellization rate, etc.),

we undertook to determine directly the effective collision frequency

(4] of the electrons and ions in the plasma as a function of the elec-

tric field intensity. The method used for the measurement was the one

previously developed by the author [5] for the determination of the

particle collision frequency in a plasma by measuring the transverse

component of the discharge conductivity in a magnetic field in the re-

gion of cyclotron resonance for the given species of particles........................
* 2

Fig. 1. Setup for measuring the ef-
fective'electron collision fre-
quency in a plasma. 1) ý-cm stand-
ard signal generator; 2) logarith-
mic detector; 3) to oscilloscope.

The main measurements were carried out in discharges, in which

for the case of weak electric fields, which guarantee the smallness of

.the perturbation Av in the particle velocity compared with the thermal

velocity VT, the principal role is played by collisions between charged

particles and neutral ones (a unique model of a high-temperatu.'e

plasma).

A block diagram of the experiments on the determination of the ef-

fective collision frequency of the electrons in the plasma is shown in

Fig. 1.
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Fig. 2. Dependence of effective
collision frequency of the
electrons In a plasma on the
electric field intensity. )I
Gas. 2) ev/cm2 3) veff

A quartz or pyrex discharge bulb was placed between two dielectric

antennas, one of which was connected to a low-power klystron generator
with frequency w, = 9000 megacycles, and the other was connected to

the detector. The electric component of the measuring signal E was orl-

ented perpendicular to the static field HO, produced by an iroi core

magnet. The electronic circuitryamade it possible to measure the loga-

rithm of the ratio of the amplitude of the incident wave of the sound-

Ian signal to the transmitted wave (a quantity proportional to the

plasma conductivity for the case 402 Vef2 < < 1, where w. is the. Lan g-

muir frequency of the plasma and veff Is the effective frequency of

the electron collisions In the discharge), in the region of cyclotron

resonance of the electrons, from which the value of v eff was directly

determined.

A spatially homogeneous electric field E was produced in the

plasma by means of a parallel plate capacitor connected to a 60-mega-

cycle generator. The minimum concentration of the neutral particles In

the experiments (10i141015 per cubic centimeter) was chose n such that

the amplitude of the electron oscillations did not exceed several pcr-

cent of t or smallest dimension of the bulb in the maximum field in
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N ICO v/cm, used in the measurements; this amplitude had a value

V(p)EHA, where g(p) was the mobility of the electrons at a pressure 2,

and w Is the frequency of the field E. This ensured also the conditions

for the penetration of the field E into the plasma (veff/6 >> 1 [6])

in a wide range of variation of the charged particle density in the

discharge.

The obtained dependence of the electron collision frequency in

the plasma on the intensity of the electric field E, oriented parallel

to the magnetic field H0 , is shown in Fig. 2. The same figure shows

the dependence, calculated from [6, 7], of the effective frequency of

the collisions between the electrons and the neutral particles. The

sharp discrepancy between the measured values of Veff and those ex-

pected in fields larger than 20 v/cm offer evidence of appearance of

an additional mechanism whereby the electron energy is dissipated.

Since E > 20 v/cm, the role of the neutral particles in the collision

processes becomes insignificant, and one can expect the obtained de-

pendence to be valid for all values of residual gas pressure. Prelim-

inary measurements confirm the correctness of this assumption.

In connection with the fact that when ERH the plasma density

changes somewhat with variation of E, the dependence of Veff on E

shown in Fig. 2 is apparently exaggerated. Indeed, when EIH,. when dis-

charge conditions could be obtained under which the density, estimated

from the intensity of the light emitted by the discharge and from the

absorption of the sounding signal at the instant of resonance, remain

practically constant over a wide range of variation of E, the depend-

ence vx = Veff(E) for E > 20 v/cm turns out to be close to linear for

E > 20 v/cm (see Fig. 2).

As for the case of electrons, in the investigation of the effective

ion collision frequencies in the plasma, at low electric field inten-
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sity values that perturb little the initial value of the Ion tempera-

ture T., the interaction cross sections obtained were in satisfactory

agreement with the theoretical predictions for the resonant charge ex-

change process [5, 81. However, on going over to field intensities E

sufficient to make the ion energy exceed the mean plasma temperature,

the typical dependence obtained was of the type EOB8E"2, I.e., al-

ways much stronger, In place of the well-investigated increase in fre-

quency of collision between the ions and the neutral particles, pro-

portional to the square root of the field intensity. It is characteris-

tic that in the presence of intrinsic noise in the plasma, which is a

unique indicator of the possibility of the occurrence of instabilities

in the discharge, the exponent of E in the function vx(E) is as a rule

larger than 0.7.

20 *13 e.
0 H

6

4

0? 03 44 Q6 q0 4_

Fig. 3. Dependence of the effec-
tive ion collision frequency in
a plasma on the electric field
intensity. 1) Gas.

Figure 3 shows the measured dependcnce of the ion collision fre-

. quency in an electrodeless discharge on the intensity of the electric

field E, perpendicular to the magnetic field and varying with a fre-

quency equal to the ion cyclotron frequency (the usual measurement

techniques were used [2, 31).
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Curve Iwas obtained for the stecific case of a low-density (IC7

per cubic centimeter) plasma with low level of intrinsic noise, and is

in good agreement with the expected theoretical dependence veff - E0 5 .

However, on going over to larger densities, characterized by a ratio

wb011 < 1, where wI is the Langmuir frequency- of the ions, the de-

pendence of the effective collision frequency (curve JI), which is

most typical for ordinary discharges (relatively high noise level, and

densities 10 9 -10 10 per cubic centimeter), is close to linear for fields

E > I v/cm. It is seen that when E > 0.5 v/cm, a new interaction mech-

anism appears for ions, connected with the presence of the electric

field.

For transverse fields E with frequencies that differ from cyclo-

tron frequency (i <_ w• ) the instant of occurrence of the anomaly is

shifted toward the larger values of the electric field, coinciding

practically with the case of electrons (E - 10-15 v/cm), which ap-

parently is connected with the fact that when the resonance conditions

are satisfied a sufficiently strong anisotropy of the ion velocities

arises at much smaller values of E.

The influence of the longitudinal electric field on the ion col-

lision frequency in the plasma was not investigated, since the pres-

ence of analogous effects are evidenced by experiments on the heating

of plasma by the method of ion cyclotron resonance in stellarators [2].

A comparison of the efficiency with which the high-frequency ion heat-

ing energy is absorbed in this case indicates an anomalously high col-

lision frequency for the ions during the time of existence of the elec-

tric field of the oh~ic heating, compared with the conditions in a de-

caying plasma with the same parameters. One can also attribute to anal-

ogous effects, apparently, the shorter time of plasma confinement in

stellarators in the presence of an ohmic heating field, since an in-
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crease in the collision frequency leads to a direct increase in the

difrusion coefficient.

In conclusion we must note the strong influence of the noise

level in the discharge on the processes of particle interaction in the

plasma. At the same time•, it was observed in many cases that an in-

crease in the electric field intensity in the plasma leads to a clearly

pronounced increase in the noise level.

Unfortunately, the data presently available are not sufficient

for a specific comparison with one of the numerous models considered

In many theoretical papers (9, 10]. One can assume with respect to the

nature of the observed phenomenon that the presence of strong electric

fields in the plasma, contributing to the a.ppearance of directed par-

ticle streams with different velocities for components of different

species, leads to the occurrence of microfluctuations, which increase

the interaction between the particles with subsequent rapid thermaliza-

tion.

One can also assume that for fields larger than 10-20 v/cm, the

instability in discharges of the "runaway electron" type will be

greatly attenuated, and anomalies must appear in the behavior of the

plasma conductivity along with a strong dependence of the diffusion

processes in the charged particles on the intensity of the electric
f

field.

It would be extremely interesting to investigate the behavior of

the quantities v and Vxe as functions of the plasma density and the

magnetic field intensity.

The authors are grateful to Professor K.D. Sinel'nikov for prac- f
tical remarks. t
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SON T-E ROLE OF SPACE CHARGE IN A DISCHARGE WITH
OSCILLATING ELECTRONS IN A MAGNETIC FIELD

M.N. Vasil'yeva, E.M. Reykhrudel'

Moscow

The ignition and development of a discharge at low pressures in a

magnetic field depend eLsentially on the kinetics of the electrons. A

discharge with oscillating electrons in an inhomogeneous electric and

in a constant magnetic field has found use in many devices: manometers,

pumps, ion sources, etc. The arrangement of the electrodes and the di-

rection of the magnetic field are shown in Fig. 1-a. The kinetics of

the electrons in such a discharge, without acrount of space charge,

was considered in many recently published papers [1-3]. At the given

configuration of the electric and magnetic fields, the electrons leav-

Ing different spots on the cathode, and also the electrons formed in

the discharge gap, oscillate in the discharge, forming a negative

space charge. A typical distribution of the potential along the z axis

and along the radius r of the tube in the plane of the anode ring,

without a discharge and in a hot discharge, is showm in Fig. 1-b [4].

It is clear from Fig. 1 that the presence of space charge greatly

changes the potential distribution curves, and consequently also the

character of motion of the electrons in the discharge.

The real potential distribution along the discharge axis z and in

the anode plane rG, taking place in a hot discharge, can be represented

in the form
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(z)= __ d)(''-f+2pz).

2-) (2)

where d is the distance from the cathode to the plane of the anode

ring, p is the value of z at which the distribution curve of the poten-

tial q(z) has a maximum, go is the potential of the center of the tube

(at z = d) in the case when there is no space charge, i.e., p = d, and

the potential distribution along z is given by curve 1 (see Fig. 1),

ra Is the radius of the anode ring, _ is the value of r corresponding

to the minimum of the function ((r), and k is a coefficient with value

k = (ra - 2q)/(ra - q). When p = d and q = 0, the functions T(z) and

9(r) describe the distribution of the potential in the absence of a

discharge (curve I on Fig. 1-b). This case is considered in detail in
[1].

The problem Is solved of the motion of an electron in a longi-

tudinal magnetic field H and in an electric field whose potential dis-

tribution is described by the functions $(z) and 9(r). The equations

of motion for this case have the form

"O=•' (3)
,.€;-•)=e e,6H

ld- •,(4)

M (!(,6). eLrH
, dt _ - - (5)

From (1) and (3), under the initial conditions t = 0, z = z =

= Zo, we obtain

z =Asin(,-+a)+p. (6)

where

" "1Oep-0  A= (z-p)2+ ; tgG = .-.,

The given solution (6) describes the behavior of the electron in the
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Fig. 1. a) Schematic diagram

of the discharge gap: KE--. isk
cathodes, A - ring anode; b),

distribution of the potential
along the z axis and along the

radius r1oa the tube in the

plane of the anode ring for
different values of the mag-

-4
netic field; p = 3-10 mm Hg;
1) potential distribution in
the absence of a discharge;
2-4) in the presence of space
charge; 2) H = 280 oersted; 3)
H = 315 oersted; 4) H = 350
oersted; 5) theoretical.

interval from z = 0 to z = d, since q(z) coincides with the experimen-

tal potential distribution only in that interval of variation of z."

The potential distribution in the discharge is symrmetrical with respect

to the anode plane (z = d), and the motion of the electron in the In-

terval from z = d to z = 2d will be described by the same function

i(z), but with origin at z = 2d.

An aralysis of the solution (6) shows-that, depending on the in-

itial conditions z and z., the motion of the electron along the z

axis will be either anharm-onic or harrmonic. If the initial conditions

are such that A > d - p, then the electron will execute anharmonic os-
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cillations about the plane of the anode with frequency wl, which de-

pends on the initial conditions

2(C.arccos_.jE)

The frequency wi Is always smaller than the frequency of the harmonic

oscillations, which would arise under the same discharge conditions,

were there to be no space charge. When A 5 d - p the motion of the

electron will be harmonic with frequency c, which is independent of

the initial conditions z and zO. In this case the electron will not

pass through the anode ring into the space adjacent to the second

cathode, and will execute harmonic oscillations with respect to the

plane corresponding to the maximum of the potential distribution curve

(p(z). The frequency of these harmonic oscillations w will always ex-

ceed the frequency of the harmonic oscillations which would arise In

the absence of space charge. If the space charge is disregarded, then

the motion of the electron will always be harmonic relative to the

plane of the anode, with frequency c0 = 2 d2, which is independ-

ent of the initial conditions. Figure 2 shows the curves of the elec-

tron motion along the discharge axis z for different initial conditions

in the presence and in the absence of space charge.

Thus, the space charge leads to the occurrence of two types of

dielectric oscillations in the discharge, with frequency on the order

of 109 sec- , and to the presence of high-frequency noise in the dis- k I

charge [2, 4]. Several ionization regions are produced along the dis-

charge axis z, as confirmed by the presence of ion groups of different

velocities in the discharge (5].

The solution of Eqs. (4, 5) *subject to Condition (2), describing

the motion of the electron in the anode plane r8, reduces to the solu-

tion of an equation of the type i + Ar-- (B/r 3 ) + C =0, where A-
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Fig. 2. Character of motion of elec-
tron along the discharge axis z In
the presence of space charge p•, 4)
and in its absence (1, 3) for .dif- i,
ferent initial conditions: 1, 2) .•i
zo = 0. 8 cm; 3, 4) z0 1. 0 cm. A) |

40

see. [

(eH/2mc 2 e2 ;B=(H )c2 r4 •

CZ =n 2Pq; --- - ),

1 ~ ~ d 2 j)SOcr

After integration we haveC at omtn ec

;2+ A ,'+ + •C.= C . 17); C, ;,2,+ A,20+ + .,,C .From the given equation we can obtain the value oi the critical mag-

netic field. Hlr, at which the electron trajectory Is tangent to the

surface oft the anode

2e
-~~ (e/2c. -erpm Br =o -eH2q)c) r2

The calculations perforwed show that Hkr is the greater, the farther

away from the axis the electron was produced and the larger its initial

radial velocity r0 is. The values of Hkr, calculated with allo-wance.:
for space charge, always exceed the values o Hr obtained without al-

sowance for space charge.

Equation (7) reduces to an integral os the forma th rrte

-360 -•

railvloiyr s.Tevluso .cluae it allowanc

for pac chagealwys ecee thevales f obaind wihou al



-A--2Cr'+OC-8

which cannot be accurately calculated. Expanding the integrand in a

series, we obtain

+ f- 7-

where R =-Ar 2 - 2Cr + C1 . A comparison of the results of the numerical

integration and of the results obtained upon integration of the terms

of the given series, one can restrict oneself to the first two terms

of the expansion with accuracy up to 25%.

When H > Hkr, A > 0 we obtain

,rsi C+A, +ar• , _
I30 2A.- Ar+C s3C I,

I C[AC,+CJn (C,-i

+ 0 )] +C2..(8)

where C2 is a constant. equal to the expression in the right half taken

with r = r 0 and with the sign reversed. If H _< Hkr, then the electron

will move away to the anode, so that

+3CV +L2AI Ar +C "3C 2"

- Cr+•Vc--)] + C3 . (9)

where C3 is determined in analogy with C2 .

To plot the electron trajectory in the rG plane it is necessary

to know also the dependence 6(t). From Eq. (5) under the condition-

t 0, r = ro, v 8 = 0 we have
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Since r cannot be explicitly exprassed from (8) and (9), we seek the

trajectory equation in the form S = G(r)

e== .t±+ [5-(7F+-3A)2mc 2m Cr -. C3C

7C 1 3:5 4A t 350 115AC2+8A4+C15C)+(2C-T.+ 6 sC.-,+ , - ,
-6-•-- + +C,- + +3

I 1 rc[ BI35 cI AcC 15A.,J1.6

where C4 is equal to the expression in the braces, taken with r =r

and the sign reversed. Depending on the value of H, we determine t

either from (8) or (9).

4Pen

Fi':g. 3. Motion of' electron in
the plane re of the anode ring.
The solid curves are plotted
with allowance for space charge,
while the dashed ones are with-
out allowance of the space
charge. Above -- r 0 -- 0; below-

r0 = 0.3 am.

If the electron was produced at the center or' the tube (r 0 =0),
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then B 0 and the equations of motion can be integrated exactly. Fig-

ure 3 shows the trajectories of the electron motion in the plane re,

calculated with and without account of space charge. It is seen from

the figure that the space charge contributes to additional contraction

of the discharge and to an increase in the frequency of the gyromag-

netic oscillations. The frequency of these oscillations.depends on the

initial conditions and is of the same order (109 sec"1 ) as the fre-

quency of electron oscillations along the discharge axis z. Conse-

quently, resonant oscillations can set in [2]. If the space charge is

disregarded, then the frequency of the oscillations is independent of

the initial conditions r 0 and r 0 and there are no resonance conditions.

The obtained dependence of H k on the magnitude of the space

charge and on the initial conditions, as well as the increase of the

contraction of the discharge with increasing space charge, make it

possible to explain some complicated discharge characteristics I = f(H),

I= f(•a). It is known that under pressures on the order of 10"-_0-5

mm Hg, the curves showing the dependence of the discharge current on

the magnitude of the magnetic field and on the anode voltage display a

series of maxima and minima [4, 51. A typical curve showing th3 de-

pendence of the discharge current on H with the first maxi.mum is shown

in Fig. 4.

With increasing H, the discharge current increases because cf the

ever-increasing nutmber of electrons that are retained in the discharge,

thereby increasing the ionization in the volume. Simultaneously, the

increase in H leads to a larger contraction of the discharge. 7he nega-

tive space charge at the center of the tube increases, since the ions

move out of the volume. The formation of the space charge ccntributes

to an even greater contraction of the discharge. Under certain values

of H, the space charge reaches as it were a critical value, when the
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Fig. 4. Dependence of the dis-
charge current on H; rpa = 2.4

kv; p = 3-10-4 mm Hg. 1) Oe.

existing magnetic field is no. longer sufficient to retain the elec-

trons in the discharge (H k increases with increasing A).-Consequently,

further increase in the magnetic field causes a realignment of the

space charge, the electrons move out from the discharge, and the cur-

rent I decreases. At still larger values of H, the discharge current

again increases; the magnetic field becomes sufficiently strong to re-

tain the electrons in the discharge. At the same time, the electrons

become more and more twisted with larger r 0 and r 0 . The space charge

at the center of the tube again increases with increasing magnetic

field. Thus, the occurrence of the second maximuzm can be attributed to

the same causes, but at a larger space charge density. The region of

the second max!m-m is as a rule broader, because of the spreading of

the space charge resultirn from the repelling action of the electrons.

With increasing anode voltage ;a" the maxi.ma shift toward the

larger magnetic fields. In this case the electrons acquire larger val-

ues of r0 and to retain them in the discharge larger values of Hkr are

necessary. The critical space charge preventing further increase in

the discharge current is produced at large ma-gnetic fields. With in-

crease in pressure, the maxina shift to the left, since the concentra-

tion of the electrons in the discharge increases and the realignment

-364-



of the discharge occurs at smaller values of .H.

CONCLUS IONS

1. A solution is presented of the problem of the motion of the

electron along the discharge axis z and in the anode plane re in a

longitudinal magnetic field H and in an inhomogeneous electric field,

in which the potential distribution is described by functions cp(z) and

p(r), which take into account the presence of space charge.

2. An analysis of the solution shows that depending on the initial

conditions the motion of the electrons will be anharmonic or harmonic.

The frequency of the anharmonic oscillations wl depends on the initial

conditions z0 and Zo, whereas the frequency of the harmonic oscilla-

tions w is independent of the initial conditions.

3. The electrons having a radial velocity component r 0 • 0 will

also execute gyromagnetic oscillations, rotating in the re plane. The

frequency of the gyromagnetic oscillý- -ons in the presence of space

charge depends on the initial conditions, and resonance is possible

between the gyromagnetic oscillations in the rG plane and the oscilla-

tions along the discharge axis z.

4. The space charge contributes to the contraction of the dis-

charge by changing the radial potential distribution.

5. An account of the space charge leads to a larger value of the

critical magnetic field and helps explain complicated characteristics

of the discharge.
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EXPERIME*TAL DETERMINATION OF THE NATURE AND .CONCENTRATION

OF EASILY IONIZED IMPURITIES BY MEANS OF ABSORPTION

OF RADIO WAVES BEHIND A SHOCK WAVE
T.V. Bazhenova, Yu.S. Lobastov

Moscow

In order to obtain a high degree of gas ionization at still rela-

tively low temperatures (-2000-4ooo0 K), it is customary to add to the

heated gas easily ionized impurities. In addition, in experiments on

the heating of a gas in adiabatic and shock tubes, the presence of an

indeterminate amount of different impurities is unavoidable, some of

which exert an influence on the thermal ionization of the gas.

In this paper we present results of experiments on the measure-

ment of the absorption of radio waves by argon heated in a shock tube

to a temperature 2000-40000 K. Simultaneously, we measure the velocity

of the shock wave and the pressure behind it with the aid of piezoelec-

tric pressure transmitters and Schlieren apparatus with drum type slit

scanning. The measured damping decrement of the radio waves can be re-

lated by means of the well-known formulas with the concentration of

the free electrons behind the shock wave. The ionization potential of

the impurity, which gives the basic number of electrons ne at the given

temperatures, can be determined with the aid of the Saha formula from

the slope of the straight line rcpresenting the dependence of the log-

arithm of n2 on l/T. The value of the temperature and of the gas pres-

sure behind the shock wave is determined from the measured value of

its rate of propagation and from the initial conditions with the aid

of the conservation laws for the direct Jump. After the nature of the-
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easily ionized impurity is determined, the initial concentration of

this impurity is found with the aid of the Saha formula.

S1. DESCRIPTION OF EXPERIEMENTAL SETUP

The experimental setup Is shown in Fig. 1.

A. The high-pressure chamber K1 is connected through a system of

metallic valves with a RVN-20 vacuum pump and with a standard vacuum

meter on one side, and with a manometer for 25 atmospheres and 2 bulbs

(through reduction valves) on the other.

IOAB '.1

Fig. 1. i) Toevacuation and filling sys-
tem;2) to vacuum system and filling sys-

tem; 3 )photoregister; 4) synchronization
block; 5) 10-4 oscilloscope; 6) 51-I gen-
erator; 7) EN0-1 oscilloscope; 8) detector;9) power supply IPK-20s.

B. The low-pressure chamber consists of four sections K2 , K3 , K4 ,

and K5 . Section K2 is a copper waveguide 70 x 70 mm in cross section,

5 m long, with wall thickness 3-2.5 nrrn, with flanges made of ST-.3 311..

ver soldered on both ends. In order to protect K2 against deformation

during high-pressure experiments, this section is contained in steel

clamps 15 mm thick. Section K3 is made of duraluminum ingot 500 mm

long and has an internal channel 70 x 70 mm•. In. this section are in-
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serted two pairs of electric pressure transmitters D1 and D2 [1], and

also a two-wtay vacuu valve, through which K3 is connected to the meas-

uring vacuum tube 1?-2 and to the filling system. The same section is

used to pump out the entire low-pressure chamber by means of a V1N-I

pump. The section X4 has an internal channel 70 x 70 nm and two ground

glasses for the registration of the processes with the aid of a IAB-451

Toepler installation. The IAB-451 works with an IPK-200 flash lamp and

a photographic register, which has a linear film speed v = 117 m/sec.

Section K5 (MVK-2 chamber), with the aid of which the radio meas-

urements are carried out, consists of a 70 x 70 =m waveguide section

140 mm long, with flanges on the ends. Two rectangular openings are

cut on the side of the waveguide, and through these two antennas A1

and A2 are introduced Into the chamber. In order to keep the system

sealed, the following measures were adopted: the antennas were -are-

fully soldered to the chamber, flush with the internal channel and rub-

ber gaskets 2.5 mm thick were placed at the inlet A1 and at the outlet

A2 (P. and P2 ), betuv'en the cable ending kabI and A1, A2 , and the de-

tector. The waveguide slots in the antennas were covered with foamed

plastic inserts that were transparent to the radio waves. In the upper

part of the MVK there is a brass boss P, in which a hole is cut for

the piezoelectric transmitter D . The chamber Is tuned for a standing,

wave minimum by means of a moving end piston.

§2. MEASURING APPARATUS AND CALCULITION OF ne FROM THE READINGS

During the performance of the present investigation, the apparatus -

was used to measure the velocity of the shock waves and to measure the

absorption of radio waves in shock waves.

The measurement of the velocity was carried out with the aid of

three piezoelectria pressure transmitters, a synchronization block,

and a cathode-ray oscilloscope of the 10-4 type.
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The shock wave passes In succession past the transmitters Dl D122,

and D3 A signal from D triggers the synchronization block which ap-

plies a triggering signal to the 10-4 oscillograph, which operates in

the driven sweep mode. D2and D 3are connected to the input of the 10-4
oscillograph amplifier. From the pressure oscillogram. recorded with

the aid of these two transmitters one can calculate the speed of the

shock wave if the sweep durat ion Is known.

For exact measurement or the length of the shock probe, the TAB-

4151 installation was used. 2
Absorption or radio waves was measured with the aid of a 3-cm 51-1.

generator, a NVIC-2 chamber, a detector, and a ENO-l oscillograph, which

had a broad band amplifier and operated in the driven sweep mode.

The 51-I generator was tuned to the maximum radiated power. The

output power control dial on the attenuator was set at an attenuation

5-10 db in order to exclude the reaction of the gasdynamic process on

the reflex klystron.I
Before carrying out the experiment, both the level or the total4

passage of the signal, and the level of the total absorption (reflec-

tion) were absorbed on the ENO-l screen, by Introducing a large value

of attenuation (100 db) in the attenuator.

Thus, the presence of a DC amiplifier, which passed the DC compo-

nent of the signal, made it possible to carry out experiments with the 4
aid of unmodulated oscillations and greatly simplified the reduction

of the experimental data obtained.

The sweep of the E11O-1, like that of the 10-4, was triggered by af

signal obtained from the synchronization block. Therefore the starts

of' both oscillograms coincide in time. The transmitter D 3 Is located

exactly halfway between the antennas A and A. This makes it possible

to determine which section of the shock wave corresponds to the given
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absorption of radio waves.

To calculate the degree of ionization from the readings of the ap-

paratus, it Is first necessary to calibrate the receiving apparatus

with the aid of the attenuator. A null signal from the generator Is

applied through the antennas and the detector to the input of the os-

cillograph amplifier. By varying the amplitude vi of the signal coming

from the generator, we obtain the dependence of the deflection of the

beam 1i on the ENO-1 oscillograph screen on. v . We then plot 1i/imax

= f(vi/vmax), where Vmax is taken with an attenuation on the order of

5-10 db In the attenuator.

We then determine from the experimentally obtained oscillogram

the ratio vl/Vmax, where 1max is obtained for the same attenuation. at

which the calibration was carried out. The corresponding ratio vi/v,

will indeed be the sought radio wave transmission coefficient A . Know-

Ing A., the temperature T, and the pressure p we can determine the num-

ber of electrons per cubic centimeter ne-

Indeed (2],

111f (w' + v2)

where a is the conductivity (sec- ); v is the number of collisions

(se-'l); m is the electron mass; e is the electron charge;

-20 (2)

where 6 is the radio wave damping decrement (cm-1),

"°VT P." (3)

consequently, I - fit

_(3a)

A=r9 , (4)
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where r is the thickness of the layer of gas fc=) a•s:rbIn& the radio

waves.

In our case r = 7 cm.

Thus,

n.O.8 o (5)

where f is the frequency of the radio waves from the generator, in cps.

(In our case f = 1010 cps.)

§3. MEASUREMENT OF THE DEGREE OF IONIZATION OF MIS I4PURITIES 1I THE
ARGON

The experiments were carried out at pressures (in the low-pressure

chamber) on the order of I0 mm, and at incident shock wave velocities

from 3 to 5 m/sec. The absorption of the radio waves was measured only

in the reflected waves with parameters p 1 10 at=; T = 2000 + 40000 K.

As is well known, the ionization becomes noticeable In argon only

starting with T - 10,000 K, and therefore ionization at T < 10,O000K

must apparently be attributed to the impurities ccntained in the argon

and on the tube walls. The task of the control experiments was pre-

cisely to clarify the nature and amount of these Impurities.

It was also necessary to take into account the bending of the

radio waves around the ionized probe traveling past the antennas. For

this purpose, sev3ral Toeplergrams were plotted (Fi.g. 2), with the aid

of which the length of both the incident and the reflected shock probes

were determined. ýor those modes at which the ex--er..ents were carried

out, the probe dix.:-nsions turned out to be much larger than the slits

in the antennas. T.ierefore, in our case the effect of bending around

can be neglected.

From the velocity or the incident waves we calculated the tempera-

ture, the pressure, and the velocity of the reflected wave (T2 , P2,

and "2 , respectively

-372



Fig. 2

(,+- O+ o(6)

1112 2

r2 .[! -t -1)I(1f- )A, - 2i7:i (8)
-(;--)( 2M 2

._2--(T-1- ). (10)

In our case for argon V' = 1.67, T0 = 2930 K.

Thus, by measuring experimentally the absorption of the radio

waves A, and knowing pO and H of the incident wave, we can determine

P1, T1 0 P2, T2 " v, and ne. Writing the Saha formula in the form

In,•.--InK-FnP+ in T- T'

where K is a certain constant independent of _p and T, we obtain the

dependence

!mT

on l/T in the form of a line. The slope of this line gives the value

of Ip/k.

In the experiments performed, the ionization potential of the im-

purities turn out to be 5.1 (Fig. 3), which corresponds to the ioniza-

tion potential of sodium.

From the experimentally known values of ne and @ we can establish

the concentration of the sodium impurity in the gas. For this purpose

we rewrite Saha's formula in the form
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N,2, Kp 2-Z1,,K1 -1-

Here Ne Is the number of electrons in a gram-mole of the vapor

and NNa is the number of sodium atoms in a gram-mole of gas.

SWtap

je9'

4•i %

Fig 3

In order to convert to the number of particles per cubic centi-

meter, we introduce the factor VpT, corresponding to the volume of a

gram-mole or gas at a temperature and pressure corresponding to the

experimental conditions. Then the number of atoms of sodium per cubic

centimeter is expressed in terms of the number of electrons in the fol-

lowing form:

T3T( 2.imK)32T3

Reduction of the data of Fig. 3 has shown that the content of

sodium vapor in argon Is on the order of 10-5%.

The authors are grateful to Corresponding Member of the USSR Acad-

emy of Sciences, A.S. Predvoditelev, for valuable hints made concern-

ing the present work.
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EXPERIMENTAL DETERMINATION OF THE CONCENTRATION OF

CHARGED PARTICLES IN ARGON AND KRYPTON
BEHIND A SHOCK WAVE

V.N. Alyamovskiy, A.P. Dronov, V.P. Kitayeva,

A.G. Svfridov, N.N. Sobolev

Moscow

The present paper pertains to a cycle of Investigations carried

out at the Physics Institute of the Academy of Sciences on a spectro-

scopic study of the state of a gas behind a shock wave [1), and Is de-

voted to the investigation of the state of argon and krypton behind a

shock wave.

Experimental study of the state of inert gases is interesting

from two points of view [2]. First, after the passage through them of

a shock wave of an intensity that can be readily obtained under lab-

oratory conditions, they are heated to relatively high temperatures,

lO,000-15,0000 K. Second, gasdynamic calculations of the state of inert

gases are relatively simple and do not call for additional supplemen-

tary data, which must be used in the calculation of the state of more

complicated molecular gases. This makes it possible to obtain rather

simply the calculated data, to compare them with experiment, and

thereby establish the validity of the premises on which the calcula-

tions are based.

One of the methods for the investigation of high-temperature

plasma is based on a study of the contours of the spectral lines. An

investigation of line contours makes it possible to obtain information

on the concentration of the charged particles in the plasma behind the
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shock wave, and in the case of thermal equilibrium it also furnishes

data on the plasma temperature. It must be noted that the conditions

for the excitation of lines in a plasma behind a shock wave are most

suitable for a comparison of experimental data with the existing line

broadening theories, since the plasma behind a shock wave is suffi-

ciently homogeneous and is not perturbed by any external Sields, un-

like the ordinary employed electric light sources (arc, spark, etc.).

ISP-51 L

Fig. 1. Diagram of experimental setup.

In the present investigation we studied the hydrogen lines in

krypton [3] behind an incident shock wave and in argon [4] behind a

reflected shock wave.

To obtain shock waves, cylindrical shock tubes were used, made of

metal for the argon investigation and of glass for the krypton inves-

tigation. The pushing gas was hydrogen. The low-pressure chamber was

filled with argon or krypton with small addition of hydrogen, from

1-5% in krypton and about 2% in argon. The velocity of the incident

shock wave was measured in the metallic tube with the aid of ionization L

transmitters and in the glass tube by registration of the light signals

arriving from the probe to the photomultipliers.

In argon, the contour of the hydrogen line H was investigated

behind the reflected shock wave. The experimental setup is shown in iv

Fig. 1. The H line was registered photographically with the aid of an
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* "N=9j-IO CM.

.3

A1 *4 168 a 0 8 M X 0

Fig. 2. Contours of hydrogen
lines: a) H•; b) Hl. Solid

lines - experimental contour;
dotted lines - contour calcu-
lated by the theory of Griem,
Kolb, and Shen.

ISP-51 spectrograph with a central camera (f = 270 mm). The radiation

entering the spectrograph came from an end portion of the tube about

1 cm long. The radiation spectrum was swept in time by means of a ro-

tated disk with holes placed in front of the spectrograph slit. The

speed of rotation of the disk was chosen such as to prevent overlap of

pictures from neighboring holes, and the resolution amounted to approx-

imately 25 ILsec.

The time-swept spectrum consisted of two clearly delineated re-

gions. The first region with duration -100 pLsec pertained to the radia-

tion after the first reflection, while the second pertained to the ra-

diation after the succeeding reflections. The photometry of the H con-

tour was carried out in the first region. Figure 2-a shows one of the

obtained contours of the H1 line. Under the conditions investigated by

us, the H line is characterized by a considerable half width (40-60 A),
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the presence of an Intensity dip in the center of the line, and asym-

metry. The distance between the violet and red maxima of the H1 line

increased in proportion to the Increase In the half width.

In [3, 4], in order to determine the concentration of the charged

particles in the plasma behind the shock wave, the experimental con-

tours were compared with the theoretical ones, calculated from Holts-

mark's theory. However, as Is well known, this theory is incomplete,

and takes account of only the statistical action of the ions, neglect-

ing the effect of electron impact broadening. In comparing the experi-

mental and theoretical contours, this has led to the result that the

contour of the HA hydrogen line fitted the Holtsmark theory satisfac-

torily only in the skirt, while the central part of the line was not

described by the Holtsmark theory. As a consequence of this, a discrep-

ancy arose in the concentration of the charged particles determined

from the half width and from the contour of the line. Recently a new

theory was published by Griem, Kolb, and Shen [5J (G.K.S.). These

authors calculated the distribution of the intensity in the hydrogen

lines with allowance for the broadening both by the ions and by the

electrons. Broadening by electrons was considered from the point of

view of the impact theory with allowance for the transitions induced

by the electrons between the Stark components (which split in the field

E produced by the ions) of each individual level. For the ion field,

the Ecker distribution function Is used, which includes the effect of

electron screening and ion-ion correlations. We have compared experi-

.entally the H line contours obtained with the GKS theoretical con-

tours. The results of the comparison of one of the contours of the H

line are shown In Fig. 2-a. From 2-a we see that the experimental con-

tour is described quite satisfactorily by the GKS theory. Figure 2-b

shcws by -way of an example also an experimental contour of the Ha hy-
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drogen line, obtained behind the shock wave in kry-pton, and a ccmpar-

ison is made with the GKS theory. Mhe agreement betw.:een theory and ex-

periment is fully satisfactory.

Figure 2 shows clearly that the GKS hydrogen line broadening the-

ory, in spite of several simplifying assumptions and approximations,

describes the phenomenon correctly. It must be emphasized here, how-

ever, that for narrower hydrogen lines the agreement between theory

and experiment at the centers of the lines is less satisfactory than

in Fig. 2, owing to the distorting influence of the Doppler effect and

of the apparatus function.

TABLE 1

i, C ap3.'scrPLL a tOII3 3oTps2)cC191zof

- 3 5.1 M IC

0,4

7 0 0.26 4'52 14.1 45 80 1,0 1.4 3,8 0.36 12700 49084 0.2 4,60 14.4 63 115 1.7 1.5 4.0 0.37 12900 530
110 0,26 4.73 14.9 65 115 1.7- 1.7 4.2 0.41 13300 570
75 0.45 -- 41 75 0.9 - -- - -
90' 0.45 4,06 12.7 42 75 0.9 1.3 4.9 0.26 12600 640115 0.78 382 11.9 54 96 1.3 1,4 6.6 0,21 121500 870

110 1,16 3.60 11.2. 52 95 1.3 1,4 3,5 0:17 122E0 0 fo

1) High pressure (atm); 2) low pressure of
the mixture of argon + 25 hydrogen (in sri Hg);
3) velocity (km/sec); 4) incident shock wave;
5) Mach number; 6) half width 6&X (in A);

7) field intensity E0 (in kv/cm); 8) concen-

tration Ni-10-17 cm- 3 ; 9) parameters of ar-

gon behind the reflected shock wave (calcu-
lated)' 10) density; 11) degree of ionization
a5 ; 12i temperature T5 in (6K); 13) pressure
P5 (in m= Hg).

From a comjparison of the experimental and theoretical H contours

we determ-ine the value of the normal intensity of the intermolecular

field E0, while from the relation E0 = 2.61eN2/3 we determine the con-
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centratlon of the charged particles In the plasma behind the reflected

shock wave. The results obtained are listed in Table 1. The same table

shows the -values of' Ns * for argon behind the reflected shock wave,
5

which we obtained by linear extrapolation of the Kantrowitz data [6].

Within the limits of experimental accuracy, the agreement between the

values of II, calculated from the H line contour, and those obtained

from gasdynamic calculations following -Saha Is satisfactory.

In Investigations made in krypton behind the incident shock wave,

we registered the lines H., HA, and H The H line was observed up to

M = 11.5 and after which, because of the strong broadening, it merged

with the background. The H6 was not observed at all. The H0 and H

lines were used to determine the concentrations of the charged parti-

cles in the krypton plasma behind the incident shock wave in a rela-

tively broad range of variation of the shock wave velocity (10-15 M).

The concentrations N1 were obtained from H. and H by comparing the

experimental distribution of the intensity in the line with the dis-

tribution calculated by the GKS theory.

The results of the determination of the charged particle concen-

tration in krypton from the H. and H lines at an initial pressure p1
= 5.2 mm Hg are shown in Fig. 3 as a function of M. The solid curve 1

in the same figure shows the theoretical dependence of N1 on M for

pure krypton and for krypton with 2.5 and 4.C5o hydrogen impurity.

The state of the krypton behind the shock wave was calculated on

the basis of the laws of conservation of' matter, momentum, and energy,

and also the equation of state of the gas and the Saha equation, assure-

Ing single ionization. No account was taken In the calculation of the

reduction in the ionization potential of the krypton. It was assuzed 4

that thermodynamic equilibrium is established behind the shock wave.

The calculations for pure krypton are plotted in Figs. 4 and 5. A
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a. 0

"16.0

'5,5

90O 1p 0 12.0 1.0 140o -

F19. 3. Results of experimental determination
of the concentration of charged particles
from the hydrogen lines H and H

Symbols: "HIMI with hydrogen concentration
0OHIS less than 1%

with more than 1% H2 added.
A HP

Solid 3urves - calculated values: 1) pure
krypton; 2) with 2.5% H2 added; 3) with 4.C%
H2 added.

It is seen from Fig. 4 that the temperature of the krypton plasma

at P1 = 5.2 cm H& increased from 2000 to 17,000 K as M increased from

5 to 30. Up to F.= 9 (T = 7000°K) the ionization is insignificant (see

Fig. 5), so tht-L the plasma temperature is independent of the initial

pressure Pl. Fir M > 9 the ionization begins to play an appreciable

role. For sma'l P1 (and consequently small p2), the value of the degree

of ionizatcr a Is higher than for large pressures, and therefore all

the T(11) cujies for small p, lie below the curves for high pressures.

As M varle: from 9 to 30, the degree of ionization increases from I0-4

to 0.9, arl a particularly sharp increase is observed in the M interval
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Fig. 4. Dýpendence of the
plasma temperature behind the
shock wave front in pure kryp-
ton on the velocity for ini-
tial pressures p = 1.0, 2.0,
5.2, 7.0, 10.0, and 15 mm Hg
in .the low-pressure chamber.

from 9 to 15.

It must be noted that In view of the neglect of losses for radia-

tion and for secondary ionization, the results of the calculation

given for M > 20 must be approached with caution (the temperature, the

degree of ionization, and the concentration of the charged particles

behind the shock wave may be lower than calculated for M values larger

than 20).
Let us turn to a discussion of Fig. 3.

As can be seen from the figure, the experimental points corres-

ponding to krypton with hydrogen impurity less than l%'lie near the

theoretical curves with hydrcgen content of 2.5 and 4%. This may be

due to several factors: first, to the insufficient reliability with

which the concentration of the hydrogen in the krypton was determined,

second with failure to take Into account the various losses, including

those for radiation. Finally, a fact acting in the same direction may
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Fig- 5. -Dependence of the degree
of ioniza tion a,, the pressure

P2 (mm Hg), and the density P2
(g/cm3) behind the shock wave
front in pure krypton on the
velocity. Symbols: 1) for p,
=1.0 mm H~2) for p1  2.0

mm Hig; 3) 5.2 mm Hg; 4) 7.0
mm Hg; ) 10.0 mm, Hg; 6) 15.0
mm Hg.

be that, unlike the experiments with argons, the photographic plates

register in this case the radiation from an inhomogeneous probe in-

tegrated over the time. Which I of these factors plays the decisive role

is difficult to say. However, in one way or another the discrepancy be-

tween the theoretical gasdynamic data and the experimental ones em-

phasize-s the need for checking the gasdyna.ic calculations by experi-

mnents.

In conclusion, on the basis of our experiment, we deem it neces-

sari to note that to determine the concentrations of charged particles

in a plasma, in a range from several times 1015 cm3 to several times

1017 cw 3e we can recnend the use of the H a n line, and the determina-

tion can be carried out simply by using the half width of the H line,

without a detailed investigation of the contour. To determine concen-
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trations larCer than IC17 cm-3, the H line is perfectly suitable. On

the other hand, to determlne concentrations lower than 1017 by means

of the H. line, it is necessary to bear in mind, on the one hand, the

distorting action of the Doppler effect, which is not taken into ac-

count in the GKS theory, and on the other hand it Is essential to

study the contour of the H. line using a spectral instrument with large

dispersion.
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381 In agreement with [6], the parameters of the argon behind
the reflected shock wave are designated In Table 1 by the
subscript 5.
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PYROI4ETRIC INVESTIGATION OF A GAS
BEHI1D A SHOCK WAVE

Ye.M. Kudryavtsev, N.N. Sobolev, L.N. Tunitskiy, F.S. Fayzullov

Moscow

In recent years the need for solving the problem of the motion of

bodies with hypersonic velocities, it has become acutely necessary to

investigate both the gasdynamic phenomena occurring at these velocities,

and the properties of gases at high temperatures and the kinetics of

the processes occurring behind a shock wave. In all these investiga-

tions it is necessary to know the parameters pf the gas characterizing

its state behind the shock wave. These parameters can be calculated by

the methods of gasdynamics. However, the existing one-dimensional the-

ory is rather approximate. It is based, in addition to the conserva-

tion laws, on a whole series of idealizations: instantaneous formation

of the shock wave front, one dimensionality of the flow, the absence

of energy losses to viscosity and heat conductivity (and, in the case

of high temperatures, also to radiation), and instantaneous establish-

ment of thermodynamic equilibrium behind the front of the shock wave.

Only direct experiment will show the extent to which these idealiza-

tions are valid. If it is recognized that the temperature of the gas

behind the shock wave is the most sensitive parameter, it becomes clear V

that experiments must be set up on the measurement of the temperatures j
and the experimental results compared with theory.- It was therefore

decided to develop a method for measuring temperatures, to use this

method for a pyrometric investigation of several gases, and to compare-
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the experimental data with the theory.

The objects of the Lnvestigation were nitrogen, air, argon, and

carbon dioxide, which are gases of greatest interest from the prac-

tical point of view.

The observations were carried out both behind an Incident- and be-

hind a reflected shock wave in a shock tube about 5 m long with inside

diameter 92 amm. The working gas used was hydrogen at a pressure from

20 to 120 atm.. The initial pressure p1 of the investigated gas was

chosen in the range from 2 to 150 mm Hg. Figure I shows schematically

the shock tube and the apparatus used in the investigations (a detailed

description of the apparatus-is given in [1, 2]).

According to the one-dimensional gasdynamic theory, the instan-

taneous opening of the diaphragm gives rise to a plane shock wave

which propagates over the investigated gas with constant velocity US

and compresses and heats the gas rapidly (withiin a time equal to sev-

eral collisions between molecules). At the same time, a region of homo-

geneously heated gas is produced between the front of the shock wave

and the contact surface, called a plug, the length of which increases

linearly with propagation of the shock wave. After reflection of the

shock wave from the end of the tube, the shock wave passes through the

plug, further compressing and heating the investigated gas (if the

specific heat is constant we have T5 - 2T2' P5 = (10-20)P2)'*

To compare the results of the pyrometric investigation with the

one-dimensional theory it is necessary to know reliably the velocity

of shock wave propagation Us in each experiment, to investigate the

distribution of shock wave velocity along the tube, and also to deter-

mine the length of the homogeneous flux (plug). All this information

concerning the shock wave and the flux was obtained experimentally

[2, 6].
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Fig. 1. Diagram of the apparatus: D1, D2 , ... , D8 -
ionization transmitters. Setup, for investigations
with the aid of the Schlieren method: L2 - type
SVDSh-1000 mercury lamp; L - condenser (f = 50 nmm);
s - slit; L4 - objective of collimator (f -- 800 mm);

S- objective (f = 800 mm); P3  - FEU-19 photomul-

tiplier. Setup for temperature measurement: L-

DKSSh-1000 xenon lamp; L1 and L - objectives (f =

= 90 MM); 01 and 02- windows; Z, and - mirrors;
P1 and P2 - FEL-I7 photomultipliers. Appearance of
typical oscillograms for the measurement of the
following: a) velocity of shock waves; b) length
of plug (F - front of shock wave, K - start of con-
tact region); c) temperature (Fkh - gas radiation

flux in the spectral line, Fkh+1 - Fkh - radiation

.flux when light from the comparlson source passes
through the gas). 1) To oscillograph; 2) ISP-31.

The velocity of the shock wave US was measured with the aid of a

series of ionization transmitters located along the tube. Figure 1-a

shows the form of the oscillograms obtained in measurements of the

velocity.

As the result of the Investigation of the distribution of the

shock wave velocity along the tube, it was established that the fact

that the diaphragm is not instantaneously opened causes the velocity

of the shock wave to be variable and to reach its maxinum value not
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immediately but only over a distance of about 2.5 r.eters from the dia-

phragm. The velocity of the shock wave then gradually decreases. This

maximum velocity re:mains less than the theoretical value calculated

for the given pressure drop on the diaphragm, owing to the energy lost

to viscosity and heat conduction during the process of shock wave

formation.

To determine the length or the plug we used a photoelectric ver-

sion of the Schlieren method, a diagram of which is shown in Fig. 1.

The same figure shows the appearance of a typical oscillogram (Fig.

1-b). This simple setup enables us not only to measure the length of

the plug, but also to investigate the delay in the glow from the in-

dividual spectral lines relative to the front of the shock wave, and

to carry out control experiments of the shock wave velocity (2].

A study of the flux with the aid of the photoelectric Schlieren

method has shown that no contact surface separating the working and

the investigated gases exists as such, but a rather extensive contact

region is observed, which does not always have a clear-cut beginning.

As a result of this, the length of the plug reaches only approximately

half the theoretical value. It was also shown with the aid of the

Schlieren method that the glow of the sodium D line begins directly in

the front of the shock wave and reaches a maximum after 10-20 psec.

Pyrometric investigations of the gas behind the shock wave were

carried out with the aid of a photoelectric generalized method for the

inversion of spectral lines which we have developed [2, 5]. The gist

of the method Is to register simaltaneously the absorption and emission

intensities in the spectral line. The use of a two-channel optical sys-

tem with two photomultipliers and a double beam pulsed oscillograph

makes it possible to register simultaneously the gas radiation flux

Fkh and the flux F kh+- Fkh of the radiation produced when the light
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from the comparison source passes throuh the gas. A typical oscillo-

gram is shown in Fig. 1-c. Here

,I, :- , ,). ep (-C2'.,) .)&. (dli) 2 Ah

and

s p ,+, -,CgI.-$ exp (- C2I).T,)6% (dli)' skh

where 6X is the width of the spectral line, a the absorption ability

in the line (the line shape is assumed rectangular), d/f is the rela-

tive aperture of the camera objective, s and h are the width and height

of the exit slit of the monochromator, C1 and C2 are the radiation con-

stants, Tkh is the true gas temperature, and T1 the brightness tempera-

ture of the comparison source.

35C0

M O0 2

2C00

050 too f50 "x* •

Fig. 2. Temperature distribution along
the plug for the case of nitrogen (p 1 =

1 10 mm Hg). Continuous curve - tempera-
ture calculated with allowance for the
variation of the shock wave velocity
along the tube. Dots - experimental data:
o - obtained from sodium D lines, + -
from barium line. Each point is an av-
erage of six experiments (us = 3.14

km/sec). Data on the length of the plug
were obtained with the aid of the
Schlieren method. 1) Plug; 2) start of
contact region; 3) theoretical plug; 4)
gsec.

From the relations given it is clear that by using Wien's forrula

and Kirchhoff's law and knowing the brightness temperature of the cc=-
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parison source it is possible to determine the true gas temperature

from the ratio of these two measured fluxes:

A pyrometric Investigation of the gas behind the front or the

shock wave (3/4, 6] has shown that there exists a definite correlation

between the temperature distribution over the plug and the distribu-

tion of the shock wave velocity along the tube. The presence of such a

correlation Is illustrated by Fig. 2. The experimental data are repre-

sented by points. Each point is the average of six experiments (p1

= 10 mm Hg, nitrogen; 1U = 3.14 km/sec). Curve represents the tempera-

ture distribution calculated with allowance for the variation of .the

shock wave velocity along the tube. It is seen from the same figure

that the temperatures measured from the NaI and BaIl lines agreed with

each other, within the limits of experimental error, thus confirming

further the existence of thermodynamic equilibrium In the nitrogen and

air behind the shock wave.

The results of the measurement of the air and nitrogen temperature

behind the shock wave over a wide range of initial pressures (p1 = 2-50

mm Hg) and Mach numbers (M = 6-12) is in good agreement with the data

of the theoretical calculations, thus indicating the correctness of

the theory (Figs. 3 and 4).

In experiments with air under certain conditions (P1  50 mm Hg

and Us = 1.9-2.3 kn/sec) one observes in the contact region tempera-

tures that greatly exceed the temperature of the plug. This temperature

rise is due to the combustion of the hydrogen in the mixing zone.

At small Initial nitrogen pressures and low temperatures (p1 = 10

mmn Hg, T2 = 2000-2500'K), immediately behind the front of the shock

wave, during 10-30 psec, one observes a low temperature which may be
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connected with the delay in -the establishient of the equilibrium over

the vibrational degrees of freedom of the 2 molecule, since the meas-

ured excitation temperature is more readily determined by the effective

vibrational temperature than by the translational one.

T;K. B2

.,"I

40g. - - -eedec otetmprtrr500- - -

o000 - - - -

3500 - - -

2.0 2S50 3, 0Z

Fig. 3. Dependence of the temperature
of the air behind the shock wave on
the velocity of the shock wave.
Curves - calculation for T,= 2930 K.
Points - experiment: o) p1 = 10 =m Hg;
e) p1 2 mmn Hg*. 1) Ideal gas; 2)
atmospheres; 3) km/sec.

In pyrometric investigations of argon [3/4] it was established

that the measured barium ion excitation temperatures at plug pressures

-0.4 and 4 atm are, respectively, 10000 and 4000 lower than the equi-

librium value (Fig. 5); with increasing pressure, the measured tempera-

tures approach the equilibrium temperature and coincide with it at

pressures P 2 - 12 atm. The observed disparity is obviously connected

with the fact that the efficiency of the collisions bet:ween the barium
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4ooo4

3500--

3.6 -h-l

M ,00- / ...

(5 2.0 -2,5 3.0 3A US 'll/ciz
Fig. 4. Dependence of the temperature
of nitrogen behind the shock wave on
the shock wave velocity. Curves -
calculation for T = 293 0 K. Points -

experiment: p -- p = 10 mm Hg; A)

Pl = 50 mm Hg. 1) Ideal gas; 2) at-

mospheres; 3) km/sec; 4) without
dissociation.

and argon ions is in this case insufficient to maintain an equilibrium

population of the excited state of the barium ion, i.e., with the ab-

sence of radiation equilibrium. The effective cross section of impacts

of the second kind between the excited ions of barium and the argon

atoms was estimated on the basis of experimental data to be -4 x 10- 1 7

cm2 .

The results of a pyrometric investigation of the state of air,

nitrogen, and CO2 behind a reflected shock wave are given for Fig. 6.

The measurements were carried out at 10 nm from the end. Temperatures
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above 5CO0°K were measured with a DKSSh-lCCO lamp, through which a

shaping line (five capacitors each iCO p•f at U = 4c0 v) was discharged

at the required instant of time so as to guarantee the production of a

rectangular light pulse with duration of about 250 jisec and a bright-

ness temperature -ll,000°K.

T2 K.

5000

a.

3000-*0

20 2, 2,5 Us MIe

Fig. 5. Dependence of the tem-
perature of argon behind a shock
wave on the shock wave velocity.
Curve -- calculation, point -- ex-
periment. Values of pressure pl

(in mm Hg): o) 5, 1) 50; -) 150.
1) km/sec.

The measured temperatures T5 are in agreement with the theoretical

values if they are referred to the maximum velocity Us. The bars drawn

through each point correspond to the changes in the gas temperature

after a time of 45-50 4sec. These changes are in the main random.

In the case of nitrogen at temperatures up to 65000 K one observes

in all experiments an increase in temperature directly behind the

shock wave front, gradually decreasing to the equilibrium value. The

fall-off time amounts to about 40 gsec at T5 = 50C0OK and about 20 I•sec
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Fig. 6. Dependence of the temperature of
nitrogen, air, and CO2 behind a reflected

shock wave on the shock wave velocity.
Curves - calculation.* (Dashed - extrap-
olation.) Points - experiment.** 1) Nit-
rogen; 2) mm Hg; 3) air; 4) km/sec.

at T5 = 60000 K. This effect is apparently connected with the dissocia-

tion relaxation in the nitrogen.

We have investigated the temperature variation behind the reflected

shock wave in nitrogen with increasing distance from the end. It was 1r
established that the temperature decreases gradually with increasing

distance from the end. If T5 = 6900'K at a distance of 10 mm from the -

end, then at a distance of 60 mm T5 = 61C0OK (i.e., a drop of 8000).QO

The temperature drop may be due to the fact that the temperature is

not constant along the plug behind the incident shock wave.

In pyrometric investigations of argon behind a reflected shock

wave it was established that the measured barium ion excitation tem-
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perature (at p1  50 mm Hr) is approxLmately ICCO0 lower than the cal-

culated value. At present we are unable to present a sufficiently re-

liable explanation for this discrepancy between the theoretical and

experimental data.

In conclusion it must be noted that the method developed for tem-

perature measurement can be used successfully for the following:

a) investigations of flow under modes when the gasdynamic calcu-

lation cannot be carried out with sufficient reliability;

b) a study of relaxation phenomena of vibration and dissooiation

of molecules;

c) an estimate or determination of the effective cross sections

of impact of the second kind, and

d) an investigation of the state of the reaction products in the

study of explosion and combustion in gases.
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388 T21 P2, T5 ' P5 are the gas temperatures and pressures behind
.the incident and reflected shock waves, respectively.
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MAGNIETIC COMPRESSION OF PLASMA

I.M. Zolototrubov, Yu.M. Novikov, N.M. Ryzhov,
I. P. Skoblik, V. T. Tolok

Khar, kov

The use of time-varying magnetic fields for purposes of heating

the plasma is based on the adiabatic invariance of the magnetic moment

of the charged particle. When the magnetic field variation is suffi-

ciently small compared with the Larmor period, the quantity g = mvB/2H

remains constant, and this leads to a change in the particle energy

connected with the velocity component perpendicular to the magnetic

field. The final energy of the particle is determined in this case

only by the initial energy and the ratio of the field at the end and

at the start of the compression cycle

H'l

In experiments on the heating of a plasma by magnetic compression,

an axial magnetic field that increases with time was used, along with

mirrors on the ends. From the point of view of the attainable limiting

energy of the charged particles, the rate of variation of the magnetic

field does not exert any influence whatever. However, in a system with

magnetic mirrors, an essential parameter is the time of plasma confine-

ment, which for deuterons is defined in such systems [1] as

t = 2.6. lO0-W31'1n see,

where W is the energy in kiloelectron volts, n is the particle density.

At small values of the initial energy, the confinement time is
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small, and therefore the compression process should be carried out suf-

ficiently rapidly so as to force a more vigorous departure of the ions

from the trap at the start of the compression. This can be attained

either 1) by using for compression purposes rapidly varying magnetic

fields of large amplitude, which simultaneously ionize the neutral gas

by inducing an eddy emf and compressing the plasma obtained in this

manner, or 2) by separating these functions of the magnetic field; a

rapidly varying magnetic field is used for ionization and preliminary

heating, while the compression is effected by a slower field. The sec-

ond method is more usable, for in this case the requirements imposed

on the capacitor bank which stores the energy for the magnetic compres-

sion and imposed on the discharge units used for the switching are

less stringent than in the former case. Experiments of the former type

are described in [2] and those of the latter type in [3, 4].

3

Fig. 1. 1) Discharge tube; 2)
compressing field coil; 3) coil
for excitation of shock waves.

In both experiments departure of neutrons was observed near the

point of maximum compression and soft x-rays were produced, thus evi-

dencing the high degree of heating of the plasma. It was pointed out

by Kolb (3], in particular, that the heated plasma in such systems is

stable. It was shown, however, in [51 with the aid of streak photo-

graphs that durir, the stage of maximum compression the state of the

plasma is unstable. Powerful hydromagnetic oscillations observed in
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the region of maximum compression are described in [6], and these also

indicate instability in discharges of this type.

In the present paper w-e describe an experiment on the compression

of a previously heated plasma by means of a relatively slow magnetic

field.

The principal diagram of the experimental setup is shown* in Fig. 1.

The ionization and preliminary heating of the plasma were produced by

shock waves excited by a single turn coil placed in tandem with the

main field coil. A capacitor of 6.3 Af, charged to 30 kv, was dis-

charged into this coil. The discharge period was 6 tLsec. The maximum

value of the magnetic field intensity unaer the coil was 60 kilooersted.

The main field with intensity up to 85 kilooersted was produced

by a coil consisting of 15 turns of copper bus of rectangular cross

section potted in epoxy resin. In the center of the coil, between the

turns, a transverse slot was left to photograph the discharge. The in-

side diameter of the coil was 4 cm and the total length 11 cm. The mir-

ror ratio on the axis, obtained by changing the pitch of the winding,

was 1.2.

The inductance of such a coil, Lk, is much larger than the para-

sitic inductance of the discharge circuit Lp, and consequently the co-

efficient of utilization of the energy stored in the capacitor, k I

= IV(Lk + Lp), was 0.95.

The interconnection between the capacitors and the supply of en-

ergy to the coil were effected by means of wide copper buses with or-

ganic glass liners between them. In order not to disturb the plane-

parallel geometry of the system, the discharge gap was made in the form

of a break in the transmission line with an igniting unit. The same

method was used for the connection and discharging of the capacit6rs

producing the shock waves.

401-
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The discharge tube was made of quartz with inside di&aneter 3 cm

and 1 meter length. A deuterium stream was established in the tube at

a specified pressure through a palladium leak valve. During the course

of operation, the pressure varied between 10-I and 5-10-2 mm Hg.

Fig. 2

Figure 2 shows a streak photograph of the propagation of shock

waves along the axis of the discharge tube. The main coil was removed

in this case. In the first half cycle the velocity of the wave Is low,

but with increasing development of the discharge, the velocity of prop-

agation also increases, and on the portion of the path where the gas

was ionized by the wave of the preceding half cycle, the velocity of

the wave was approximately 5-6 times larger than on the portion where

the gas was not yet ionized. With decreasing amplitude of the magnetic

field, the velocity of the wave tends to a certain constant limit. For

a shock wave this limit is a sound wave, the velocity of which is con-

nected with the temperature by the following relation:

where y = C/Cv, _. is Boltzmann's constant, T is the temperature in oK,
and M is the mass of the molecule.

The plasma temperature as estimated from this formula is about 1 ev.

The main compressing field was turned on later than the field pro-

ducing the preliminary ionization, and the instant of its application

was varied by charging the delay.

Figure 3 shows oscillcgrams of the magnetic field and of the x-ray

pulses. The instant of appearance of the radiation pulse depends to a
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great degree on the delay tire. In the oscillogram of Fig. 3-b, the

first pulse appears during the second half cycle of the main magnetic

field.

The delay chosen in this manner is optimal, since when it is var-

ied in one direction or another the radiation pulses appear later. The

optimum delay corresponds to turning on the main field during the sixth

half cycle of the preliminary ionization field.

V - From the streak photograph of Fig. 2 it is seen

that by that instant of time the state estab-

c lished in the tube is characterized by a constant

velocity of the propagation of the waves excited
1 by the single turn coil.

* U £8 VJ ae ice ,ixcC•

Fig. 3. 1) psec. Turning on the main coil during the time in-

terval between the sixth and tenth half cycles is unavoidably accom-

panied by the appearance of a pulse in the second half cycle of the

compressing field, but its amplitude decreases from the start toward

the end of this interval.

Figure 3-c shows an oscillogram of the radiation pulse in the case

of a very large delay; this oscillogram is analogous to the oscillo-

grams obtained in the absence of preliminary ionization. In this case

the pulse appears in the fifth or sixth half cycle.

In addition to the main pulse, we see on the oscillograms pulses

of small magnitude, appearing one or two half cycles later. The ab-

sence of pulses in the third and succeeding half cycles (Fig. 3-b) is

not connected with the damping of the magnetic field, for otherwise it

would be impossible for them to appear in later instants of tim.e. In

all probability the compression of the plasma by the main field leads

to the appearance of instabilities and of x-ray pulses associated with

them. The character-of the instabilities that develop in such a system
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is shown on the streak photograph of Fig. 4. This photograph has teen

plotted for argon at a pressure of 0.1 mm Hg.

Fig. 4

To determine the dimensions of the region of emission of radiation,

photographic film was located under the coil along the axis of the dis-

charge tube. The blackening of the film was local in character, i.e.,

it had the form of individual dark spots, which were randomly scattered

in the region from the center of the coil to the edge on the side oppo-

site the turn exciting the shock waves. This character of film blakekn-

ing agrees with the instabilities observed with the aid of the streak

photography, which lead to the ejection of plasma on the wall of the

discharge tube. The y radiation energy, estimated .from its absorption

in aluminum, is 50 key.

Thus, it follows from the results of the experiment that in a sys-

tem comprising a trap with time-varying magnetic field, instabilities

may arise.
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NEW DATA ON THE INFLUENCE OF A MAGNETIC FIELD
ON THE DEPARTURE OF IONS FROM THE PLASMA OF INERT GASES

I.A. Vasil'yeva, V.L. Granovskiy

Moscow

1. INTRODUCTION AND FORMULATION OF THE PROBLEM

The theory of the diffusion of charged particles in a magnetic

field, in which only paired collisions in a weakly ionized gas are

taken into account [1], leads to the following dependence of the par-

ticle diffusion coefficient'D on the magnetic field:

() D(o) D(o) (1)

where c = eB/mcO, c0 = 3-1010 cm/sec, and T Is the transit time of the

particle.

The dependence of the coefficient of ambipolar diffusion (Da) on

the magnetic field has the form

D.(o) Dj(o)D. (B)= + ,1+,• = .I ' ,= (2)

An experimental check has showrn that these dependences are not

always confirmed [2-6]. However, the experiments were carried out

either in the presence of complications, such as conducting walls, or

else by Indirect methods. It is desirable to ascertain the following

by means of a direct method readily amenable to interpretation:- 1) to

what extent does a magnetic field weaken the departure of charge car-

riers in a direction perpendicular to the magnetic field; 2) what Is

the character of the carrier diffusion in the presence of a magnetic

4 'c6.



field (hound or independent diffusion); 3) what factors give rise to

anomalies in the dependence of the rate of carrier departure from the

magnetic field.

2. METHOD OF INVESTIGATION AND CONDITIONS OF THE EXPERIMENTS

The departure of ions from a plasma is characterized by the den-

sity of the ion current on the tube wall (Jpw). The coefficient diffu-

sion or the coefficient of carrier departure (D) is determined from

the relation

dp, (3)

where pp is the charge density of the positive ions near the walls [7(.

The experimental glass tubes contained an indirectly heated oxide

cathode and a cone-shaped anode. The current of the ions on the wall

was determined by means of a flat wall probe in the form of a disk

with guard ring. To determine dp/dr, a cylindrical probe was used,

which was moved along the section of the tube with the aid of a ground-

glass stopper. The charge density of the positive ions in each probe

position was determined from the ionic parts of the probe characteris-

tics.

In the two tube versions, the cathode was located either inside or

outside the magnetic field.

The investigations were carried out in helium and argon at pres-

sures from 5-10-3 to 1.1 mm Hg, in a magnetic field range from 0 to

2600 gauss, and at tube currents from 0.03 to 1 amp.

3. RESULTS OF THE IrVESTIGATION

I. Figure 1 shows the dependence of the relative value of the de-

parture coefficient D on the magnetic field. The parameter of the

curves is the gas pressure p. It is clear from the figure that the

smaller the pressure, the steeper the decrease in D under the influence
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of the magnetic field. At the lowest pressures one can note deviations

from a monotonic decrease.

The steepness of the decrease can be characterized by a magnetic

field in which D is decreased to one half its value (B,/ 2 ). As can be

seen from Fig. 2, the dependence of the experimental values of B,/2 on

the pressure Is close to linear (the scale of the drawing Is biloga-

rithmic and the line is inclined at 450). This is in agreement with

Formulas (1) and (2).

In Fig. 3 one of the experimental D(B) curves is compared with

the calculated curves. The calculation is based on Formula (1) In the

case of independent diffusion of the Ions

-3X-QA MP OAMx and electrons (dashed curves), and by For-

DICT PO-'1-p..t% mula (2) in the case of ambipolar ditfu-

• "a-p-o.o5.H sion (thin solid curve). It is seen from

the figure that the curve closest to the
experimental one is that corresponding to

2
0 a ambipolar diffusion.

Fig. 1. 1) mm Hg; 2) Thus, in the region of monotonic de-

gauss. crease, the dependence D(B) turns out to

be quadratic and the diffusion is ambipolar in character. 4

II. To investigate the deviations from the monotonic decrease of

D(B), it was necessary to expand the range of magnetic fields and to

improve the experimental tubes.

Let us consider the results of the measurements in tubes with the

cathode located outside the magnetic field.

Figure 4 shows the dependence of the density of the Ion current

in the wall on the magnetic field. The parameter of the curves 'ill

from now on be the current strength. It is seen from Fig. 4 that at

helium pressure of 0.055 m.- Hg the current on the wall decreases mono-

W.I
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Fig. 2. 1) Gauss; 2) Fig. 3. 1) Calculated.

nn Hg.

•.,• ,,I) HeA -,- 3,o s

0-0-30 1A

fit0 2000 :000

Fig. 4. 1) Gauss. Fig. 5. i) Gauss.

• a 5 0'0j, I,
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0 i= 2=000 2CG•0

Fi;6. 1) Gauss. Fig.-I)aus

tonically to a magnetic field value Elkrit = 400 gauss, after which it

increases and passes through a .mxirmza for all the currents investi-

gated in the tube. Figure 5 Is a plot of the anode current noise amp-

litude (I-) as a function of the magnetic field. It is seen from the !

figure that in a magnetic field Bkrit "ý 400 gauss, the current noise

increases, and then passes through a maximum.•

'I- --.O3 I0

o 0g

-Wermo

Fig.6. 1 Gaus. Fg. 7 1) auss



Figure 6 pertains to a pressure of 0.5 r=m E. It is seen frcm Fig.

6 that the J (B) curves for different currents in the tube coincide
pw

up to fields of 1200 gauss, after which they diverge and a deviation

from monotonic decrease appears. Figure 7 shows that at this value of

the magnetic field B = Bkit noise oscillations (continuous curves)

arise, which then grow. The dashed curve of the same figure represents

the dependence on the magnetic field of the amplitude of the striations

with frequency 40 kcs, which exist at a current of I amp and B < 500

A gauss. In such magnetic fields, the de-

O parture of the ions changes with increas-

He ing B in similar fashion for all anode

_7. = 1A
-- •-J,=oJAcurrents, and this change is furthermore

-o-713-o,oA monotonic (see Fig. 6). This means that
j 'the striations exert no appreciable in-

.* t, 1 fluenee on the departure of the carriers.

0 , W w Thus, in tubes where the cathode is

Fig. 8. 1) Gauss. located outside the H field, the appear-

ance of anomalies (the value of B depends on the pressure, is con-

nected with the increase in the noise oscillation amplitude, and is in-

dependent of the current strength and of the presence of striations.

These experimental facts are in qualitative agreement with the

theory that predicts the appearance of anomalies in the rate of depar-

ture of the currents starting with a certain B = Bkrit.

The curves of Fig. 8 have been obtained in a tube with cathode #1

located inside tne magnetic field (helium pressure 0.5 mm H:g). It Is

seen from the figure that deviation from a monotonic decrease occur

the earlier and are the more brightly pronounced, the larger the cur-.

rent in the tube. The dashed curve in the same figure shows in arbit-

rary units the amplitude of the noise oscillations, referred to a cur-

- 410 -
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rent of I am.p. The noise increase in the same r.azgnetic field, in .'hich

D(33) starts increasing at a current of 1 amp.

Consequently, in tubes where the cathode is located in the mag-

netic field, Bkrit depends on the current and Is related to the in-

crease in the noise amplitude of the anode current In the same way as

In the case when the cathode Is outside the H field.

III. To explain the large rate of departure of the ions perpen-

dicular to the H field, Simon [6] advanced the hypothesis of "short

c1rcuiting" of the plasma by the conducting end walls of the tube, in

connection with the anisotropy of the plasma conductivity in a strong

H field. To verify this hypothesis, we investigated the effect pro-

duced on the departure of carriers from a plasma by inserting a metal

wall in the end part of the tube.

The measurements were carried out by the method described above,

* but were repeated twice for the positions of the wall perpendicular to

the magnetic field. The wall could be displaced with the aid of a

ground-glass stopper; in one position it was placed on the same force

lines of the magnetic field, where the measuring probes were located,

and in the other position it was moved away to the side. The experi-

ments were repeated many times In helium at p = 0.08 mm Hg and B = 2500

gauss (WeTe = 450) and in argon at p = 5-10-3 mm Hg and at the same

value of B (CO.Te = 3-103). The ion and electron currents on the wall

were constant in this case, within the experimental accuracy (1-2%1).

The coefficient of departure was also practically constant as the

metallic wall was displaced. This means that Simon's hypothesis does

not explain under the conditions of our experiments the existence of

arncmalies in the dependence of the departure of the ions from the

plasma in a magnetic field.
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SCONCLUSIONS

1. The diffusion of ions and electrons from a plasma corresponds

to the theory of pair collisions and Is ambipolar up to B Bk.it.

2. Wien B > Bkrit, anomalies are observed in the D(B) and J w(B)
pw

dependences.

"3. The value of Bkit increases with increasing pressure and de-

pends on the position of the cathode relative to the region where the

magnetic field is effective.

4. The appearance of anomalies in the D(B) and J (B) dependences
pw

is connected with the appearance of random electric oscillations in

the plasma. Striations do not influence D(B) and J w(B).

5. The influence of different factors on the appearance of anoma-

lies at B = Bkrit agrees with the theory of B.B. Kadomtsev and A.V.

Nedospasov.

6. The hypothetical effect of "short circuiting" of the plasma,

advanced by Simon, could not be observed in experiments specially set

up for the purpose.
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INVESTIGATION OF THE MOTION OF A CONDUCTING GAS

ACCELERATED BY CROSSED ELECTRIC AND MAGNETIC FIELDS

A. bL usin, V.L. Granovskly
Moscow

(PART I - THEORETICAL)

Let us consider the motion of a viscous conductive medium in a

magnetic field in the presence of a plane current layer produced by an

external alternating electric fiold. We start here from the magneto-

hydrodynamic equations for the momenta and for the magnetic induction,

written in the simple symmetrical form

tt + 0.9,. + e4= lk. (au + bw) ( 1)

= + + e (aw, +(o - bu),O,.

We use here the notation (1]

u=,,+HIV4=p; z H/ (2)
-0b -0.

-- plP--(u-W)28; 2a=v+v.; 2b=v-v.,

v is the kinematic viscosity, vm is the magnetic viscosity of the

medium. The remaining symbols used in (1) and (2) are standard,* and

a = 1,2,3.

The physical mean 4 'n of the functions 7(t, xa) and 7(t, x ) given

in (2) lies in the fact that in the coordinate frame fixed in the mov- t
in& medium we introduce into consideration two hydrodynamic waves prop-

agating in opposite directions with equal speeds vA = +/,p. Inas-A -A

much as propagations occurriz- in a conducting medium with constant

physical properties propagate with velocities that do not exceed 2vA [2],

these waves do not interact with each other.

-414-



In the stationary case this reduces the problem of integrating

the simultaneous system of equations to the integration of several In-

dependent equations. In the nonstationary case, under certain particu-

lar assumptions, the problem is likewise simplified. Let us consider,

in particular, plane nonstationary motions of a viscous conducting

medium with a variable*current layer along an external electric field

A= (t) in a transverse magnetic field T= const. Let the electric'

field 9(t) be parallel to the x2 axis, so that in the region under con-

slderation there flows an alternating current parallel to the x2 axis

with the following current strength per unit length in the xI direction

)- -1.i(O expI, t(c$-). (3)

The external magnetic field is directed along the x3 axis; the motion

Is along the xI axis and is bounded by parallel nonconducting planes

N3 =_±R.

The relative placement of the fields and of the direction of mo-

tion are shown in Fig. 1.

-R

+ R

Fig.l1

Pr•o•ecting Eqs- (1) on the x axis, we obtain in our case a para-

bolic system of equations

Ul, + + +,,. (ala, + bwl),) (i)

~Z:3 + U31' +-~~r (awl + bu,),O, .

Assume that when t < 0 the electric field is zero and the motion occurs
- -15 -
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only under the influence of the constant pressure gradient Bp/xlx =

const, i.e.,

fi(t.x,)b= =,U,(x,); W,,..,)1 = .I (x3). (5)

where ul(x3 ) and wl(x 3 ) are the stationary solution of the system (1)

in the case when there is no current layer. Owing to the adhesion of

the viscous medium to the boundary surfaces and owing to the continu-

ity of the tangential component of the magnetic field in the absence

of surface currents we have

I..- r ... ) (6)
ho(t) (2tjolco) expi(cadt 1).

The system (4) can be reduced to a system of algebraic equations if we

use the operator equation [5]

where m = 1, ... , n; s is the operator of differentiation with respect.

to X. In this case Conditions (5) and (6) are included directly in

these algebraic equations, where ho(t) goes over into h(k):

h(k)=-(2.¶jo-T o)[cxpi(i , +arc tgcolk)]/(W2+A!-.)A,, (7)

where k is the operator of differentiation with respect to the variable

t. In order to avoid cumbersome calculations connected with the simul-

taneity of the system of equations, we can use equations that follow

by virtue of the known analysis theorems from the symmetry of the prob-

lem and from Conditions (6):

(a,. + (,,)U•o= - v) 0. (8)
We shall not write out here the solution obtained in general form; we

note only that it is most convenient for analysis purposes to use di-

rectly the solution of the algebraic system, which is a solution of the

problem in operator form.

Depending c.. the character of the active moving forces and on the
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conditions of notion, we can separate frmthis general soluticn sev-

eral special cases. In this case the general solution bacomes-appreci-

ably simpler, and the particular solution can be readily written down

in the notation of classical analysis.* We consider here only one ape-

cial case, when the gradient of the total pressure Is (aP/c)xl) - 0**

and the motion occurs only under the influence of the electromagnettce

forces. In addition, we assume I = 7r/2 in Formula (7). We then use the.

well-Imown theorems on contour integration [41] to write down the ex-

pressions for the velocity of motion and for the Induced magnetic field

in series form:
r U .-T3) = (G p e (chRchp., - chJ~cx•)i(aD;Ok)),.,

H, (t. x3) = (G•I[p,(k - .,pD chj 1 ,RshpA--._
-PO(k - .-p') Chpa,.bPix3L'(dDOdk)),.,

D (k) .=(k' + -,,•[pj(k -- ",pD shpROMpz--

-- - -p( P s.ipRchp,,: I. (9)

P1. 3(k) (12ka + vj+ 2 k ± j2ka +-] -- 2.k.)I1,

G, = jo.,lIN2cop; C2 = .'JIC; P = -..

.ki.are the roots of the equation D(k) = 0; summation is carried out

over i.

Assume now that the inequality v << vm or va << c0
2/47ql is satis-

fied, i.e., the conductivity and viscosity of the medium are not too

large. Then Expressions (9) greatly simplify, and the formulas for the

velocity and for the magnetic field can be written in analytic form.

These formulas are rather complicated, but if we stipulate in addition k
that (.V/VA2)2- << 1 and neglect the cfjantity (Wvjv)2 compared With.

unity, something that can be done if the external magnetic field is

sufficiently large and the densities low, then we obtain for the max-

imum velocity on the flow axis, attainable at the Instant of tize t [7.

=rw/2, a formula which is convenient for analysis and calcula-

tion: *
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__4 _.,,(s_ 22, Cos•, sin 2-3 sinj,)
2 , (sh-S, si•! a ch+ cosh-% (10)

At still larger magnetic fields, when F 1 we neglect 2

compared with unity and obtain from (10) for the maximum velocity
I,,, = P.1'--"Ce.p (e11 312 = )-II• n

- C,,s' , IRlI~I V?+-1, +* ( "

We see therefore that the velocity of motion tends asymptotically with

increasing magnetic field toward a certain limiting value, and at large
.0

magnetic fields it no longer depends on the magnetic field - a "satura-

tion" of sorts sets in. The siaLler the density of the medium, the

smaller the magnetic field at which the saturation occurs. The phys-

ical meaning of this phenomenon is that with increasing magnetic field,

its accelerating action Is gradually balanced by the induction decel-

eration resulting from the Interaction between the external magnetic

field and the increasing Induction current.

At low densities and slow changes in the external magnetic field,

.11 I

2

0.4
,,i/ / y

CA1 I /./.]/ +,
// •'//;

400 ' &. V /CW 16C' Z0o z.' G 2ez.. 3Zco . 4 10 - ,,Il 3

Fig. 2. 1) cm/sec; 2) I. 1z; 3) oersted..
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the rate of motion ceases to depend likewise on the density of the

medium. The reason for it is that under such conditions the inertial

terms are small and the resistance to the motion is determined entirely

by the viscous dissipation.

The limiting value of the velocity is determined by the amplitude

of the electric current falling through the medium and by the conduc-

tivity of the medium; it is obtained the later, the larger the density

p of the medium; It is clear therefore that an increase in the mag-

netic field above the values at which saturation sets in, although it

does not bring about an increase in the velocity-of motion for a con-

stant JO" nevertheless makes it possible to set a larger mass in motion.

Figure 2 shows the curves calculated by means of Formula (10).

At a current density Jo = 430 a/cm and o = 1013 sec-1, the limit-

Ing value of the velocity Vpred equals 2.4.107 cm/sec.
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INVESTIGATION OF THE MOTION OF A CONDUCTING GAS
ACCELERATED BY CROSSED ELECTRIC A ND .AGNETIC FIELDS

L.S. Lomonosova, V.I. Serbin, G.G. Timofeyeva, V.L. Granovskily
Moscow

(PART II- EXPERIMENTAL)

1. The motion of a conducting medium accelerated In crossed elec-

tric and magnetic fields was considered in [i]. In the particular case

when there is no pressure gradient and the motion occurs only under

the influence of the electromagnetic forces, formulas that are con-

venient for calculation were presented and the dependence of the vel-

ocity on the external magnetic field was plotted. It was also shown in

[1] that when the magnetic field is sufficiently large the velocity of

the plasma ceases to depend on. the magnetic field, i.e., "saturation"

sets in (see [1], Fig. 2).; With increasing initial gas pressure pO'

the "saturation" sets in at ever-stronger magnetic fields. It was also

shown that, other conditions being equal (po, H, the type of gas), the

velocity of the plasma increases with increasing amplitude IA of the

discharge current.

2. For an experimental investigation of these phenomena, a setup

was assembled in accord with the diagram shown in Fig. 1. The plasma

was obtained and accelerated in a cruciform glass tube 32 mm in diam-

eter. The plasma source was an arc produced in tube A following the

discharge of a capacitor bank with capacity C = 2 lif. The cruciform

portion of the tube was placed between the poles of an electromagnet,

so that- the magnetic field produced by the latter (6-103 oersted) was

-421-
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perpendicular to the electric field of the arc. Under the influence of

the magnetic field, the plasma was ejected into tube B, about 1 meter

in length. In our experiments we varied the amplitude of the arc cur-

rent from 1.2 to 5 kiloamperes, the magnetic field intensity from 250

to 6000 aersted, and the pressure from 10-2 to 7-101i mm Hg. We meas-

ured the plasma velocity on a portion of tube B of length 18-28 cm in

hydrogen, air, and krypton.

The motion of the plasma was investigated by two methods:

a) with an electron optical converter operating as a photoregis-

trator;

b) with probes sealed in tube B as

shown in Fig. 1. In this case the veloc-

Sity of the plasma was determined from

"the known distance between probes and

- the time interval between the appearance

of the-probe signals on the oscilloscope

IIfj screen.

The maia results, which are pre-

Fig. 1. Diagram of appa- sented below, were obtained by the probe

ratus. I) Magnet; 2)
anode; 3) cathode; J) mthod. It tuns out that the velocity
probes; 5) slit of elec- of the plasma icreases:
tron optical converter.

a) with increasing amplitude of the

discharge current (Fig. 2);

b) with decreasing initial gas pressure at low magnetic fields

(Fig. 3);

c) with decreasing atomic weight of the gas (Table 1).

It was observed that for the s&me values of A and p 0 , the veloc-

ity of the plasma increases with increa3ing H. However, with further

increase of the magnetic field H, the increase in the velocity slows
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Fig. 2. Dependence of v on the
discharge current IA'in hydrogen,

at pO = 0.2 mm Hg and at differ-

ent magnetic field intensities H:
1) H = 500 oersted* 2) H = 750
oersted; 3) H = 1180 oersted; 4)
H = 1750 oersted; 5) H = 20140 oer-
sted; 6) H = 2750 Oersted; 7)
H = 3480-4550 oersted. Measured
on the portion 1 = 15-28 cm from
the start of tune B. A) cm/see;
B) oersted; C) microns mercury.

TABLE I
1 a ..a - m 12. P .- N'a. •.,H I5 lCcMICts)

6Boy.. ....... ji 0.,5 242W 4.IXIO,

7Kp-M6 .m . . .0. . is 3.6 20 L5X1 0

6loaoiyz.. ......... 28,A 0,15 2Z6 I50W O.6X1O
81 ,op ........ 2.o %.is 2.75 50 (s-6)X1OP

1) Type of i'as; 2) rum Hg; 3) 1,'loaimpcres; 4)
oersteds; 5) cm/sec; 6) air; 7) krypton; 8)
hydrogen.

down, after which the plasma velocity remains constant (the limiting

velocity Is reached) (Fig. 4). In hydrogen at PO = 0.15 mm Hg and IA =

= 2.1 kiloamperes, the "saturation" sets in at H = 4500-5000 oersted,
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and the limitirný v:elocity attained thereby at a distance of' 26 cm from

the axis of tubte A is v 7.5 x 105 cm/sec. Tnis "saturation" in the

course of the deptendence of the plasma velocity on. H agrees with -the

theoretical deductions (ii1

3. In com~paring the theoretical and experimental dependences of

the velocity on the magnetic field intensity, the following must be

Impt in mind. In the theoretical calculations [1] we deal with the

velocity of the plasma directly in the acceleration region, i.e., un-

der the poles of the electromagnet. What we determined experimentally,

however, was the velocity of the plasma at a certain distance from

this region. Thus, for example, the first probe was located at a dis-

tance of 13 cm from the discharge tube axis, and the longitudinal slots,

when working with an electron optical converter, started at a distance

or 10 cm from the axis. When moving in tube B, the plasma was slowed

* down by the following two phenomena:

a) the transfer of momentum to the wall tubes and to the station-

ary gas;

b) deceleration by the force exerted on the induced currents In

the moving plasma by the transverse stray field of the electromagnet.

Figure 5 shows a plot of the motion of a plasma in hydrogen in)

tube B at 1A = 2.6 kiloamperes, p0  0. 185 mm, Hg, and H 1200 oersted.

Figure 6 shows on a semnilogarithmic scale the dependence of the 41

plasma velocity in tube B on the distance covered, as calculated from

the plot of the motion (Fig. 5). It is seen that as the plasma moves u

alonr the tube B, Its velocity decreases approximately exponentially.

T ,he velocity with which the plasma begins its motion from the acceler-

ating region can be obtained by extrapolating the plot of Fig. 6 to

the start of the tube. In the example shown in Fizs. 5 and 6 (Curve 1),
this velocity turns out to be v 2- 2.10 c ubes as to theor etical

Figure~~~ ~ w hw nasmloaihi cl herdeasdec its theore
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Fig- 3. Dependence of the Fig. 4. Dependence of v on the
plasma velocity v on the in-- magnetic field H in hydrogen
itial pressure ol the gas (air) at Po = 0.15 mm Hg and IA = 2,1

0in two modes: 1) A =kiloamperes. Curves 1-3 are
kiloamperes, H = 2040 oersted; theoretical and their vertical
2) IA = 3.75 kiloamperes, H = scale is on the right; curve 4
= 2750 oersted. Measured in a is experimental with vertical
portion 1 = 0-15 cm from the scale on the left. A) cm/sec;
start ortube B. A) cm/sec; B) B) at distance 26 cm; C) Vteor
air; C) oersted; D microns 10 7 cm/sec [velocity of ejec-
mercury. tion]; D) oersted.
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Fig. 5. Plot or motion of plasma
in hydrogen in tube B at IA = 2.6
kiloamperes, pO 0.185 •m Hg, and

H = 1200 oersted. 1) Microns mer-
cuary; 2) oersted; 3) lsec.
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value is 2.4 x 107 cm/sec. The plasma ejection veloc•.ties obtained by

extrapolating the experimental data turn out to be nevertheless lower

than those obtained by calculation. Thus, one can state that there Is

good qualitative agreement between the character of the experimental

and theoretical dependences of the plasma velocity on the type of gas,

on its initial pressure, on the current amplitude, and on the intensity

of the external magnetic field. However, the absolute values of the

measured velocities, and also of the limiting magnetic fields, differ

V A

9 
- - -

8 \|
7t

J .,on B.pme

3:0008..mec

5 T ZO255 30

Fig. 6. Dependence of v in hy-
drogen on the distance~covered
along the tube B: 1) p0 = 0.185

"mm Hg, IA =2.6 kiloaperes,

H = 1200 oorsted; 2) p0 = 0.125
mm Hg, 1A =2.6 kiloamperes,

H = 3000 oersted. A) cm/sec;
B) microns mercury; C) oersted;
D) probes.

from the theoretical ones in that the exoerimental values of the ejec-

tion velocities are lower than the theoretical ones, while the limiting

fields are larger. The reason for these disparities d3 still not com-

pletely explained. One of the Possible reasons is t0h difference in
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the conditions of the calculation ani of the experients, inasmuch as

the theory developed in [1] pertain3 to a planar confiauration uhile

the experiment pertains to a cylindrical one.
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"OBSERVATION OF HYDRONAGNETIC OSCILLATIONS IN THE PLASMA

OF A PULSED ELECTRODELESS DISCHARGE

M.D. Gabovich, 1.14. Mitropan
Kiev

The discharge of a capacitor bank into two single-turn coils 70 mm

in diameter (current oscillation period 6 I•sec) excited an electrode-

less pulse discharge in hydrogen. By means of a magnetic probe and

belts it was possible to observe the radial oscillations of the plasma

connected with the annular current. A comparison of the observed period

of these oscillations with the calculated value makes it possible to

determine the concentration of the ions, which is in satisfactory

agreement both with the concentration of the neutral atoms and with

the concentration of the ions as determined from the width of the spec-

tral- lines. A distinguishing feature of the case considered here is

that the oscillations of the plasma ring occur upon compression of a

magnetic field that opposes the external field, i.e., a field whose

liies are connected with the internal currents In the plasma, and not

with the currents in the external turn. In a heavy gas (krypton), as

expected under our conditions, there is neither compression of the

frozen-in field nor oscillations of the plasma ring.
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SCH=.ES OF ELECTROGASDYNAMIC MACHINES

Ye.!T. Yantovskiy

Khar'kov

Eledtrogasdynamic generators are intended for direct conversion

of the energy of a gas stream into electricity. This obviates the need

for introducing blades in the stream of the high-temperature gas and

it becomes possible to increase appreciably the maximum temperature of

the thermodynamic cycle, and consequently also the thermal .efficiency.

In most cases the energy conversion does not call for rotating

parts to be present in the machine',

As regards the operating principle, all the known types of electro-

gasdynamic machines (EGM) do not differ from ordinary electric machines.

The main distinction of the EGM is that it has a gaseous rotor as a

moving part which directly serves as the operating body of the heat

engine which carries out the thermodynamic cycle. The EGM is therefore

a unification of the heat engine and the electric machine.

Electric current can flow in a gas either if the gas contains a

sufficient number of free electrons and ions moving under the influ-

ence of an electric field, or when the gas contains overwhelmingly

charged particles of one sign, carried by the gas stream.

As is customary in magnetic gasdynamics, the current density is

written in accord with the generalized Ohm's law in the form

here 7 is the current density; a Is the electric conductivity of the

gas; is the intensity of the electric field; 1 is the velocity of
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Gas in the reference frame In which is measured; ir is the =Znetic

field intensity; tL is the magnetic permeability; pe Is the density of

free charges.

W3 shall a machine rnagnetogasdynamic if the energy exchange in it

is effected by the work or the conduction current (first term of the

right hair or (.1)).

It is customary to call a machine convective Ir the gas flow in

it does the work necessary to transport the charges together with the

gas against the forces of the'electric field. Use Is made here or the

convection current (second term of. the right half of Eq. (1)).

?4agnetogasdynamic machines can be divided into two classes, de-

pending on the method by which the external electric fieldT 13i pro-

duced.

In conduction machines the field is applied directly to the

boundaries of the gas stream with the aid of electrodes.

In Induction machines there are no electrodes and th1e external

electric field is produced' by time variation of a magnetic field.

Each of the foregoing types of machines is also used in or~dinary

electric machine building. The conduction scheme is the equivalent of

the unipolar electric machines, the prototype of which was the Faraday

disk. One can classify as induction machines the ordinary synchronous

and induction AC machinery. The convection scheme corresponds to an

electrostatic generator with moving belt.

In view of the exclusive advantages of the EGI4 as c=mpared with

ordinary machines, many proposals were made by which to bring into be-

ing each of the three mentioned possible types of machinery.

Although none of these proposals have been realized to date on an

industrial scale, they are of great interest. T"he use-of =odern the-

oretical and experimental data on magnetic gasdynamics and plas.a phys-
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ics as applied to specific schemes will apparently make it possible to

choose in the nearest future the most suitable scheme for each techni-

cal problem. Particular interest is attached in EGM for station power,

since in principle the upper limit on the power is eliminated by the

absence of rotating parts.

We present below a brief review of dikfferent schemes which we were

able to find In the literature. Within each class, the description is.

in chronological order.

I. CONVECTION EMMRATORS

In Braun's scheme [1] (Fig. 1) steam or some other vapor from

source A is fed into two nozzles, each of which is surrounded by oppo-

sitely charged belts B1 and B2 .

When the expanding steam flows past each sharp point S1 and 2*

ions of different signs are obtained by electric induction. These serve

as condensation centers and are dragged

S--by the steam toward grid electrodes K1

r~ k A and K2 , to which they give up their

I/ charge. The steam is then fully condensed

G in a cooler and the liquid is pumped to

d * , the heater. The electrodes KI and 1'2, on

Ij • which a potential difference is produced

++ -, and maintained by the steam flow, are

-- ----- _ connected to the useful load.

In the scheme of Ye.M. Sinel'nikov

[2] (Fig. 2), provision is made for ex-

ternally heating the cathode 3, which is

_ •provided with sharp points and which is

covered by a substance having a large

Fig. I thermionic emission. The electrons emit-
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ted by the cathode are dragged by the

Jet of mercury vapor to a grounded charge

-- collector 5, so that the potential of

the cathode is reduced relative to ground.

The working current flows through the

useful load which is connected to the

A cathode and the collector.

In the AEG scheme [3] (Fig. 3), Pro*-

,• "\vision Is made for the use of spherical

electrodes to obtain high voltagq with

the aid of a convection generator. To

avoid vorticity.and hydraulic losses it

is proposed to pass the steam Jet inside

an insulated tube provided with metallic

Fig. 2 honeycombs or Raschig rings and placed

2- 7* -

Fig. 3
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inside a spherical electrode.

In the scheme of Karlovitz and Halasz [4] (Fig. 4), a stream of

previously ionized combustion products (in the mean, neutral) is fed

to a Jet of annular section with radial stationary magnetic field of

such intensity as to retain the electrons, which have a large mobility,

but pass the ions. At the entrance to the magnetic field there is

formed an annular electron current and a negative pole, while at the

exit from the nozzle there is an accumulation of positive ions.*

~ ,

Fi. 4

The electrodes introduced into these regions are connected to the

useful load. To reduce the formation of negative ions, it is recom-

mended to use fuel which does not produce water vapor upon czznbustion.

The gas stream carrying the ions performs work against the elec-

tric field produced between the electrodes. The gas can also contain

positively charged particles in colloidal or suspension form.
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The possibility 13 afforded of changing the magnetic field strength

with changing load, and also with changing velocity along the channel.

Mention is made of the possibility of feeding into the combustion cham-

ber air heated by cooling its walls, and also the possibility of iso-

thermal combustion in a channel of variable cross section.

According to the scheme of G.I. Babat and R.P. Zhezherin [5] (Fig.

5), mercury vapor supercooled in nozzle C is partially condensed on

the positive ions which diffuse toward the grid electrode C from an

arc burning between electrodes F and A, or from another ionizer. Schemes

are presented wherein three generators are connected together by means

of a mechanically rotating switch in order to feed the steam into the

0T

M

02 C

+(D"
'G

-,-

Fig. 5
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nozzles by pulses and obtain three phase AC of varying frequency.

A model of such a generator (6] delivered a current of 50 ma at

100 v. According to calculations by the authors, at a voltage of 1CCO v

the density of the convection current may reach 0.25-10-3 amp/cm2 .

B.I. Ostreyko [7] proposed to charge by electrostatic induction

mercury particles and then, to obtain small particles with increased

charge at high potential, propel the mercury mechanically through a

grid with capillary apertures, and entrain the resultant small Jets by

means of a Jet of steam; he also pointed out the possibility of feed-

Ing the steam generator with a liquid containing an admixture of metal-

lic particles in suspended state.

A.S. Semenov [8] (Fig. 6) proposed still another generator con-

struction with two oppositely charged vapor streams and mutual electric

induction.

Fig. 6

Marks (9] carried out extensive calculations and proposed a con-

vection generator using aerosols; this generator consists 6f a la•ge

number of short small-diameter nozzles. When gas of high dielectric

strength is used (freon or carbon tetrachloride) the possible convec-

tion current density as calculated by the author is 50 atp/m2 . In his
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calculations the author uses the data of Pauthenier [10] on the limit-

Ing charge of spherical particles in high-voltage convection generators. U
In the scheme by Krapf £11] (Fig. 7), positive ions are obtained

by surface ionization when gas flows past an electrode having a work

function larger than the ionization potential of the gas, with subse-

quent neutralization on an electrode having a work function smaller

than the ionization potential. The convection current flows between

the electrodes, which are used as a cathode and an anode, with the cir-

cuit closed by the useful load. The voltage is increased by connecting

generators in series.

- I
2cg -0 (()1

0

Fig. 7. 1) Insulation; 2) top; 3) bottom; 4) cooling; 5) com-
pressor.

In the scheme of B.M. Molchanyuk [12] (Fig. 8), the specific power

of the convection generator is increased by constructing the inter-

mediate insulated electrode in the form of a lattice of aerodynamic

streamlined profiles. At the instant when the circuit is closed, the

potential difference between electrodes 1 and 3 gives rise to a corcna

discharge. The positive Ions produced are distributed by the gas stream
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over the surface of an insulating cover 2, fcrming as it were the sec-

ond electrode of a capacitor, made up of the ionized gas. The working

current is drawn through electrodes 3 and 4.

tS

Fig. 8

The convection generator schemes considered above, by virtue of

the difficulties involved in producing a high density of free charges,

are characterized by low current density even when the gas velocity Is

high. They are therefore of no interest for stationary power, but can

be useful in those cases when low power DC at high voltage is necessary.

II. COMMJCTION GENERATORS

The first magnetic gasdynamic scheme known to us is that of Scherer

[13] (Fig. 9).
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Fig. 9. 1) Section AB.

A stationary transverse magnetic field is produced In a channel

of rectangular cross section of variable area, closed in the form of a

ring and filled with electrically conducting gas, using two excitation

windings W, and W2.

The opposite walls of the channels are made up of metal buses --

electrode s SI and S2. If a potential difference is applied to the buses, ?

current will flow through the gas in a direction perpendicular to the ii

magnetic field. The interaction between the current and the magnetic •iili

field produces a force that compresses the gas as the latter flows •

into the narrower portion of the channel 4-1, after which heat is fed•

to the gas from a source not Indicated in the diagram. The gas then i

flows into the expanding portion of the channel, where the voltage in-k

tween the buses exceeds the voltage applied for the compression. After •\

expansion, the gas is cooled in sector 3-4 and 13 ag-ain ccmpressed.. , .i
-438
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In sector 1-2-3 (ex.pansion) the current and the induced enf coin-

cide in direction and the energy of the gas flow is converted into

electricity, while in sector 3-4-1 (compression) the current and the

induced emf are opposite in sign and the electricity is consumed by

the gas. Inasmuch as heated gas is expanded and cold gas is compressed,

the expansion work exceeds the compression work and the resultant elec-

tricity can be usefully employed.

An analogous process occurs in any heat engine, for example in a

diesel engine, and is represented by an equivalent indicator diagram

in pressure-specific gas volume coordinates.

The proposed engine converts the heat energy obtained from the

heater into electricity delivered by the buses.

The author refers to earlier predictions of similar processes

o ,(Zeitschr. f. Electr., No. 17, 1898).

The construction of a mercury-field contact for removing the cur-

rent from the buses is given.

No methods are indicated for obtaining a gas of sufficient elec-

tric conductivity.

Meszlang (14] proposed to make the medium electrically conducting

by ionization with ultraviolet, x-ray, or other radioactive radiation,

and also to use high temperatures and glow discharge. To obtain a high f

voltage, which calls for a large gas velocity, it is proposed to use a

Laval nozzle. .

Kramolin (15] (Fig. 10) proposed a generator scheme in which gas

flows in a transverse magnetic field, and in order to reduce the volt-

age near the electrodes it is proposed to use materials with low work

functions and incandescent electrodes.

In a zeries of patents by the Sie-ens-Schuckert firm (16-19]

schemes are described of AC conduction generators and methods of con-
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Fig. 10

Fig. 11

necting them (191 (Fig. 1i) in order to obtain three phase currents,

with capacitors that produce reactive power for the excitation bind-
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ings, and with such an arrangement of the working current conductors

as to neutralize the armature reaction.

It is proposed to place the generators in succession along the

gas stream and to couple them by means of transformers to the line, so

as to reduce the induced AC voltage along the gas channel.

kolbasko (20] (Fig. 12) makes mention in a description of a con-

duction pump for current conducting liquids that such a pump is revers-

ible, i.e., that it can operate as a generator, and proposes a series

excitation system by which the magnetic field is produced by the vari-

able working current.

Fig. 12

Sporn and Kantrovitz [21] have proposed a scheme for a large scale

power installation with a conduction magnetogasdynamic generator, in

which the working mediums employed are the combustion products of coal

(Fig. 13). The total power of the installation is 462 megawatts, of

which 97 megawatts is obtained by an ordinary steam turbine unit using
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the gases in which the electroconductivity has been decreased upon re-

duction in temperature. The total efficiency of the installation is

estimated to be 55%. The combustion chamber is fed with air heated by

the combustion products in a regenerator to 2000 0 C at a pressure of 10

atmospheres. The maximum temperature in the combustion chamber is

29400 C, which ensures sufficient ionization if a small amount of addi-

tive with low ionization potential is added. The resultant DC is con-

verted into AC with the aid of a special unit.

aflpe~ioaemap "peowepemuoas ycmao&vobo 6 oromopoi jieo.1 cioqpcin

2 MA 365 0004.f

WSA-0 20 97OOO.s.
14820004.,Ioo

7 __ I m 16 otcva

) te turbinegeneratord pec£* heat owe

kcl/d-r £)c adv;, 2f atmsphres l)Coa;.Wca*ee;

cobustion (chmber) 2Z 5A ed p 1 e.w.a ;

6) fbbDC to Ab invetr A&)M l s15 meaats ) upt oe
Fig. 13. a) Proposed power installation in which coal is
burned in compressed air; b) magnetohydrodynamic generator;
c) steam turbine generator; d) specific heat flow; e)
kcato/kw-hr; ) akw; g) atmospheres. 1) Coal;s2)ecoal feed; 3)
combustion chamber; 4) field; 5) field supply 18 megawatts;
6) DC to AC inverter; 7) losses 15 megawatts; 8) output power
462 megawatts; 9) capacitors; 10) station needs, 10 megawatts;
11) generator; 12) low-pressure turbine; 13) condenser (heat
exchanger)- 14) low-pressure feed wrater heater; 15) regen-
erator; 165 air Inlet; 17) compressor; 18) steam superheater;
19) evaporator; 20) feed water'heater; 21) high-pressure tur-
bine; 22) feed water heater turbine; 23) exhaust.

A recently published communication reports the construction of a

model of a conduction generator with a capacity. 10 W, as well as other
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models [22, 23].

Conduction generators can produce both direct and alternating cur-

rent, but at the practically attainable gas velocities and dimensions,

the voltage obtained can be on the order of a thousand volts, which is

insufficient for stationary power generation, although in individual

cases it is usable.

The main difficulty in developing induction generators is the

elimination of the voltage drop in the boundary layer near the elec-

trode, and the attainment of a sufficient service life for the elec-

trodes. In the case of intense cooling of the electrodes, one can ex-

pect the near electrode layer to have a high electric resistance re-

sulting from the drop in thermal ionization owing to the temperature

decrease.

III. INDUCTION .GENERATORS

The first of the inductoion generator schemes known to us is that

described in [24] (Fig. 14), where the worling mediumis mercury vapor.

Ct

H4q

Fig. 142

-443



On the whole the scheme is analogous to that of [15], except that the

energy from the vapor flow and its conversion into electricity occurs;

with gas flowing in a channel of annular cross section, formed by the.

external and Internal magnetic circuits a. The magnetic circuits have

windings C, in which voltage is induced when the .electrically conduct-

ing gas flows In a radial alternatingEmagnetic field produced by sep-

arate excitation winding b.

In this scheme, the current in the gas flows in a ring produced

in a plane perpendicular to the gas velocity, and there are no elec-

trodes. 'The ex=itation winding is connected through a capacitor in

parallel to the working winding C.

Among the induction type generators one can include a gas nuclear

fission reactor proposed by Colgate and Aamodt [25], in which the

thermal energy Is released in a shock wave in gaseous uranium. The

layer of conducting gas moving behind the front of the shock wave is

periodically reflected from the end walls of the cylindrical volume of

the reactor thus performing work in an alternating magnetic field of a

short solenoid which surrounds the reactor.

Several schemes for induction generators for stationary power

were considered at the NIIELEEXRO.

The radial scheme of an induction magnetogasdynamic generator [261

(Fig. 15) is a modification of a plane linear magnetic circuit used in

magnetofugal electric machines and induction pumps for liquid metal.

However, in plane linear schemes a "transverse edge effect" arises, as

a result of which the effective electric conductivity of the gas de-

creases. In the radial system the transverse edge effect is apparently

weakened. In addition, it is easier to obtain here a constant gas vel-

ocity at subsonic speed by specially shaping the channel. In this

scherne an alternating magnetic field which moves in an almost radial
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direction is produced with the aid of a winding on a stator consistinr

of two disks.

The conducting gas moves radially from the inside to the outside

at a velocity larger than that of the field. A three-phase qperating

current shifted in phase relatively to the

excitation current is induced, as in an

_ordinary induction generator, by the cur-

rent in the gas.

At the electric conductivity that is

practically attainable for combustion

products, the power factor of such gen-

erators is relatively small and conse-
Fig. 15

quently additional synchronous machines or

capacitors are necessary to provide the reactive power.

In one machine, the complete cycle of conversion of the chemical

energy of the fuel into electricity can be effected by using a rotat-

Ing rotor. The energy of the combustion products is in this case also

extracted by magnetogasdynamic interaction; as in all other systems,

there is no need for turbine blades, so that the limitations on the

maximum cycle temperature become weaker.

An example of such a scheme is the disk generator (27] (Fig. 16).

The magnetic excitation field (the external field) is produced by a

rotating inductor 7, which is fed with DC, as in an ordinary synchron-

ous generator.

When fuel is burned in chamber 5, which is placed in a gap between

the inductor and stator 1, a flow of electrically conducting combustion

products is produced. Because the peripheral component of the gas vel-

ocity, which is guided by partitions 6, exceeds the speed of the induc-

tor, closed currents interacting with the inductor field and the force

- 445 -

--- -- --



r

Fig. 16. a) Section.

maintaining the latter in rotation are produced in the gas.

In this case the magnetic field of the inductor poles plays the

role of the turbine blades and if there is no winding in the stator,

such a device could be called a magnetic turbine, since it transforms

the energy of the gas stream into mechanical rotation energy.

If a three-phase winding 2 is placed on a stator, the alternating

magnetic flux of the rotating inductor induces a voltage and a current

in the latter, as in an ordinary synchronous generator.

The air necessary for the combustion is compressed in a compressor

mounted on the shaft and is fed into the channels 4 above the stator

slots and from there, through openings in the wall, into the combustion

chamber. The disk form of the stator makes it possible to obtain the

necessary increase in the transmission cross section of the chamber as

- 446 -



the gas expands.

In the case of low expansion, such a machine can be ouilt using

an ordinary synchronous generator and a cylindrical rotor which has a

sufficiently large gap to hold the chamber with the stream of conduct-

Ing gas [28] (Fig. 17).

The air compressed in compressor 2 is fed to a spiral, chamber 5,

made of refractory material and located In the gap of an ordinary large

synchronous generator. The areas red through the openings in the walls

into the spiral combustion chamber 7, to which fuel and ionizing addi-

tives are supplied. The combustion occurs over the entire length of

chamber 7. The combustion products, which become electrically conduc-

tive because of the thermal ionization of the additives and because of

chemical ionization, flow in the magnetic field produced in rotor 9,

and cause the rotor to turn as a result of the eddy currents in the gas.

This scheme is effective if the expansion is incomplete and the

heat of the exhaust gas is utilized In an ordinary gas turbine or some

other cycle.

The use of guiding partitions in the chamber is not essential. By

making the poles of the inductor of special shape, it is possible to

obtain such a magnetic field configuration, as to change the direction

of the gas entering into the chamber and thereby producing a rotating

torque. A preliminary examination of such a generator scheme with

skewed poles is contained in the paper by L.Yu. Ustirenko and Ye. I.

Yantovskiy (Izv. AN SSSR, OTN, Mlekian1a i mashinostroyeniye, 5, 1960).

Inasmuch as the generation of elcctricity in schemes with rotat-

ing inductor is similar to that in an ordinary synchronous generator,

such machines are best called synchrcnous magnetcgasdynamic generators,

bearing in mind their drive, which dces not contain a blade-type tur-

bine.
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The walls of the chanber of any Inducticn type generator can be

Intensely cooled, say with liquid, so that the naxrrL2 terperature cf

the thermodynamic cycle is not limited by their construction.

Unlike the conduction scheme, the electrode problem is eliminated,

but a need arises for reactive power sources or for a rotating Induc-

tor.

Induction generators produce only alternating current of any

power and any voltage, which, like ordinary generators, are limited by

the insulation of the stator winding.

If the attainable electric conductivity of the gas (with the aid

of 1% of potassium salt as an additive) is on the order of 1-10 ohm- 1 cm-I,

It is possible to generate in one cubic centimeter of working space

some 10-100 watts, so that one can count on a power on the order of

100 megawatts and higher in machinery of tolerable dimensions, already

attained in turbine generator construction.

Inasmuch as the electric conductivity of the gas decreases with

decreasing temperature, but its heat content still remains rather

large, it is possible to obtain a high thermal efficiency by combining

a magnetogasdynamic generator with an ordinary steam turbine or gas

turbine unit.

For stationary power generation it is probable that the most ap-

propriate will be the installation of an induction magnetogasdynamiz

generator in an existing station, where the synchronous generators can

provide the necessary reactive power for excitation and the active

power to drive the air compressor. On the whole, one can expect an ap-

preciable increase in thermal efficiency of the cycle by increasing its

maximum temperature.

4.149 -
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CBRCLE DIAGRAM OP AN INDUCTION MAGNETOGASDYNAMIC GENERATOR

L.M. Dronnilc
Khar'lkov

Via induction inagnetogasaynamic generator (AMG) does not differ

in principle from the ordinary induction generator. The only exception

is the gaseous comnpressible rotor, which is capable of changing its

volume wuith change in pressure.-

7he process of slowing down a gas stream in a rotating magnetic

field Is accompanied by a decrease in the total enthalpy of the gas

due in general both to the decrease in temperature and to the decrease

in velocity. The change in gas parameters over the length of the ma-

-chine Is obtained by solving the gasdynamic equations (usually in the

one-d2-ensional approximation). The theory of ordinary induction ma-

chinery has been developed in detail, and it can be used in the design

of A1.provided the magnetogasdynaznic generator with a speed that is

variable along the machine is reduced to an equivalent gene rator with

solid bulky rotor, having the same electric conductivity as the gas.

Cn-e can approach this problem in the following manner: the split

is defined as the ratio of the Joule losses in the rotor to the value

of the electromagnetic power

S= P g /Pe' 1
the -,.-er given up by the gas Is in the usual case (electromnagnetic

power)

A - UAV.(2)

where p Is the gas density, j is the gas velocity, F Is the transverse.
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area of the gas channel.

Here Li0 is the decrease In the slowing down enthalpy with allow-

ance for the Joule losses (without heat exchange).

Let us define ilt0 as the reduction in the slowrng down enthalpy

for an isentropic release of energy (no energy dissipation in the form

of Joule heat).

The difference 6i' 0 - Ai0 is due to the presence of heat losses

in the gas.

The Joule losses are

Pg- pit(Aid'-,-o 0)F, (2)

S Afar -- At@.
(3)

on the other hand S = (va vekv)/Vs, where Vekv is the speed of the

equivalent generator and v5 is the speed of the field,

(Ail'- A .) (4)

Ai0 and ai' 0 are determined from the solution of the equations, par-

ticularly the energy equation,

digod18 . -- o v *)2(U,-- U)U Uf f *(/ )2(U,-- Uy;

2) pu•-- u,4.

Let us proceed to the construction of the circle diagram.

We consider a case In which the induction magnetogasdynamic gen-

erator is part of a power system, i.e., a generator with independent

excitation (the voltage U and the frequency 1f are constant).

To construct the circle diagram it is sufficient to know the fol-

lowing:

I. The machine parameters:

a) active resistance of stator winding rl;

b) reactance of the stator winding due to the leakage flux xl;
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c) reactance of the stator winding due to the main flux Xm;

d) reduced active resistance of the gaseous rotor r'2; (the elec-

tric conductivity of the gas is constant and sufficiently small, so

that there is no skin effect and the resistance is the same as for a

bulky rotor);

e) the reactance of the rotor x'

f) the active resistance of the magnetizing circuitrm,

II. The magnetizing current.

All this is determined from the check calculations and is inde-

pendent of the operating mode of the machine (whether it is operated

as amotor, a generator, or in plugging).

III. The equivalent slip..

Calculations have shown the following:

a) the r3eactance of the rotor winding can be neglected;

b) the active component of the magnetizing current, due to the

iron and copper losses at no load, is so small compared with the reac-

tive component, that it can also be neglected and the active resist-

ance of the magnetizing circuit can be assumed equal to zero.

U R*

.1 1*
Fig. 1 Fig. 2

The equivalent circuit referred to the locked rotor is shown in

Fig.l.

Further construction of the circular diagram does not differ in

any-respect from the construction for an ordinary induction machine [1].

As in an ordinary induction machine, the T-shaped circuit is re-
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placed by an L-shaped circuit with suitable change in the param.eters

(Fig. 2).

The ideal no-load current is drawn, the diameter of the circle

diagram Is determined, as are also the currents in the rotor corres-

ponding to S = 1 and S = m, and the slip scale Is constructed.

Knowing the slip, we can determine the nominal current in the

rotor and In the stator, the power factor, the electromagnetic power,

and the efficiency (Fig. 3).

The circle diagram of the AMG has its own peculiarities:

a) inasmuch as the rotor has a very high resistance, the portion

of the diagram between s = 0 and s = 1, corresponding to the motor

mode, Is very small; this indicates that at the existing electric con-

ductivities it is difficult to use an induction magnetogasdynamic ma-

fP=V

, 1

II

A- 
Iji3

Fig. 3. 1) Slip s•-a•e; 2) scale; 3) generator

mode.
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chine as a motor; -

b) the electric efficiency is defined as the ratio of the useful

power to the electromagnetic power, the latter being equal to the de-

crease in the slowing domn enthalpy multiplied by the gas flow.

After constructing the circle diagram, it is possible to deter-

mine all the operating characteristics of the generator (useful power,

stator current, and efficiency), and only maknetogasdynamic calcula-

tions are necessary.
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SOME EXPERIMENTS WITH A PLASMA JET

B.F. Bobylev, V.Ye. Stryzhak

lhar'kov

In order to accumulate experience on the development of plasma

devices, we have designed and constructed a small plasma generator

with a water-stabilized arc and graphite electrodes, with a power rat-

Ing up to 40 kw.

It was planned to carry out a series of experiments, making it

possible to determine the character of the destruction of the graphite

electrodes and the character of the action of the plasma Jet on vari-

ous materials.

The anode employed was a graphite rod 15 mm in diameter, which

could be displaced relative to the cathode. The cathode was a copper

disk in the center or which was Inserted an interchangeable graphite

insert with a hole about 3 mm in diameter.

The power was delivered by an ordinary DC generator at 220 or 110

volts.

A stabilizing resistance (0.2 ohms) was connected in the arc cir-

cuit.

The duration of operation was on the order of one minute and was

limited to the tire required to burn out the graphite insert in the

cathode.

In the operation of the plasma generator it was noted that the

graphite insert is destroyed relatively more rapidly than the anode

rod. Whereas the graphite insert permits in practice only one operating
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cycle to be performed, the anc;de can bu used for several cycles, al-

though to be sure it Is necessary to reset the anode so as to compen-

sate for the wear of the graphite.

The rate of wear of the anode turned out to be not more than 0.5-1

mm/sec. Cases of the cathode melting outward (Fig. 1) and melting In-

ward (Fig. 2) were noted.

The plug produced in the inward-melting hole was In the form of

radially arranged spokes.

Fig. 1 Fig. 2

i 'i !Fig. 3•'

In graphite cathodes the followring changCes ;,ere observed: first,

formation of a thi.n outvard-r'.- !tIn.- film on the end side Of the

cathode. Under a microscope one cculd see In suc~i a fIL, -na-ph ite par-

tidles as well as particle3 of a colorless glazzlilze Gul-zt1.ance (not

more than 3-4~%). Chemical anlyi of the enp~oy,'-A cathc-xies show..ed
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their ash contents to be about 1.Ik, but the high temperature obviously

caused the glasslike substance to migrate to the surface of the cathode;

Second, the inward melting of the hole in the cathode. In examin-

ing a fracture of the cathode it was seen that near the exit aperture

a graphite "plug" was produced, formed by radial spokes resulting from

the melting of the graphite. Under the microscope, the portions of the

molten graphite represent a black structureless mass.

Experiments were carried out in order to ascertain the character

of the actlon of the plasma jet on solid and refractory materials

(chamotte, granite).

One must take particular notice of the rapid destruction of gran-

ite. Figure 3 shows the outward appearance of granite after 5-10 sec-

onds of plasma jet action. The energy concentration in this action was

approximately 5 kw/nam 2 , with the hole in the cathode having a 3 mm di-

ameter. Such an energy concentration cannot be produced apparently by

any of the other means used in drilling.

We therefore consider it worthwhile to examine the question of

the technical feasibility of using plasma installations for drilling

in very hard rocks.
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ACCELERATION OF A COIJDUCTI2G GAS

BY A TRAVELING MAGNETIC FIELD

V.B. Baranov
Moscow

Let us consider the problem of the acceleration, in a plane chan-

nel, of a weakly conducting gas by means of a traveling magnetic field,

the direction of which is perpendicular to the direction of its motion.

The principle of producing a ponderomotive force acting on a liq-

uid with the aid of a traveling magnetic field was used, for example,

in pumps for liquid metals [1].

We analyze the problem in the one-dimensional formulation. All

the parameters depend only on the coordinate x along the channel. The

magnetic field is directed along the y axis in the plane of the flow.

We assume first that the magnetic field induced in the gas can be

neglected. Then the average system of equations will have the form

pus= 0o,,s,=G (1) the continuity equation,

-dx dx-W (a. -- ") (2) the equation of motion,
dT d- ow• !
dx dx ---- O(N.--uY (3) the equation of energy,

p=pPRr (4) the equation of state.

Here un is the velocity of the magnetic field along the x axis, u is

the gas velocity, p is the density, D -is the pressure, T is the tem-

perature, S is the transverse area of the channel, G is the gas flow,

a is the conductivity, and c is the velocity of light. In order for F

the ponderomotive force to accelerate the gas we must have un > uti
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When S const and T = const the system (1-4~) can be integrated

to the end. The solution in the first case has the form

;A +8I,-u (5)

its (6)7~

47 ;24 - fl

Fig. i. ~W.xA-tAs-%S ov

0(1-e? + a

(when V. is equal to the velocity of
sound).

0.4 -;L~

T, , ýcrs
Fig 2
Ozr

A
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Here . S -x ; .i- .. . - .
X; -• 9

A, B, and C are constants that depend on x = c/cv and K (K is

the dimensionless constant of the energy integral).

x21- - T - p - "

The index (0) pertains to values of the parameter in a certain initial

section of the channel.

0 ._ _ __,_, ___, ____ _ - ._.__-_

41 5 v 45 4v4 40

Fig. 3.PO-S" --- .

Curves calculated from Formulas (5, 6) are plotted in Figs. 1-3.

In the second case the solution has the form

S=-.xp~A1u2) 0 p (1

=x~xx1[.62 )+(i-)j (8)

-U" (9)

Here U u/uo; • = p/po; - = p/po•u; 2

- u - afl ° i;"
X cp u X ,

Mi is the Mach number in the initial section.

Plots calculated from Formulas (7-9) are shown In Figs. 4-6.

In the case when the channel varies in acaordance to some speci-

fied law, the system of equations (1-4) reduces to a system of two non-

linear first-order equations for u and T, which can be solved with re-

- spect to the derivatives du/dx and dT/dx.
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Fig. 7-- 17-g,

40-

Y1 I= I

As a result of the analysis made it is possible to conclude that

it Is most advantageous to accelerate the gas by suitably varying along

the x direction both the shape of the channel. and the velocity-or mo-

tion of the m agnetic f ield. In this case when a - 10~ sec- 1, H 0 - 3d000

cersted, and G - 1 g/sec it Is possible to accelerate the gas, under

our assumptions, to a velocity -12 l1cn/sec over a distance of -1.5 m
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Fig. I I•

" i s 0.=

"- --- !45..

0Q5 gzas •407S

Fig. 3.0.2;-1 .4 S-

with U0 - 1 km/sec (u 0 corresponds to the velocity of sound).

An estimate of the effect of the magnetic field induced in the

gas on the acceleration has been made for the case S = const.

The following system of equations was integrated

Pa = ?alto, (10)
d,, dp

I dp p dp
i_-Ix x-I p , .- ,u. (12)

dx cJ(13)

It Is possible to obtain two integrals of this system:
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P -uo -,+ P. (15) jj

Using (10, 13-15) and the initial condition u = u0 when x = 0, we ob-

tain

u-I
z= s 2--l-

N aju'+bu+cj + P-N.b
_____ ,2a.•, • ,,;.

+2a, I ajua2+b:uo+c, jb,-4aacg

SI ( 2au + b, -I-lj'b - f 4a,c,)(2a, . + b, +b ,-I/ - 4a,,) (16)

Here a=- D b X+

(2ix 1a~u2 + x bu+ A,"' -4ac( •" + b-- 4LcA)

"L= It X I. -- ' A a r (zV )

Here(----- p=- .i; a, L + (b2 + altu.-If - a.

The pressure, density, and temperature are obtained from (l0, 14, 15)

and from the equation of state. Calculations have shown that the mag-

netic field induced in the gas improves the characteristics of the ac-

celeration (larger velocities are obtained over one and the same

length, as compared with the case when the induced magnetic field was
t

neglected). To determine the constant B 1 we used the condition that
1-

H - Ho when u un (H0 is the intensity of the external applied mag-

netic field).

Ifwe put un = E/H and H = H (E and H are the mutually perpen-
y

dicular electric and magnetic fields), then the solution of the system.
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(10-13) yields the sslution of the prcblem of the acceleration of a gas

In crossed electric and magnetic fields [2].

It must also be noted that simultaneously with our paper, another

paper was presented to the Conference (3], in which a system of equa-

tions analogous to the system (10-13) was integrated, something the

author found out later.
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EQUATIONIS OF MOTION OF PLASM4OIDS
IN EXTERNAL MAGNETIC FIELD

K.D. Sinel'nikov, N.A. Khizhnyak, B.G. Safronov

Khar'kov

The Lagrangian is investigated of a system of nonrelativistic par-

ticles forming a quasineutral plasmoid, and the equations of motion of

this plasmoid in external magnetic fields are determined. The forces

acting on the plasmoid are obtained under the assumption that the kin-

etic energy of the plasmoid particles is small compared with the energy

of their electrostatic interaction, and are represented in the form of

an expansion in powers of the polarization. The zero-order terms of

the expansion coincide with the forces acting on a flexible current

loop In an external magnetic field.

The motion of a plasmoid in a linearly growing axially symmetrical

magnetic field and in a homogeneous field during a time that is small

compared with the time of thermal decay of the plasmoid is considered.

The natural oscillations of the plasmoid are considered.

CONCERNING THE INTERACTION BETWEEN
PLASMOIDS AND A MAGNETIC FIELD

I.M. Podgornyy, V.I. Sumarokov
Moscow

Plasmoids accelerated by the electrodynamic method were injected

in a magnetic field produced by two coils connected to buck each other.

It Is shown that the lifetime of the plasma in such a system amounts

to several times ten microseconds. The capture of the plasmold is ac-

compýaled by the appearance of an annular current in the gas. The

reasons for the stability of this current remain unclear for the time
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being.

The paper will be published in the foreign Journal "Journal of

Nuclear Engineering."

CO1DUCTIVITY OF A PLASMA OF A STRAIGHT-LINE PINCH

M.D. Borisov, V.A. Suprunenko, YeiA. Sukhomlin,
Ye.D. Volkov, N.I. Rudnev

har• 'kov

We investigated with the aid.of magnetic probes the conductivity

of a plasma of a straight-line strong-current discharge (pinch). A de-

crease in the conductivity of the plasma and in the lifetime of the

pinch with increasing intensity of the electric field in the plasma

was observed. In the case of ordinary strong-current discharges, it is

pointed out that even a small amount of neutral atoms (on the order of

1%) has a great influence on the conductivity of the plasma.

INVESTIGATION OF THE PROPAGATION OF SHOCK WAVES
IN A DISCHARGE TUBE

L.G. Chernikova, M.D. Ladyzhenskiy
Moscow

The paper reports on experimental investigations carried out on

the conditions of electrical discharge necessary to obtain a uniform

speed of propagation of a shock wave along a discharge tube.

Estimates are presented of the dependence of the energy release

in the discharge gap of the tube on the parameters of the resonant cir-

cuit and the discharge conditions.
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IIJVESTIGATION OF A SHOCK WAVE IN A CO01ICAL DISCHARGE TUBE

D.V. Orlinskly

Moscow

By means of high-speed photography, an investigatlon is made of

the dependence of the velocity of the front or a shock wave produced

in a conical discharge chamber and propagating along the axis of a

glass cylinder on the angle at the vertex of the cone, on the Initial

gas pressure, and on the voltage on the capacitor bank. The maximum

velocity, -2-10T cm/sec, is obtained under the experimental conditions

at a/2 = 12.

The paper was published in ZhETF, 36, 3, 717, 1959.

INSTABILITY OF A PLASMA WITH ANISOTROPIC
D]6TRIBUTION OF ION AND ELECTRON VELOCITIES

A.B. Kitsenko, K.N. Stepanov
Khar' kov

The propagation of low-frequency magnetohydrodynamic waves in an

unbounded plasma with anisotropic distribution of the velocities of

the charged particles is investigated on the basis of the kinetic equa-

tion.

The conditions are obtained for the occurrence of instability,

due to the anisotropy of the distribution function. It is shown that

the kinetic analysis leads to an increase in the instability region

compared with that obtained in the quasihydrodynamlc approximation.

The paper was published in ZhETF, 38, 6, 1841, 1960.
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IITERACTIONI OF AU ELECTRON BEAM WITH

A PLASMA IN A MAG:ETIC FIELD

I.F. Kharchenko, Ya.B. Faynberg, R.M. Nikolayev,

Ye.A. Kornilov, Ye.I. Lutsenko, N.S. Pedenko

Khar 'kov

Results are presented of an experimental investigation of the in-

teraction between a modulated and unriodulated beam of electrons with

energy of 5 key with a plasma in a magnetic field.

On passage of an unmodulated beam through a plasma, oscillations

at the electron cyclotron frequency are produced in the beam.

In a magnetic field of definite value, large energy losses are

observed in the beam (up to 2 key), accompanied by an increase in the

intensity of the glow of the beam and an increase in the intensity of

the oscillations in the beam, over a wide range of frequencies.

Analogous effects were obtained for a beam modulated at. the elec-

tron-cyclotron frequency and at frequencies that are multiples of it.

The paper was published in ZhETF, 38, 3, 685, 1960.

INVESTIGATION OF THE HIGH-FREQUENCY OSCILLATIONS OF

THE PLASMA PINCH OF A VACUUM ARC

B.G. Safronov, R.V. Mitin, A.A. Kalmykov, V.G. Konovalov

Khar'kov j44

The high-frequency oscillations accompanying the combustion of a

loose vacuum arc were investigated. The arc was ignited in a vacuum

-10-6 ru Hg at a current of 150-300 a.-P and in a magnetic field of 100-

5000 gauss.

Strong high-frequency oscillations with frequencies of 1-2 mega-

cycles were observed. The frequency of the oscillations depends lin-

early on the magnetic field. The distribution of the high-frequency
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fields of these oscillations was investigated. It. is concluded from

the measurements that these oscillations are magnetohydrodynamic waves.

STUDY OF MAGNETIC PROPERTIES OF A PLASMA I
BEHIND THE FRONT OF A STRONG SHOCK WAVE

K.D. Sinel'nikov, V.G. Safronov, G.G. Aseyev,
Yu.S. Azovskiy, V.S. Voytsenya,

Khar 'kov

The currents in a plasma behind the front of a strong shock wave

(Mach number M = 30-70), arising as the shock wave moves in an axially

symmetrical magnetic field (up to 400 oersted) were investigated. The

nature of these currents is discussed in the case of a homogeneous and

inhomogeneous magnetic field.

The dependence of the currents on the magnitude of the magnetic

field and on the distance to the shock wave source in a homogeneous

magnetic field are obtained. The applicability of this method for the

determination of the conductivity and temperature behind the front of

a strong shock wave (M = 20) is discussed.

Magnetic signals corresponding to successive shock wraves were ob-

served.J

Preliminary experiments on the study of the polarization of a

plasma behind the front of the shock wave in a transverse magnetic

field (up to 2000 oersted) are described. X

The paper is published in ZhTF, 31, 8, 893, 1961.

S;I
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EXPERf4ENTS WITH PLASMA JETS IN A MAGNETIC FIELD

A.M. Kostylev, A.A. Porotnikov
Moscow

ZSTHODS.OF OBTAI34ING HIGH-TEMPERATURE GAS

The solution of many physical and technical problems, and particu-

larly problems in magnetic gasdynamics, calls for the use of a high-

temperature gas heated to the so-called plasma state, when thermal ion-

ization is significant. In shock tubes, in explosion of wires, in

pulsed strong current discharges in gases, high temperatures are ob-

tained, but for a very short time. This circumstance is a serious dif-

ficulty in the performance of many experiments. It is possible to pro-

duce and maintain high gas temperatures, of several times ten thousand

degrees, for a long time, namely tens of minutes, in electric arcs

with compressed discharge channels.

In an ordinary open electric arc it is impossible to supply a

large amount of power per unit gas volume and consequently it is im-

possible to obtain high temperatures. The reason for it is that as the

arc current increases the diameter of the discharge channel increases

and the current density in the arc remains practically constant, while

the intensity of the electric field changes little at large currents.

Generally speaking, the current density tends to a definite limit

with increasing current strength in open arcs. This has been confirmed

experimentally by many investigators [1]. Thus, the specific energy re-

leased per unit volume of gas in an open arc hardly changes with in-

creasing current. The temperature of open electric arcs is 6CCo-80CO0 .
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Contained arcs in a hiZi-prcz.•;•a cia- (t ,id not i eault in an appre-

ciable rise in temperature. As tio pjiessure in the chamber was in-

creased to 1000 atm, the temperature in the arc rose to 12,0000 [2].

It is possible to increase the temperature of an electric arc to

30,000-50,0000 by restricting the diameter of the arc discharge chan-

nel. An effective method of increasing the temperature in an electric

arc turned out to be the well-known method of Guerdien, proposed by

him already in the thirties and consisting of limiting the diameter of

the arc discharge by means of a special water-cooled diaphragm [31. In

the literature there are many reports in which the use of this method

is described. Similarly, in our electric arc installations the diam-

eter of the arc discharge was limited by diaphragms with internal or

external cooling with liquid or gas. We have reported details of the

installations and the first results of the methodological investiga-

tions on them in our paper presented to the Congress on Mechanics. We

give here only the main parameters of the electric arcs and the plasma

jets, which can be of interest for those engaged in magnetic gasdy-

namics.

MALIN PARAMETERS OF THE PLASMA O3TAINED IN THE INSTALLATIONS

In the 115 kw plasma installation, an over-all view of which is

rJ

Fig. 1. 0v;r-all viei. l ol a , n-

stallatlon N 115 k1.-.
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V :3

•Fig. 2. Diagram of experiment on the
measurement of the conductivity in the
arc column. 1) Anode; 2) stabilized dia-phragn; 3).cathode,':4) expellable probe.

shown in Fig. 1, the current, density was 7100 amp/cm2 and the intensity

of the electric field 115 v/cm. The arc lengths in this installation

ranged from 30 to 105 mm. In the 4000-kw installation, the current den-

sity reached 74,000 amp/cm2 and the power per unit volume 37,000

kw/cm3 , while the intensity of the electric field was 500 v/cm. The

changeover to larger powers is necessary not only in order to obtain

larger plasma flows, but also to increase the lifetime of the plasma

outside the discharge, since the ratio of the volume to the surface of

the plasma Jet becomes more favorable. The high temperature is main-

tained in a Jet of such a plasma over a greater length.

In the experiments with these installations, the electric conduc-

tivity of the plasma was measured with the aid of specially expelled

probes. The experimental setup is illustrated in Fig. 2. In order to

exclude the potential drops occurring near the electrodes from the cal-

culations of the electric field intensity, the distance between the

probes was varied in the various experiments, or else the length of

the arc was varied. By measuring the intensity of the electric field E

of the arc, the current strength I, the length of the arc 1, and the 4

diameter of the arc discharge column d, we calculated the resistance

and electric corductivity in the arc channel. The measurements per-
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formed enabled us to calculate the electric conductivity of the plasma.

An estimate of the electric conductivity of the plasma in an arc

with large current density gave a value of -1014 CGS esu, which Is

three orders of magnitude lower than In copper but one order of magni-

tude higher than in open arcs. This is a sufficiently large vaiue for

many magnetic gasdynamic experiments.

At the present time there are .still no fully mastered reliable

methods for determining a plasma temperature of several times ten thou-

sand degrees. One of the methods of estimating the temperature Is to

calculate it from the flow of the plasma and the amount of energy de-

livered to it. For the Installation parameters indicated above, such a

calculation yields an average temperature of about 20,0000. It is pos-

sible to estimate the temperature more accurately by measuring the

conductivity of the plasma in the discharge. Assuming that at-the pre-

vailing degrees of ionization the conductivity is determined by the

interaction between the electrons and the Ions only, and using Gvoz-

dover's formula, we obtain
i=.E= ~ 2(kT)" V 1
I .k••E;()

here a is the measured conductivity, k is the Boltzman constant, e andle

m are the discharge and mass of electron, ne is the concentration of

electrons, T is the temperature to be determined.

The calculation of the temperature in the discharge from the meas-

ured electric conductivity, assuming that the temperature remains con-

stant over the diameter, yields a value -23,000°. Assuming the tempera-

ture distribution over the cross section to follow a quadratic para-

bola, we can calculate the integral conductivity over the cross sec-

tion of the discharge and, by camparing it with the measured value,

determine the temperature on the discharge axis. Calculation yields a
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value of 35,000°.

Using the assumption that the temperature is parabolically dis-

tributed over the cross section of the arc, and using Formula (1), we

can plot nomograms relating the current in the arc, the electric field

intensity, the temperature on the arc axis, and the discharge diameter.,

This was done in .•aecker's work (4] for a water plasma at atmospheric
pressure. The curves calculated In this manner were marked with the
experimental points and the temperature In the arc was measured in
these experiments spectrographically. The nomogram in Fig 3 shows
also our own experimental points.

.*aoa 15119 20 aS l 3133a404 .5" .sS*.9a To r#•(5
.. 8 40' , .. J

Fig. 3. Nomogr•am for estimating the tempera-
ture in the arc channel. 1) v/cm; 2) diameter
of channel; 3) power per unit length N = 1
kw/cm; 4) amp.

The high-temperature plasma installations operated also at in-

creased pressure. For this purpose the arc was enclosed in a housing

with the plasma Jet leaving rrom one side. The pressure was raised to

several tens of atmospheres. The rate of escape of the plasma Jet in

the case of large currents and narrow channels reaches a very large

value, several kilometers per second. The high velocities are the re-

sult of the action of the high temperature and the large pressure drop.

In the "ll5-kw installation the velocity of the plasma escaping frzm a

hole in the electrode was estiz~ated to be 4 k•/sec. In the 4000-kcq in-
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stallation (for a photograph of the operating plasmotron see Fig. 4)

the rate of escape of the plasma reached 5-6 kr/sec. Estimates of the

velocity were made from the kmown plasma flow and its temperature, and

also by means of high-speed motion picture photography (using frame or

streak photography). The speed of the jet leaving the plasmotron did

not exceed the local velocity of sound, owing to the high temperature.

Table I summarizes the most interesting experimental results. At the

present time methods are being developed for a more accurate determina-

tion of the physical plasma parameters such as the composition, tem-

perature, velocity, and other parameters.

TABLE I

1 2 6 7 W9 10
N liev. Mom- Maw.

13 4 , ,,OCf S 1-0

iowa~~ ~~ 0aeP.~ YU-~ I~"! L i'l~ ~'-!, ,, r,.,•I I(• • (a , nI. , ( .-€ )! (', (,.- c• ) a) (I K 1 (c O° S E l " ) I , , ,

Iis 13 S0j 1151 3 7103J 50__ hoco j101 >5

4= '~ 5'10 3' P.OW 2600 >300 10>j I

1L) Power; 2) current; 3) voltage; 4) minimum
arc diameter; 5) current density; 6) power
per unit length; 7) maximum temperature on
arc axis; 8 measured conductivity; 9) max-.
imum time of one experiment; 10) working
pressure; 11) kad; 12) amp; 13) v/cm; 14 )mm;a

15) amp/cm2 ; 16) kw/cm; 17) CGS esu; 18)

min; 19) kg/cm2 .

Using the values obtained above for the plasma Jet velocity, the

conductivity, the temperature, etc., we can estimate a few magnetogas-

dynamic plasma parameters. For the plasma obtained in these installa-

tions the magnetic viscosity is

,= 106 cm2/sec

(two orders of magnitude lower than In mercury). At the exit from the
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Fig. 4. Over-all view of the operating plas-
motron with N =4000 w.

plasmotrons, the plasma velocity reached 105_106 cm/sec. If we ta.c[ as

the characteristic dimension the diameter of the jet L 1 cm, then

L'or the parameters indicated above the magnetic Reynolds number Is

Nm = 1. As a rule, in laboratory experiments with liquid metals and

with a low temperature plasma we have Rm < 1.

The interaction between electromagnetic and hydrodynamic phenomona

is characterized by the so-called Stewart criterion q:

III.,,

where A is the Alfven number, H is the intensity of magnetic field in

gausses, L is the characteristic plasma dimension in cm, a is the con-

ductivity in CGS esu, v is the plasma velocity in cm/sec, p is the

plasma density in g/cm3 .

If q > 1 in the medium, then the electromagnetic forces will pre-

vail over the hydrodynanmic ones. Even at large magnetic fields H, i.e..

at large Alfven numbers A, the influence of the electroragnetic forces

on the hydrodynamics can be appreciable only in the case of good con-

ductivity (i.e., large R. numbers). W.,hen H = !O,CCO gauss, L = 1 cm,

and v 105 cm/sec, assumlng the plasma density to be p 10-5 g/c 93,
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we get q = 10. This criterion can be impro edby :or;un. with larger

magnetic fields or at reduced pressures.

The given values of R and _ for the plasma of electric arc in-

stallations make it possible to observe some magnetohydrodynamic ef-

fects.

STABILIZ1I31G ACTION OF LONGITUD.hAL IMAGhTETIC F7ELD ON PLASMA JETS

In carrying out several experiments with plasma Jets, we had to

fix accurately the axis of the Jet. The high-speed motion picture pho-

tography indicated that the axis of the plasma Jet oscillated relative

to the axis of the aperture in the electrode. We undertook to stabil-

ize (to fix) the Jet by means of a constant external magnetic field.

The experimental setup is showm in Fig. 5. The plasma of our arc in-

stallations was far from magnetized, since the free paths of the par-

ticles are negligibly small compared with the Larmor radii. The conduc-

tivity, although high, was finite.

We were unable to "fix" the plasma Jet with the available magnetic

field, but we were able to note the stabilizi.g action of even a weak

magnetic field (several hundred gauss) on the discharge channel and on

the plasma jet behind the electrode. ý1hen a cozstajit external longi-

tudinal magnetic field with intensity up Lo 300 gauss was applied to

the plasma Jet and simultaneously an electric cui.sErnt ..as made to flow

through the Jet, the jet became "fixed" on, the. Xis. This can be ex- 4

plained in the folloi•ir fashion. The external field is coax-

ial with the flow in current, and a deviation of the jet from this di-

rcction by a certaln anle causes it to rotate a6 a result of the con-

vective, electrodyr•--ic, and other possible fov'ces; the centrifugal

forces displace the hot plasma, which has a lz-'er density as compared

with the surroundi:-Z gas, toward the axiz cf rotation. Thus, the cur-

rent carrying channel occupies a stable position along the maetic
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-o~ooA-000 00-0

Fig. 5. Diagram of experiment on the stabiliza-tion or a plasma by a magnetic field. 1) Sole-
noid for producing the external magnetic field;
2) stabilizing diaphragm; 3) plasma jet behind
the electrode.

electrlyte et by a magneti

field. 1) Electrode; 2) sole-
noid; 3) jet of electrically
nonconducting liquid; 4~) jet
of electrolyte.

Fig. 7. Stable and unstable flow of a small
electrolyte jet.

-481-

W-M - 1" IR MPINM _I" _.I - - -7



0

field. A similar stabilizing action is exerted by an external longi-

tudinal magnetic field of small magnitude on an arc discharge proper

between electrodes. The operating stability of the arc is noticeably

increased and the current and voltage fluctuations are decreased. The

conditions for igniting the arc by exploding a wire are greatly us-.

proved.

In order to verify the reality of such a rotation mechanism in

the stabilization by means of a constant external magnetic field, we

set up an experiment in which the internal electrically conducting Jet

had a greater density than the surrounding medium. By using an elec-

trolyte Jet around which a nonconducting liquid flowed, a. current was

made to flow and an external longitudinal magnetic field was applied;

when the magnetic field was turned on, the jet of the electrolyte be-

came twisted, flowed away from the center, and broke apart. A diagram

of the experiment is shown in Figs. 6 and 7..

On the basis of these experiments it was concluded that although

the influence of the magnetohydrodynamic effects is small, there does

exist an influence of the centrifugal effect, which is the cause of

the stability of the plasma which is lighter than the surrounding

medium, and of the instability of the electrolyte which is heavier

than the surrounding liquid. The results described have found practical

application in work with these installations.

GENERATION OF MAGNETIC FIELD IN A PLASMA

When a plasma moves in an external magnetic field, currents are

generated in it and these are associated with magnetic fields which

are superimposed on the external magnetic field and distort the latter.

The plasma "stretches out" the force lines. The kinetic energy of the

plasma% goes over into the energy of the magnetic field and into Joule

heat of the plasma
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If a plane jet with conductivity a, thickness

z, and velocity vx moves in an external field H.

(Fig. 8), then the value of the generated magnetic

fi£eld h.can be estimated from the equation

4 n,4; 47: _

, ' • • ~ ~rot h,-- J,4-E,=,-,•t•

C ~C
N hence

Pig. 8. Distor-
tion of magnetic h. -
field of a mov- C C V•M JRe=/I,.
ing plasma.

In this case the circuits of the generated current

are closed at infinity. For example, the plane jet is in fact a cylin-

der with complete axial symmetry, having an infinitely large radius.

If on the other hand the jet of finite dimensions is not closed,

then on entering the magnetic field the charges will become separated

in it, and polarization currents will flow in it until the electric

field of the separated charges neutralizes the inluced electric field

vH/c, whereupon the separation of the charges will stop, the displace-

ment currents will become equal to zero, and the plasma will pass

through the magnetic field without distorting it. The charged particles

will experience no acceleration whatever in the region where Eoa

= vH/c and will have a constant velocity, just like neutral particles,

and therefore the polarized Jet will flow in the constant magnetic

field with constant velocity without distorting the field or interact-

ing with it. If the polarization charge is removed in some place,, for

example if the opposite (+, -) sides of the plasma jet are short cir-

cuited with a conductor, then the separation of the charges will re-

sume and currents will flow, whose kinetic energy will be converted

into mazretlc energy and into heat. Thus, the magnetic field component
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Fig. 9. Measurement of the com-
ponent of the magnetic field gen-
erated by a plasma by means of a
compensated magnetic probe. 1)
To oscilloscope.

h. generated by the plasma can be measured not only at the entrance to

the magnetic field, but also inside a constant magnetic field. At the

entrance to the field it is important to know the rate at which the

intensity of the external magnetic field builds up, so as to be able

to determine the value of the polarization current density and compare

it with the measured hx. It must be noted that in addition to the

polarization, closed currents can flow in a plasma in the presence of

a velocity gradient along the radius of the jet of condudting gas.

In our experiments this was apparently excluded. The jet leaving

the plasmotron consists of a conducting core, where the charges are

separated, and an almost nonconducting gas jacket, which moves with a

velocity close to that of the core, followed by a boundary layer, where

the velocity drops to zero. Were the jacket and the boundary layer to

be conducting, then they would short circuit the polarization poten-

tial and would carry closed current loops, but in view of the fact

that the conductivity decreases rapidly along the radius in the place

where the velocity is hardly changed as yet, only the separation of C

the charges can take place and only displacement currents can flow.

Measurement of the component h. generated by the plasma was car-
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tied out by a compensated mai0netic probe (Fig. 9). :ear the exit from

the plasmotron there were installed permanent magnets provided with

thermal insulation, and the plasma jet flowed perpendicular to the

field of these magnets. The intensity of the magnetic field as a func-

tion of the distance between the poles could vary from one to four or

rfie thousand oersted and was monitored-with the aid of an IMI-3. The

plasma flowed through two coils connected to buck each other (see Fig.

9). One half of the probe measured the change of -hx and the other

that of +h,; to prevent errors it is necessary that the axis of the

Jet coincide with the symmetry plane of the probe. Since the coils are

connected to buck, the signal was additive and the external induced

stray currents, which were the same in both coils, canceled out, for

which purpose the coils were made of minimum dimension, so as not to

permit the inhomogeneity of the alternating external fields (due to

turning the plasmotron on, etc.) from coming into play. The probe was

secured on a frame made of organic glass and was inserted by means of

a nonmagnetic pipe into the gap between the magnet poles, 2-5 cm away

from the place of exit of the jet from the plasmotron. The plasmotron

was turned on and the signal from the probe was registered on the os-

cilloscope. The optimum expected results should give a generated field

of about 1000 oersteds, if it is assumed that the magnetic Reynolds

number is on the order of unity. However, all the results obtained rare

lower than expected. For example, the results of one of the experi-

ments were as follows: the niumber of probe turns n = 100, probe area

S = 2 cm2 (1 + 1), signal •agnitude E = 7 my, signal duration Ar = 0.01

sec. The average value of the generated magnetic field is therefore

. IO4! 3 --- Qe'zt ed.

The measured value of h. deviates by almost two orders of magni-
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tude from the expected value, probably owing to the fact that the mag-

netic Reynolds number at the measurement point is lower than that ob-

tained from the optimal estimates, while at the other points the value

of hx can also be higher than that measured. For example, the average

value 8hx is measured experimentally, and from the sharp variation of

the conductivity along the radius it follows that near the Jet axis

there should be generated fields h. which are much larger than the av-

erage values (and these we may fail to measure when the Jet deviates

from the center of the probe). On approaching the plasmotron along the

Jet, and also when the plasmOtron -power is increased, the values of h.

will increase and conditions under which the generated fields will

play no less a role than the external fields become quite possible.
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HIGH-FREQUE1N!CY DISCHA.GE III MOVING GAS

A.M.. Ihazen

Moscow

A high-frequency discharge between two .lectrodes in a gas stream

is considered. The frequency of the high-frequency field and the gas

pressure are such that during the time of one half cycle of the voltage

supplying the discharge gap the electron does not have time to pass

through all the discharge gap. The change in the external electric

characteristics of the discharge is determined as the magnitude and

the direction of the gas stream velocity is changed.

CONTRIBUTION TO THE THEORY OF THE
SYNCHRONOUS MAGNETOGASDYNAMIC MACHINE

L.Yu.. Ustimenko, Ye.I. Yantovskiy

Khar' kov

A machine is considered, in which part of the energy of the flow

of an electrically conducting gas is converted into electricity or

into mechanical energy of a rotor, without the need for introducing

blades in the stream.

It is shown that it is possible to obtain a rotating torque by

axial flow around a smooth rotor with skewed poles.

Assuming that there is no transverse edge effect, the character-

istics of "magnetic blades" are obtained for an incompressible liquid

with constant electric conductivity.

The paper was published in "Izv. AK SSSR, Mekhanika i mashino-

stroyeniye," 5, 1960.
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ELECTRIC DIPOLE FMILD I! A PLASM4A
III All EXTERNAL MAGMETIC FIELD

B.P. Kononov, A.A. Ruidadze, G.V. Solodukhov
Moscow

The behavior of the field of an electric dipole in a plasma situ-

ated in an external magnetic field was investigated theoretically and

experimentally. The predicted singularities in the behavior of the

electric field were confirmed by experiment. The possibility is dis-

cussed in the paper of using these singularities to measure the concen-

tration of electrons in a plasma and to measure the magnetic field in-

tensity.
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APPLIED .AG'2TChiYDRCDY':AMICS

STATUS AND PROBLEMS INVOLVED IN THE DEVELOPMENT OF

THE THEORY OF ELECTROMAGNETIC PROCESSES
IN INDUCTION PUMPS AND IN MACHINERY WITH OPEN MAGNETIC CIRCUITS

A.I. Vol'dekl
Tallin

1. Investigation made by G.I. Shturman of the distribution of

the magnetic field In the air gap of an Inductor with open magnetic
circuit. Development of G.I. Shturman's research, a criticism of this

research, and its Justification.

2. Methods of neutralizing pulsating fields with the aid of end I
pieces, the degree of their development, and further problems.

3. Windings with smooth variation of the linear load on the ends

of an Inductor and the degree of their development.
4. Investigation of the longitudinal edge effect In the secondary i

circuit, status and further problems.

5. Losses in the secondary circuit due to pulsating fields of

the inductor.

6. Transverse and thickness edge effects in the secondary cir-

cuit, status of the theory. t

7. Parameters of electric circuits, design features, and further

problems.
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TRANSVERSE EDGE EFFECT IN PLANAR INDUCTION PUMPS
USING A LIQUID METAL CHANNEL WITH CONDUCTING WALLS

A.I. Vol'dek, Kh.I. Yanes

Tallin

The main factor that reduces the efficiency of a linear planar

induction pump is the transverse.edge effect in the secondary circuit.

The finite width of the layer of liquid metal, 2a (Fig. 1) gives rise

to current density components directed along the x axis. These com-

ponents do not participate in the production of useful forces, and

the pressure developed by the pump decreases compared with the theo-

retical pressure which would be produced in'the case of infinitely

broad channel and inductor and in the absence of a phase shift. In

practical cases the pressure is always appreciably smaller than the

aforementioned theoretical value and in some of our calculations it

does not even exceed 5 or 10%.

An effective measure for reducing the influence of this effect is

to use conducting sidewalls for the channel. This is frequently real-

ized by using special short circuiting buses or even a simple broaden-

ing of the channel with nonconducting walls, to extend beyond the

limits of the inductor. The currents along the x axis can flow in

this short circuiting strip (Fig. 2) and also in the inductor zone,

where the distribution of the primary field is assumed to be rectan-

gular and the current density lines are oriented to a great degree

(compared with the dashed lines of Fig. 2, which show the approximate

distribution of the current lines in the case when there are no side
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strips) in the direction of the y axis.

In the general case the width 2a of the channel, the width 2c of

the inductor (assumed width of the primary field), and the width 2t of

the channel together with the short circuited strips are not equal to

one another. Let us confine ourselves to an examination of two par-

ticular cases: 2a = 2c < 2t, namely short circuiting strips outside

the Inductors, and 2a < 2c = 2t, namely short circuiting strips between

the Inductors. The conductance of the remaining walls of the channel,

except for the side walls, does not exert any special influence on the

current distribution.

If the field in the gap Is assumed to be plane parallel, then

Maxwell's equations are expressed in symbolic form as follows (1]

dff.
dy

1A+ dy

All the components of the field intensity except E are the

proper components of the current in the liquid metal layer. The

quantity

E - 2rfB.L

represents the induced electric field intensity due to the primary

magnetic field, in which the maximum value of the normal component

of the magnetic induction is B

SHORT CIRCUITING STRIPS OUTSIDE THE INDUCTORS j
Equations (1) apply in the form represented here to the zone be-

tween inductors, that is, to zone I (see Fig. 2).. For zone II, that

is, for the short circuiting strips situated outside the inductors,

we have E 0 . For this zone we can also neglect the magnetic in-

duction due to the induced currents, since the magnetic lines pass
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(U

rig. 1

completely through a nonmagnetic medium. Formally we can substitute

I= 0 in the third equation or (1).

In solving this system (1) we obtain for the magnetic field

Intensity In zone I

h,=Cish1Af+C2ch)L- 1, (2
Zone II we get accordingly

i, =- C'shay +cch% a. (2a)
Here a = ?/T where T Is the pole pitch,

PON (2b)

where y' is the equivalent specific conductivity of the medium in the

nonmagnetic gap. According to Fig. 1,

o= A

To determine simultaneously the four integration constants we

make use of the following boundary conditions:

In zone I

In zone II
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Fig. 2

H) 0.

I(4)
The last two relations are the continuity conditions for the

normal components of the current density and for the tangential com-

ponents of the electric field intensity on the boundaries between

zones I and II.

Finally, the Intensity of the magnetic field and the useful

component of the current density In zone I will be

-2 ,ich)-c +P,,.e.thz (f-c) sh.c 1' (5)

). 1 %-.c )c +-+ Ah ( - c) shd , (6 )

The mean pressure over the width of the channel will be

P= RefA dg==kopq.(7

where kos is the so-called attenuation coefficient and PO is the

pressure for an infinitely broad channel and infinitely broad in-

ductor, and in the absence of a phase shift between 3 and B.-

k =c R- e M2 i -- -

k~e-LI~h+j~'(L~J p(8)
).c[2-'Ch +1-,lthi (t - c)7h-c8
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B2 (9)

When t = c or when 2= 0, Eq. (8) becomes

! lhlc• lO)

which coincides with (12) in [1].

When 7 2 we obtain from (8) and (2b)

k.Reym ji

In this case kos is due only to the presence of the phase shift

between 6; and B.

If the specific conductivity y is so small that <<1 and we can

put X= a then we obtain from (11) kos = 1 and from (8)
sbze

at= chz4+.Ith. (t--)sh.4 (12)

If the side wall of the channel is actually nonconducting, but

the width of the channel exceeds the width of the inductor 2a = 2t > 2c, -

then kos is determined from (8) with *2 = Y- If, in addition e<<1 and

we can put X = a, then

shbmcchi(I--c)
k.=- , .a(13)

The average pressure over the entire width of the channel de-

creases here further by c/t times. Consequently

SHORT CIRCUITING STRIPS BEIEEN CONDUCTORS

If the conducting side strips are situated in zone 2c, that is,

between the inductors (Fig. 3), the induced electric field intensity

in the short circulted strips differs from zero. For zones I and II

we have'for the magnetic field intensity expressions analogous to (2).

Only the specific conductances y and y2 differ in the two zones. For
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a simultaneous determination or the fo'.r integration constants It is

necessary to replace in conditions (3) t by c and c by a.

Finally, the intensity of the magnetic field and the useful com-

ponent of the current density in zone I will be given by

-- W{': 7. 7-':)chi.z(e-a) + .2. ch), " (14)
,.. ;.h.sh) (C- a) s(.a + -.) jch;..(c - a) chi.aJ"'

K-1122 c~hl,. (c - a) + r?.Xlchlv 1(15
ý.3~h)2(c -a) sh;ýa +-,..ch.(c -a)ch~a.).

The average pressure over the width of the channel is determined

from the integral (7). The attenuation coefficient assumes in this

case the form

k =--Re -{t -

sh;.a 1(~-,, - y;.) 61l2 (c - a) + T21 I
.a;-:.sh)_,(c- a)sh.a +-•: .2c (c-a)ch;a " (16)

When a = c expression (16) turns into (10). When 2= 0 and =2 = 1

that is, when the pump channel is narrower than the inductor but there

are no short circuiting strips, the expression for kos is similar to

(10), except that c is replaced by a.

When Y2 = c and )L = 0, expression (16) turns into (1i).

When (2 = y and )2 = X, expression (16) simplifies to

Re ,1 .a ch ). (17)

If the width of the channel 2a is reduced to zero expression

(16) for k assumes in the limit the form

k.. R M?,t I- I
t•

If the specific conductivites y an are so small that e << 1
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arn! e2 ,< 1, and therefore we can put ) =

2 = a, we obtain from (16) for the
______,_____________a ttenuation coefficientI .J r i (' ,, ., ..-'-; - .

I 2 t -- ! .l "2 ,h '( c - -a ) s h ,a .-F -'c h z -- d ) c h -a 1 4 1 9 )"

This expression disregards the In-
?C ductance of the secondary circuit, andFig. 3 the current distribution Is determined

only by the specific conductances. When v2 >> Y the value of kos ap-

proaches the limit

eashz(c-a) (20)

If the specific conductivities are small and the channel narrow,

cases are possible when the coefficient of attenuation becomes even

greater than unity'in the presence of short circuiting strips between

the inductors.

Table 1 compares the results of the calculation of the attenua-
tion coefficient by means of formula (12), variant 1 and by formula

(19), variants 2-J4, for different ratios of the specific conductivities.

In variants 1, 3, and 4 the width of the inductor is 85.2% of the

pole pitch. In variant 1 there is a short circuiting strip outside the

Inductors. Furthermore, t - c = 0.43 c. In variants 3 and 4 the width

of the channel is smaller than the width of the inductor, and c - a

is respectively equal to 0.43 c and 0.86 c. In variant 2 there is an

inductor with conducting strips of the same width as in variant 1.

The second column of the table shows the relative widths. Comparison

of the first and second variants shows that at the ratios under con-

sideration an increase in the width of the inductor to the outer

edges of the conducting strips does not produce any special additional
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effect. However, if we narrow down In this case the channel within

the limits of the Inductor and employ highly cond'.ctive strips up to

the width of the Inductor, the attenuation coefficient Increases by

several times. This procedure of course Increases only the pressure,

and decreases the delivery of the pump.

Expression (18) was checked experimentally for =2 = y. The

mechanical forces were determined using two brass plates In the air

gap of the inductor. One plate had a width equal to that of the In-

ductor, and the second was 43% broader, that is, t = 1.43 c. In this

case a = 0.214 and C = 1.694, c/T = 0.476. The attenuation coefficient

as given by (10) is 0.243 and as given by (18) is 0.338, that is,

kos is increased by a factor of 1.39. The ratio of the mechanical

forces in the experiment was 1.38.

TABLE I

01 2 L .oe

o: .S........... , Ip. I I =.I IT•
2t - 1.476ff

T 0,*395 0.61 A 07M041O.01 0.999 1
0- i I I21 ~=,.=06 I 0.- 1

2 0 0.5 • 670 5 1.074 i..a4 1,201
f 0 .476

0,476 I I I I

-0=,27l - I 1C4 I
0 I.476

0. O .1S O 2.G 3.'$ ,

1) Number of variant; 2) relative widths.
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LONGITUDINAL EDGE EFFECT IN SECONDARY CIRCUIT OF
LIQUID METAL INDUCTION PUMPS WITH OPEN MAGNETIC CIRCUIT

A.I. Vol'dek, Kh.K. Ross

Tallin

1. The longitudinal edge effect in the secondary circuit mani-

fests itself in the fact that the secondary currents "leak away" be-

yond the limilts of the active zone, and consequently the power losses

in the secondary circuit Increase and certain other side effects

appear. This problem must therefore be investigated in greater detail.

.2. The theoretical problem is investigated by electromagnetic

field theory methods. Formulas are derived for the determination of

the necessary quantities.

3. The character of variation of the secondary fields of the

edge effect and of the corresponding distribution of the currents in

the secondary circuit is investigated.

4. The significance of the secondary fields and currents with

respect to the aforementioned edge effect is analyzed.

5. The problem is investigated without account of the InfluenIce

of the magnetic fields of the given edge effect.

6. The question of losses due to the corresponding circuits in

the secondary circuit is considered.
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EQUIVALET CIRCUIT OF D.C. PUMP CHANNEL

Yu. A. Birzvalk

Riga

Conformal mapping is used in the paper to solve the.problem of

the distribution of the potential In the edge zone of a d.c. pump.

Based on the solution, an equivalent circuit Is derived for the pump

channel, in which account is taken (within the limits of the assump-

tions made) of all the singularities that are introduced by the

longitudinal edge effect.

The parameters of the equivalent circuit are calculated with the

aid of dimensionless so-ealled current coefficients c, numerical

values of which are summarized In a table and are plotted as functions

of two quantities - the relative pole excess and the ratio of the

width of the channel to the size of the nonferromagnetic gap.

The energy properties of the edge zone of the pump are analyzed

and Ideas are advanced concerning the rational choice of the pole

axis.

A detailed report of the content of the work can be found In the

article "Equivalent Circuit for a D.C. Punp Channel and Design of

Pump for Maximum Efficiency" published In the twelfth collected works

of the Institute of Physics, Academy of Sciences of the Latvian SSR

"Applied Magnetohydrodynamics" (Riga 1961).
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DETERMINATION OF CERTAIN PARAMETERS

OF ELECTROMAGNETIC PUMPS WITH

THE AID OF AN ELECTROLYTIC TROUGH

L.V. Nitsetskiy, E.K. Yankop

Riga

At the first conference on problems of applied and theoretical

magnetohydronamics, the feasibility was demonstrated of using electro-

lytic troughs and other potential models for the investigation of

fields with continuously distributed emf's. In paper [1], the general

principles of such modeling were established and examples were pre-

sented of the solution of problems connected with electromagnetic

pumps. The boundary conditions were specified in the course of model-

ing on the basis of representing the normal component of the current

density on the boundaries of the operating region of the pump, in9

in the form of a sum of terms:

j J, +J,, 44.:(l

where Jno is the component due to the motion of the liquid in the

magnetic field (induced component);

is the component due to external voltage applied to the

electrodes;

in2 is the component that takes into account the influence of

the pump channel walls.

Integrating (1) over the area, we obtain a relation between the

current functions similar to formula (1)
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where the meaning of all the quantities is aralogous to the meaning

of the corresponding quantities In (1). ,

The term I0 was calculated while the terms I1 and 12 were ob-

tained by modeling in an electrolytic trough.

References [I1 and [2] presented data obtained with the aid of

a direct modeling system, in which the current lines in nature corres-

ponded to analogous current lines on the model. However, what is

measured directly on the model are the potentials, so that it is

difficult to change over to the currents and a special calculation

procedure must be developed.

This shortcoming can be eliminated. Using the equivalents of the

equipotential lines and of the current lines in plane-parallel fields,

it is proposed to employ a reciprocal or dual modeling system. In the

reciprocal circuits, the conductors on all boundaries are replaced by

dielectrics and the dielectrics are replaced ay conductors. Because

of this, the equipotential lines and the current lines are inter-

changed. Thus, the current lines in nature correspond here to the

equipotentials, thus greatly facilitating the calculations and simpli-

fying the modeling.

The potential on a plane model is proportional to the value of

the current I between the point where the given potential (k is de-

termined, and the point where the potential is assumed equal to zero,

that is,

where C is a constant. The determination of the constants and the

calculation procedureare described in [3].

The influence of partitions on the effectiveness of the pump

operation was determined with the aid of dual models. The effective-
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ness was estimated from the ratio of the .stray current I to the pro-

ductive current Ip, equal to

'p

where a is the distance between electrodes and s Is the area of the

cross section of the working zone, parallel to the surface of the

electrodes, passed at a distance x from one of the electrodes.

In the dual model, the current I is proportional to the average
p

potential on the boundary of the working zone. The determination of

the average potential was carried out with the aid of a series or

probes Installed on the entire boundary at equal distances from one

another, and the average potential was measured directly by a pointer

type instrument with the aid of a simple summing unit.

The stray current Ia was determined as the difference between the

total current I (corresponding to the voltage applied to the electrodes

of the dual model) and the productive current I
p

Measurements of the ratios I /I were carried out for a different
number of partitions n and for different partition lengths, d, and it

turned out that this ratio is almost directly proportional to the

length of the electrode 1 and inversely proportional to the distance

between electrodes a.

This made it possible to reduce appreciably the number of plots,

for the quantity I1 /1 could be replaced by the quantity k = I/Ip-1/a. f

For example, it turned out that for a stationary liquid the ratio

IsIis ¶i

k- 0.45.

It is obvious that for a specific pump with a known ratio !/a

no great dirficulty is entailed in determining I/I-
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If a single partition i1 installed, the value of k depends not

only on the length of this partition, but also on Its pcsitlon. The

smallest value was assumed by k when the partition was placed along

the channel axis. The discrepancy of the values of k as a function of

the ratio 1/a did not exceed 7%.

Figure I shows curves of k as a function of the ratio d/a for the

optimal partition position, when k Is minimal.

It is clear from the curves that by using one partition It Is

possible to improve k by approximately 30%. It Is also seen from the

curves that (1-2)a is a sufficient length for the partition.

Further increases In the length did not yield a noticeable

effect, and it is possible that the hydrodynamic losses causes by

the longer length of the partition will offset the reduction In the

leakage of the current, so that a partition of considerable length

is obviously undesirable.

In place of using one long partition, It is better to Install

two, three, or more shorter ones.

Three partitions of length d = a attenuate the leakage of the

current by more than a factor of 2.

If the liquid is in motion, this relation changes appreciably.

No general laws were observed here, but for each specific pump with a

definite data It Is possible to calculate here the current ratio I s/Ip

on the basis of the procedure proposed.

It is very simple to calculate these relations for a case when

the magnetic field beyond the limits of the zone bounded by planes

passing through the edges of the electrodes Is assumed to be very

small and can be neglected. Then the boundaries of the active zone,

which coincide with the boundaries of the magnetic field, will pass

through these planes and the motion of the liquid will cause only a
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change in the productive current:

5 1

Q3 -I"N

----- -----

Fig. I Dig

The ratio I s/ip dvlzh becomes worse, so that the use of partitions

becomes more justified and necessary. On the other hand, if the magnet-

ic field Is still appreciable beyond the limits of the electrodes, It

Is necessary to determine the boundary of the magnetic field (the line

beyond which the influence of the field can be neglec~ted) and to

mount the probes on this boundary. The productive current is determined

by starting from the average potential on this boundary, but the

currents 1 0 and 12 must also be taken into account here.

Another example of the use of dual models is for the determination

of t he parameters of the equivalent circuit of the pump.

To determine the parameters of the equivalent circuit of the

pump, the dual models are used to find the current components I p and

Is for stationary liquid. Then the resistance to the productive

current in the liquid is

R,--.f. (2)

and the resistance to the stray current in the liquid Is
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R .I (3)

where UH is the voltage applied to the pump.

We see that calculation of parameters by means of the proposed

method is elementary. On the other hand, to determine these parameters

analytically is quite difficult.

Dividing (2) by (3) we get

Thus, the curves in Fig. 1 enable us also to estimate the ratio R/Rs

A third example of the use of dual models is to determine the

form of the pole piece, at which the ratio of the current density In

the liquid to the magnetic field induction would obey a definite law.

In particular, some authors indicate that it is desirable that this

ratio be constant at all points of the working zone.

To determine the required ratio we can use successive modeling

of the magnetic field and the current field..

The modeling of the magnetic field has been well developed and

described In many papers (see, for example, [4]). By specifying a

certain pole piece form, we determine with the aid of the model the

law of the field distribution. Then, using the obtained distribution

for the magnetic field, we determine the distribution of the current.

A comparison of the two obtained relationships demonstrates the

character of their ratio in all the points of interest to us and

simultaneously allows'us to draw conclusions concerning what ways

to follow in changing the form of the pole piece in order to obtain

the desired ratio, if the present ratio does not satisfy the designer.
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EXPERIMENTAL INVESTIGATION OF PLANAR INDUCTION PUMPS

A.I. Vol'dek, Kh.I. Yanes

Tallin

In solving theoretical and practical problems in the field of

electromagnetic pumps, it is particularly important to carry out an

experimental investigation of the corresponding problems. Only an ex-

perimental investigation of ready made pumps or models can cover the

entire aggregate of the complicated electromagnetic processes.

An experimental model of a planar two-way induction pump with

two-way three-phase double-layer diametral winding and open slots was

investigated at the Tallin Polytechnic Institute. The measurements were

carried out principally with a 35 mm nonmagnetic gap. The cross section

or the equivalent conductor in the inductor winding was 6.18 mm2 . With

the current density in the winding at 2.5 a/mm2 , the total power was

8.5 kva. The winding was of the four-pole type with two slots per

pole and per phase. The arrangement of the coil sides of the Indi-

vidual phases in the inductor slots is shown in Fig. 1 under the x

axis.

On the ends of the inductor there are the so-called correcting

coils, one side of each filling the slots in the active zone (2pT,

24 slots), and the other side of each located in the extreme three

slots. The measurements and observations of the current and voltage --

curves by means of an oscillograph have shown that the circuit is

linear, but the phases are asymmetrical. The phase which is centrally

located on the inductor with respect to the placement of the windings

-507 -



(C-Z) has 9% less inductance than the outside phases. The mutual in-

ductance between two outside phases is 33% less than the mutual induc-

tance between the central phases and any of the outside phases.

When the correcting coils are not connected, the inductances of

the phases are equal, but the mutual inductance between the outer

phases is 60% less than the mutual inductance between the central

phase and the outside phase.

If the system of line voltages is symmetrical, the phase currents

differ by 6%, and if no correcting coils are used, they differ by 20%.

i 'al

Fig. l. 1) Gausses/ampere.

An investigation of the distribution of the magnetic induction

was carried out by means of probing with an electrical coil with

diameter 7.5/3.5 mm and height 3.0 mm. A magnetic induction of 1.32

Gauss produced a voltage of 1 mv at 50 cps. The measurements were with

an MVL-2M vacuum-tube voltmeter with a 10-mv scale.

The distribution of the transverse component of the electric

induction at no load over the length of the inductor is plotted in

Fig. 1. The measurements were carried out along the axis of the

inductor with a gap of 35 mm, at a height of 5 mm above the surface

of the teeth. The induction curves are shown for a 1 ampere current

in the winding. The curve BAX(x) is plotted with the outside phase fed

- 508-



with current. The curve*Bcz(x) Is plotted with the central phase fed

with current. The curve Bo(x) pertains to three-phase current supply,

with the correcting coils included. If the inductor would contain all

the normal traveling field, then the Bo(x) curve would have- no drop-

ping portions in the center of the inductor and at the endsi but only

.the waviness due to the teeth. The influence of the tooth harmonics

is strong near the surface of the teeth.

The curves of Fig. 2 show the values of the transverse component

of the magnetic induction at the center of the air gap, with the

curve Bo(x) corresponding to three-phase excitation of the windings

with correcting coils, and Bbk(x) pertaining to windings without the

correcting coils. The influence of the correction is clearly seen on

these curves.

- &

20 *

•T

2e oto CM X -

Fig. 2. 1) Gauss/amp; 2) field.

The effect of secondary currents on the resultant magnetic

field is seen in Fig. 3. Both curves represent the distribution of

the transverse component of the magnetic induction at a height of 5 mm

above the surface of the teeth with three-phase excitation. The curve

Bo(x) is the no-load curve. The B(x) curve was plotted in the presence

of & brass plate 5 mm thick, with width and length the same as of the

inductor (140 X 750 mm) in the center of the inductor. The resultant
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Fig. 3. 1) Gauss/amp; 2) field.

Induction for the same value of the current and averaged over the

entire length of the inductor was much less. However, in that end

of the inductor where the traveling field goes out of the inductor,

the secondary current field, as can be seen on the left side of the

plot, intensifies the primary field.

The variation of the transverse component of the magnetic in-

S- " 'Y) duction in a direction transverse to

the inductor axis is shown In Fig. 4.

IrJ } The curves B(y) were plotted on the

axis of the tooth at a height of

9 mm above the surface of the tooth.

." . The upper curve corresponds to no-

load. The three lower curves are
2 plotted In the presence of a 5 mm

brass plate in the center of the

gap, with a width of 120, 140 (width

or the inductor) and 200 mm, re-

..z
._-2 0c2v -- j_ spectively. The secondary currents

40 -is -io H | :C '- 'OcM screen the field In the central por-

Fig. 14. 1) Gauss/ampere. tion of the inductor width. The
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variation of the transverse ccmponent of magnetic Induction over the

thickness of the gap Is shown for no-load In the form cf the Bo(z)

plot in Fig..4.

The time phase of the magnetic induction or of the magnetic

flux is determined from the phase of the induced emf in the measuring

coil. The phase of the emf is determined with the aid of a cathode

ray oscillograph. Two voltages are applied simultaneously to the input

of the oscillograph, one from the measuring coil and the secondary

voltage from a three-phase induction regulator. By turning the rotor

of the regulator, the phase of the secondary voltage Is varied until

the Lissajous ellipse on the screen of the oscillograph becomes a

straight line. The position of the induction regulator rotor deter-

mines the phase of the measuring coil emf.

The variation of the phase of the transverse component of the

magnetic induction along the length of the inductor Is shown in Figs.

2 and 3 at no load. In addition to the magnitude, the phase of the

induction was determined in a segment several tooth pitches wide.

The results of the induction measurements are represented by vectors

starting at the corresponding points. The angles between the vectors

correspond to the phase shifts. At the center o" the gap (see Fig. 2)

the phase varies smoothly. On the surface of the inductor (see Fig. 3),

the phase changes abruptly in the slots and has a constant magnitude

within the limits of each tooth.

To determine the pulsating components in the magnetic field of

the inductor, the magnitude and phases of the fluxes of all four

poles and the two end parts of the induction outside the active zone

were measured. Parts of these fluxes are shown schematically In the

upper part or Fig. 2. The results of the measurements are shown for

three-phase supply in the form of a vector flux diagram on Fig. 5a for
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a winding with correcting coils and on Fig. 5b without the correcting

coils. Also shown are the resultant tl.xes of the en:tire active zone,

4T , and the resultant fluxes of the two halves of the active zone,

012 and3D These resultant fluxes characterIze the pulsating compo-

nents In the magnetic field. The flux 04. characterizes the pulsating

components, which according to the equations of Professor G.I. Shturman

has a hyperbolic cosine distribution, and the difference between the

fluxes 012 and034 characterizes the pulsating component, which has

a hyperbolic sine distribution. From the diagrams of Fig. 5 we can

conclude that the correcting coils of the double-layer winding almost

completely cancel the pulsating component which has a hyperbolic sine

distribution, while the component with the hyperbolic cosine distribu-

tion is highly suppressed.

i4.

Fig. 5

Other magnetic measurements with the aid of special coils have

established the stray fluxes from all the surfaces of the inductor and

the stray fluxes of the end parts of the windings.
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To Investigate the magnetic field of the Inductor, one can make

si.ccessful use, as sThown above, of $the method of probing the magnetic

Induction and rmeast~ring the magnetic fluxes along with a determination

of the phase relationships.
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DESIGN OF D.C. PUMP FOR MAXIMUM EFFICIENCY

Yu.A. Birzvalk

Riga

The paper.considers some o" the most important problems in the

design of a d.c. pump, with limitation to compensated pumps with

series excitation.

The conditions on which the efficiency of the pump design depends

are divided into two groups - external and internal.

The external conditions determine the choice of specific load,

while the internal conditions determine the rational combination of

specific loads, design dimensions, and number of turns or the pump

such as to ensure pump operation (in the nominal mode) at maximum

efficiency. Considerations are advanced regarding the choice of the

specific loads, and their influence on the performance of the pump is

considered.

The limitations imposed by the discrete number of turns are j

analyzed. The main relationship between the magnetic Induction, the

electromagnetic pressure, the nu:;,ber of turns, and three dimensionless

coefficients, namely the saturation coefficient, the ratio of the

total current to the productive current, and the ratio of the gap to {

the height of the pump channel, are established and analyzed.

The concepts of relative productivity q and relative pressure p

are introduced and used to investigate the maximum pump efficiency

conditions in two modes: with the current constant and with the I
supply voltage constant. It is shown that the maximum electromagnetic

-51)4 i J



iU

efficiency occurs in both modes for an equal value of the produ.ctivity,

characterized by the criterion "relative optimal productivity o., The

influence of the hydraulic pump losses Is considered.

Previously known criteria, such as the "optimal slip" of Watt

and "optimal Induction" of Barnes are analyzed. It Is shown that

they are particular cases of the proposed criterion

A detailed exposition of the content of the work can be found In

the article "Equivalent Circuit for a D.C. Pump Channel and Design

of Pump for Maximum Efficiency," published In the twelfth collection

of the works of the Institute of Physics of the Academy of Sciences,

Latvian SSR "Applied Magnetohydrodynamics" (Riga, 1961).
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CENTRIFUGAL INDUCTION PUMP

A.K. Veze, I.M. Kirko, O.A. Lielausis
Riga

If a closed cylindrical vessel with liquid metal is placed In a

vertical stator of an induction motor, then the rotating magnetic

field will cause the metal to rotate. A pressure difference due to the

centrifugal forces is produced between the axis of the vessel and the

periphery. Consequently, such a system Is a simple modification bf

an induction pump. In the present work we investigated a laboratory

model or such a centrifugal induction pump both in the pumping mode

and In the batching mode.

A plastic vessel with diameter d = 7.3 cm and height h = d was

placed in the stator of an induction motor with one pair of poles and

with pole pitch T = 22 cm. The stator was fed with alternating current

of frequency 50, 100, and 200 cps. The maximum current used was I = 15

amperes, corresponding to a magnetic field induction on the surface of

the vessel B = 400 Gauss. The liquid metal was mercury at room temper-

ature. The mercury was fed to the pump through an inlet in the center

or the bottom of the vessel and was removed through a tube at the

edge of the cover.

The pressure p developed by the pump (in millimeters of mercury)

was determined from the difference in the level of the mercury column

In glass tubes placed at the center and on the periphery of the vessel,

while the productivity of the pump Q in cm3 /sec. was determined from

the liquid flow.

- 516 -



The pump characteristics p = f(Q) were plotted for the peculiar

static and total pressure at dirferent current frequencies and at

different currents In the stator winding. To plot the "static" pres-

sure, due only to the centrifugal forces, the end of the outlet tube

was placed in the plane of the wall, that is, parallel to the flow.

To plot the total pressure, the end of the tube was directed against

the stream.

To describe the operatioft of the described setup as a pump,

Fig. 1 shows the dependence of the relative pressure P/Po on the

relative productivity

Q IT

where pO is the pressure developed by the pump at a productivity Q = 0;

p is the density of the liquid metal.

• ..

[ij -i
o0 Q 44 06 45 .

Fig. 1

Curve 1 pertains to the case of total pressure, while curve 2

pertains to the case of static pressure.

The centrifugal induction pump can be used also as a batching

unit. Figure 2 shows the working characteristics of such a batching
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unit - the delivered mercury batch V in cm3 as a function of the time

t during which the pressure is turned on at a current i = 14.4 amperes

and a frequency 50 cps. The same figure shows the dependence of the

batch on the current in the stator winding for a constant operating

time t = 10 sec and a frequency 50 cps.

VCMs

//

tow

z 4 6 8 10 1
Fig. 2

Figure 3 shows the dependence of the batch on the frequency of

the supplying current (w = 27rf) at I = 10.5 amperes and t = 30 sec.

Figure 3 shows also the dependence or the batch V and the additional

resistance j, introduced in the outlet of the liquid metal in the form

of a diaphragm with different relative apertures. The corresponding

resistance coefficients are taken from the book of N.N. Pavlovskiy [1].

In analogy with the increase in the delivered batch with increasing

induction frequency, one can expect the batch also to increase with

improved conductivity of the liquid metal. It is natural to expect

that the batch in cm3 will also increase with decreasing density.

The purpose of the present research was a tentative determination
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of the feasibility of a centrifugal batcher. In the experiments we

'used metal with the worst parameters. If the Inductor is specially

see

A I

to 000 log 25 Xg

200 4W 600 800 IO 1200 CdaJe

Fig. 3

constructed, the induction can also be greatly improved. From the

described experiments it follows that it is possible to construct a

centrifugal induction batcher to supply small amounts (several

hundred cm3 ) of liquid metal. It should be recognized that the metal

is vigorously mixed in the vessel of the pump, and this may be suit-

able for the performance of several technological operations directly

before pouring.
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MAGNETOHYDRODYNAMIC PHENOMENA IN A CHANNEL

OF A PLANAR INDUCTION PUMP WITH
ACCOUNT OF ATTENUATION OF THE ELECTROMAGNETIC FIELD

N.M. Okhremenko

Leningrad

Magnetohydrodynamic phenomena in the channel of a planar induc-

tion pump with a one-dimensional stationary laminar flow in the ab-

sence of the surface effect were investigated in sufficient detail [1,

2]. Less investigated were the features of magnetohydrodynamic proces-

ses in the case when considerable attenuation of the electromagnetic

field occurs over the height of the channel. Such phenomena exist in

pumps of large productivity, in which the height of the channel reach-

es several centimeters.

In some regions of technology, there Is a noted tendency

towards using electric equipment of increased frequency. For example,

in shipbuilding, the question of the use of 400 cps alternating

current is quite timely. The question therefore arises of the possi-

bility of using increased-frequency current to supply induction

pumps. In all these cases the choice of the height of the channel of

the induction pump should be closely related with an account of the

attenuation of the electromagnetic field. The study of these phenomena

is therefore of definite practical interest.

In the present paper we report results of an investigation of

magnetohydrodynamic phenomena with account of attenuation of the

electromagnetic field over the height of the channel in laminar steady-
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state flow.

Let a channel'filled with liquid metal and having the form of a

narrow slot with height 2a have a length L (Fig. 1). We shall assume

that hiih-condu'2tIon buses (2) are located on the sides of the channel,

so that we can expect only the z component of the vector potential of

the magnetic field N to exist in the region of the liquid metal (curl

= B, where I is the magnetic induction vector), and, the transverse

edge effect can be neglected. We shall likewise disregard phenomena

due to the fact that the magnetic circuit is open and that the length

of the channel is limited.

Fig. 1. Channel of planar induction
pump.
1 - Winding; 2 - current conducting
buses.

-- - ---qi

Fig. 2. Distribution of electromagnetic
quantities and of the slip in the in-
duction pump channel for laminar flow
and for considerable field attenuation:
1 - B and 6 for V = 0; 2 - s; 3 - 6
for V > O; 4 - B for.V > O; 5 - f for

y xV > 0.

Let us consider first the influence of the attenuation of the

electromagnetic field over the height of the channel on the magneto-
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hydrodynamic phenortena'fror. the phyalcal point of view, bearing in

mind the previously stipulated assu.mptions. If the attenuation of the

field is appreciable, then the distribution of the normal component

of induction B and of the current density 6z in the region o' the
y

liquid metal, when the latter is stationary, can be represented by

only curve 1 of Fig. 2. In the case of laminar one-dimensional flow

of the liquid along the channel axis, the unevenness of the distribu-

tion 6z increases. Indeed, the distribution of the current density

over the height of the channel is determined in this case by the re-

lation

8a() -=C.B(.s(y).,)

where C is a constant and s is the slip. Since the slip-of the layers

of the liquid relative to the traveling field decreases on approaching

the channel axis (curve 2), the current density will also decrease

with decreasing y (curve 3).

On the other hand, the unevenness in the distribution of the

induction over the height of the channel decreases in the case of

flow (Fig. 4), owing to the weakening of the demagnetizing action of

the induced currents on approaching the channel axis.

The degree or disparity between the curves 3 and 4 will be de-

termined by the value of the slip. In view of the fact that in laminar

motion the absolute velocity of the flow is small, the change in

the distribution of 6 and B due to the flow will be insignificant.z y
The dependence of the useful electromagnetic force fx = 8zByP which

gives rise to the pressure drop along the channel, on the coordinate

y in the case of laminar flow will be represented by curve 5. It will

differ little from the plot of the distribution of the same force in

the absence of flow. The electromagnetic force will have a maximum at

the channel walls and a minimum at the axis. The average values of the
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electromagnetic force and of the pressure developed by the pump will

decrease somewhat, and the velocity profile may change compared with

the case when B and 6 are constant over the height of the channel.
z

In addition to the singularities noted above, the attenuation of

the field leads also to the appearance of an induction component B.,

an electromagnetic force, and a pressure gradient acting in the direc-

tion of the 0 axis.

Under the assumptions made above, we can obtain from the magneto-

hydrodynamic equations describing planar laminar flow of a viscous In-

compressible conducting liquid in the channel of a planar induction

pump [2) the following equations:

aQ + 0 00 aaAgfI
rv ,, ,, __ I.,a. ,,aA,

_- oV

. Xsin2 (faot + _. (q +,'*') +;- a) +'+a

+ 0 Coe- ((d - fix) + t2ý. (IfYr- 'W+ Y -

_,2) + -d)-

(2)
dX O

- .( '. +- + -V.,'- . P 2J-, ' P- Cos (,)t -oXr=
10 - PavPT - ''+Pv i (a i) (3)

A =,.Af(y). sin (,.-,•x) +±i(y). cos (fl-,x)1 (4)

with boundary conditions

V.=v,=v=Oor y=-a.
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We uze here the same notation as in [2], while 7 (y) and -. (y) together

with Vx and Vy are the unknown functions. Expression (1) is the general-

ized Helmholtz equation with allowance for the electromagnetic mass

forces. The right half of this equation contains the derivatives of

the electromagnetic forces with respect to the coordinates.

Fpllowing the method of S.M. Targ and N.A. Slezkin [8, 91, let us

replace in Eqs. (1-3) the real velocities by their values averaged

over the period T = 27r/w. In this case we can leave out from (1) the

derivative of fn with respect to the time and integrate the equations

(1) and (3) with respect to time from 0 to T.

Solution of the nonlinear equations obtained in this case is

fraught with great difficulties. In view of the symmetry of the problem,

we can assume that Vx is independent of x, and that V = 0. We then

obtai•-.in place of (1-5)

d'V.M2 (V-~)(ve). (6)

Pau V)()=o (7

where M is the Hartmann number, V = VX and B is a constant to be de-

termined.

The system of equations (6-8) with boundary conditions (5) can be

solved by successive approximations. For the zero approximation we

obtain the following equation for the velocity:

d2V, M' ch2 cos2y M? -v 20 cod'V.Vb3 v' 24? co2PyVco_2k, (9)dY2 a=•z 2 2

with boundary conditions

"V= V. V:= o for y=O.
V. =Ofor(10)" Ve-Ofor y52-
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where Is the depth of penetration of the electromagnetic

wave (assuming I >> (_/T)2,

k Vch 2pa +f-cos 9pa

Vf = c/a is the velocity of the magnetic field, V Is the velocity

at the center of the stream.

Particular solutions of this equation have been obtained In the
form of rapidly converging power series, in which only the first terms

are retained. The general approximation of the solution of Eq. (9) has
the form*

V. V. = + V., (n

O' My
V.. V ch() (12)

ch- - -- c --

2'r 2-1 ch12+a-cos2pja k•-Ch a

+cli 2pa - cos 2pa ch 20y - cos 20yg 5h 2py - cs2y(3
2e 2 2 !W3)

M (13)

The attenuation of the electromagnetic field manifests itself in

the main velocity ccmponent (12) in a reduction of the average value

of the induction and of the "effective Hartmann number" by a factor

k, so that the velocity profile becomes less flat.

If 1 Z 0, then k = A and the second velocity component (13)

vanishes, so that we obtain from formulas (il) and (12) the well known

expression for the velocity profile in the absence of surface effect.
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The velocity conponent (13) appears only as a resu.lt of the attenuation

of the field, when 5 > 0. This component is equal to zero on the walls

and at the center of the channel. It Is proportional to the velocity

of the traveling field. Its relative share is the greater, the larger

the depth of penetration of the electromagnetic field and the larger

the height of the channel.

With decreasing slip so, the velocity of flow in the center of

the stream increases, and the relative share of the additional compo-

nent of velocity in formula (11) decreases. Figures 3 and 4 show the

profiles of the velocity Vo = f(y/a) and its components, calculated

by formulas (11) and (13) for a planar induction pump for sodium at

400°C and having the following data: the frequency is

-50 cps, 2a- 2 cm, 2pa=0,626.

so g0.99, Al5 and M IO.

Because of the unevenness in the distribution of the electro-

magnetic forces, the velocity profile at M = 10 assumes a saddle-like

form. This profile has two points of inflection.

It is known that the presence of a point of inflection is in

ordinary hydrodynamics a necessary and sufficient condition for

violation of flow stability (in the sense of nonviscous instability)

[5].

We can therefore assume that the uneven distribution of the

electromagnetic forces, brought about by the attenuation of the

electromagnetic field, may be the reason of the changeover from

laminar to turbulent conditions.

The curves of Figs. 3 and 4 have been plotted for so = 0.99. When f

the slip is reduced say to 0.9, the abscissas of the additional

velocity components in these figures decrease by a factor of 10, and

the points of inflection disappear. However, saddle-like unstable
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Fig. 3. Velocity profile at M 5 and
field attenuation.

profiles can be obtained also In the case of small slips so., but con-

siderable values of M and 20a > 1.

If we replace In formulas (11-13) *the velocity at the center of

the stream by its expression In terms or the average velocity over

the channel cros3 3ectilOn Vs~we obtain the following dependence:f

ch~~~~i 2; - o-Aa k
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Fig. 4. Velocity profile at M =10 and
field attenuation.

-(2+ ch 2jfa - cos 2Aa sh 203a - sin 2Aa

sh2ga-sin2p Ia 1 f ChiM 2a)
4O X M -+ vA.. (14)

Putting Var.= 0 in this formula, we determine the velocity profile

for an' induction pump operating as a metal mixer or an electromagnetic

valve, In the following form:
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k .1M _,1IM 'M•"=i"'fl~k' "- •i2" - *sI-". -- ,.•-

• sh* •c" €"-£-€ sh •

+c .91-•rs

k3 +

sli"Pa-4 20 cuzM k Ska ý

ch C1h

Figure 5 shows the velocity pro-

file of an electromagnetic valve or a

mixer as plotted in accordance with

formula (15).

An examination of expressions

(11-13) and of the velocity profiles on

Figs. 3 and 4& shows that under the In-

fluence of the surface effect the

velocity gradient at the walls and the

pressure losses Increase. The pressure

Fig. 5. Velocity profile of losses in the pump channel, with allow-
Induction pump operating as
an electromagnetic valve. ance for the field attenuation, will

amount to:

Apr= Ap, -+- Ap2,. (16)

where 0 ;

Ap1  ,- , . (17)
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vLM~~ Ilth-L*p,=2 . _ ch2Pa-cos2Aa\ k

a-ki-I)2cz I-

Ch

I Jsh2Pa-sinL2_La ÷sh2Aa sin 2pa).(8

The first component of the pressure loss is due to the main velocity

component. When 1 = 0 we obtain from (17) a formula that disregards

the fielc? attenuation [2]. The second component (18) is due to the

skin effect.

Calculations show that for the example given above the ratio

100
Apo

amounts to 13.8% when M = 5 and 44.5% when M = 10.

The attenuation of the field, in addition to increasing the

pressure losses, leads to a decrease in the electromagnetic pressure,

something already noted in the literature [6, 7].

The question of magnetohydrodynamic phenomena in the channel of

an induction pump in the presence of field attenuation was also solved

by I.A. Tyutin [2]. In this case he discarded in the Navier-Stokes

equation the terms due to the viscosity. Such a simplification of the

equations has led to an expression for the velocity which, of course,

does not satisfy the adhesion conditions and In addition does not take

full account of the specific nature of the phenomena. It lies in the

fact that it is precisely at the walls where the electromagnetic forces

and the velocity gradients are large, and the viscosity forces become

appreciable so that they can no longer be neglected. I.A. Tyutin's

solution therefore does not make it possible to determine the pressure

losses.
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525 An estimate of the accuracy of the solution (11-13) can bemade by the methods IndIcated In [3, 4].
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HYDRODYNAMIC PROCESSES IN'THE CHANNEL
OF AN ELECTROMAGNETIC INDUCTION PUMP

Ya.Ya. Lielpeter

Riga

The electromagnetic induction pump operates on the principle of

the induction motor, in which the role of the rotor is assumed by the

pumped liquid metal. The presence of a liquid "rotor" in the induction

pump gives rise to several hydrodynamic phenomena, a study of which

is part of the theory of such a pump.

From the hydrodynamic point of view the induction pump represents

a certain portion of a common pipe of a hydraulic system (pump channel),

in which a traveling (or rotating) magnetic field of the form B =

= Bocos (;t - ax) is produced, where B is the induction of the magnetic

field, co is the angular frequency, a = a/T, T is half the distance be-

tween two nearest points of the same phase of magnetic induction, and

x is the coordinate, directed along the pipe. The ponderomotive forces

arising upon interaction between the traveling magnetic field and the

currents induced in the liquid metal give rise to a certain pressure

difference on the ends of the segment - the pump pressure head. Tn the

stationary mode, the latter is balanced by the pressure drop in the

remaining part of the hydraulic system.

The determination of the pump pressure for a specified magnetic

field is one o" the main problems of the theory. For a solid body,

such -a problem is solved by integrating the electromagnetic forces

acting on each elementary volume of the body:
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where pO is the pressure produced by the electromagnetic forces, S is

the transverse cross section of the pump channel, -e is a unit vector
X

directed along the coordinate x, and is the current density in the

conducting solid.

The pressure of the pump in the presence of a liquid current

conductor can be determined analytically only by solving the corres-

ponding equations of motion, which comprise the nonlinear system of

magnetohydrodynamic equations for an incompressible medium. The

solution of the latter can be obtained only for very simplified par-

ticular cases, which do not satisfy completely the practical needs.

Therefore, the main method for investigating hydrodynamic processes

in an induction pump remains experiment, all the more since we deal

almost always with a turbulent flow mode. Analytic methods serve

principally for a qualitative analysis of the processes and for

generalization of the experimental data.

Practice has shown that in many cases the electromagnetic process-

es in a liquid body correspond to a sufficiently high degree of

accuracy to the processes in a solid body, provided the latter moves

with the average velocity of the liquid body. The pump pressure pa is

in this case smaller than the pressure pO by an amount equal to t::e

hydraulic losses pf, due to the viscosity of the liquid:

P.=P.-P1. (2)

It is also noted that the pressure losses for the turbulent flow mode

can be determined from the formulas of ordinary hydrodynamics, neglect-

Ing the influence of the magnetic field (1, 2]. In Fig. 1 the solid

lines represent the theoretical curves, with the resistivity ccef-
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ficient determined by the Blasius formula, and the pressure pO de-

termined from the average velocity of the liquid metal. The individual

points represent the measurement results.

We can determine the order of magnitude of the influence of the

magnetic field on the pressure losses in the case of turbulent flow

by starting from an analysis of the equations of the averaged motion

(2]. The turbulent viscosity vT in the case .of plane flow of a non-

conducting liquid is expressed, as is well known [3], by the formula

where vx and v are the velocity components, the primes (') denote

pulsating quantities and the bar (-) denotes averaging.

In the case of plane flow of a conducting liquid in a magnetic

field, we can introduce analogously a certain effective turbulent

viscosity v, which takes into account the influence of the magnetic

field.

-v.v. + ~B.- ff . .

where B• and B• are the components of the turbulent pulsations of the

magnetic induction, brought about by the velocity pulsations, while

p and p are respectively the magnetic permeability and the density of

the liquid.

Estimating the order of magnitude of the first and second terms

of (4), we arrive at the following condition under which the second

term is insignificant:

N (5)

where NB is the ratio of the densities of the magnetic energy and the

kinetic energy of the liquid

aB''
No (6)
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Rem, is the magnetic Reynolds number for turbulent pulsation

In these expressions B0 and v0 are certain values of induction and

velocity, which are characteristic for the phenomenon under considera-

tion, 1_P is the scale of turbulent pulsation, and a is the specific

electric conductivity of the liquid metal.

Relation (5) can be used to estimate the influence of the mag-

netic field on the turbulent viscosity, that is, we can obtain quali- C

tative considerations of pressure losses in the channel of the induc-

tion pump.

2
When estimating the quantity NB-Rem, for the constructed induc-

tion pumps we find that it is actually appreciably smaller than unity.

Inasmuch as the turbulent viscosity is determined principally by the

large-scale pulsations, we can approximately take as the characteristic --

values of v' and I1 the quantities v0 and lo. It must be noted that

the estimate made above pertains to the case when the skin effect can

be neglected for the induction currents In the liquid metal.
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Thus, we have arrived in different ways at one and the same

conclusion: the pump pressure is determined by the flow velocity aver-

aged over the cross section of the channel, and the energy dissipation

due to liquid viscosity occurs in the same way as in ordinary flow

without a magnetic field. Expression (5) determines the limits of

applicability of such a theory, and it turns out'that the theory is

applicable for the overwhelming majority of induction pumps.

It must be noted that a direct experimental verification of

these conclusions has been made only for large slip of the liquid

metal relative to the magnetic field, when the density of the electro-

magnetic force is approximately constant over the cross section of

the channel. There are grounds for assuming that in the case when the

electromagnetic forces are highly unevenly distributed over the cross

section of the channel, the profile of the average velocities may be

appreciably distorted, and this will lead also to a change in the

pressure losses.

There are three most important cases which lead to uneven dis-

tribution of the electromagnetic forces:

a) a pronounced skin effect in the distribution of the induction

currents in the direction of the magnetic field (over the thickness of

the metal layer),,

b) a pronounced transverse edge effect in the distribution of

the induction current in the liquid metal,

c) small slip of the liquid metal relative to the magnetic field.

All these cases have not yet been sufficiently studied to date,
and therefore no practical deductions can be drawn from them.

An attempt to study the velocity distribution of laminar flow

with a pronounced skin effect in thickness was made by I.A. Tyutin

[41], but he did not solve the problem to the end. Certain interesting t
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conclusions with regard to the same problem were obtained by N.M.

Okhremenko [5]. The transverse edge effect in the distribi;tion of the

induction current was investigated in [6, 7], but only for the case of

a solid.

We consider below by way of an example plane laminar flow of a

liquid metal in the case when the unevenness in the amplitude of the

traveling magnetic field over the thickness of the layer and the

resultant unevenness in the distribution of the induction current are

due to the commensurability of the pole pitch with the thickness of

the metal layer. The skin effect due to the demagnetizing effect of

the induction currents will be neglected.

Assume that the electrically conducting viscous liquid filling

the space between two infinite parallel planes (Fig. 2) is set in

stationary motion with the aid of a traveling magnetic field, the

induction Bz of which is determined by the law
B. = . h a o wf-a)

C.= €-a•b • • -• .(8)

where BmO is the amplitude of the induction on the surface of z =+b,

b is half the distance between the planes.

The equation of motion of the liquid can be written for the case

under consideration in the following form:

0BC1r;. Cý2 a P2 - P + 'u
26h2 ab \ a,- (9)

where p, and P2 are the pressures in two sections of the channel

spaced a distance 1 apart, v is the kinematic viscosity of the liquid

metal.

It will be convenient in what follows to use the concept of

local slip s(z), which depends in this case on the coordinate z:

£ (10)
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Substituting the latter Into Eq. (9) and

"/)/.J/¢/-/HZ!!,M•Z carrying out simple transformat.ions, we obtain

i i a !where

S.='_.p,-•(12)•
Fig. 2• "• ---

Equation (11) is an inhomogeneous modified Matthew type equation. It

Is easy to verify that Its solution should be an even function. We

shall seek it in the form of a power series containing even powers of

the argument z:

SZ (15Y"

where A2n are the coefficients of the series and n Is a positive inte-

ger or zero.

After substituting (15) in Eq. (11) we obtain the following ex-

pression for the determination of the coefficients A 2n of the series:

(2n + 2) (2n + 1)A2.+.3- -;jA2. - Z r(2n-- 2k) IAU + (16)

which is an Infinite system of equations from which we can determine

the coefficients A2, A4, etc., relative to A0. -

Solving this system, we obtain the coefficients

2-P AD "-
A,,2.1 240'

A,, -T.+\ 3-. ,-71 + 21A"s.
(17)
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2~ ~~2 M(2 AO

2.1.
M2D (2a)t

6.5 221 F:I 6.--3 41.

The following recurrence formula can be set up for the determina-

tion of the coefficients A2 , A4, A6 , ...

4 . AP (2#6A..- . (0," (18)•~ ~~~~~~~( WX•2-)•••--, -'-•

"The series (15) converges moderately rapidly. The coefficient

A0 plays the role of an arbitrary constant and is determined from the

boundary conditions

S-1 forz=±b. (19)

Taking (10) into account, we obtain the velocity distribution

VAlz) = V-s(z)]=. [1--A.,-. (20)

It is also easy to find the velocity averaged over the section of the

channel

Finally, let us find the magnetohydrodynamic pressure loss in the

pump channel, taking into account the velocity distribution (20). For

this purpose we use the equation

up (22)

which equates the viscosity force, acting on an elementary layer of

liquid dz, to the pressure force. Substituting into (22) the second

derivative of vx we obtain

,,. = -P,4., + 2) (- + 2,,A 6. (20)
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Wde obtain the total pressure loss by

X--- - Integrating the last expression with

- -. - •. respect to z and dividing by the dis-

46 - - - tance between the parallel planes. We

4 then have

-42-p1 Z(2A +2)Au-2blo (21)
0 

go.* .

D -- -By way of illustration Fig. 3

Fig- a shows the velocity distribution curvesFig. 3
-in the pump channel under the follow-

-2 -l
ing parameters: b = 210 meters, a = 50 m , w/a = 6.28 m/sec and

M = 20. Curve I corresponds to D = 0 and curve II to D = 5-105m-2.

The next hydrodynamic problem in the theory of the induction

pump is a study of the turbulent flow of liquid metal for an uneven

distribution of the electromagnetic forces.
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NONSTATIONARY FLOW OF A LIQUID METAL
IN THE CHANNEL OF A PLANAR INDUCTION PUMP

N.M. Okhremenko

Leningrad

Nonstationary one-dimensional flow of a viscous liquid in pipes

and between parallel planes has been investigated in detail within

the framework of classical hydrodynamics. -On the other hand, problems

of unsteady flow in magnetohydrodynamics have not been sufficiently

studied. There is a known paper by O.A. Ladyzhenskaya and V.A.

Solonnikov [1], in which certain nonstationary magnetohydrodynamic

problems are considered from the point of view of proving the theorem

for the existence and uniqueness of the solution. S.A. Regirer [2]

has considered one-dimensional nonstationary flow of a conducting

liquid in a half space in the presence of a constant transverse mag-

netic field on the boundary.

In the present paper we report the results of a solution of the

problem of unsteady linear-parallel flow of a liquid metal between two

parallel walls y = +a under the influence of a suddenly applied trans-

verse traveling magnetic field

where c is the angular velocity and T is the pole pitch.

In induction pumps, as in induction motors, the electromagnetic

transient occurs in the overwhelming majority of cases much more rapid-

ly than the mechanical acceleration of the liquid metal. Therefore the
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Influence of the electromagnetic transients on the moticn of the

metal can" be disregarded. If we neglect phenomena which are brought

about by the fact that the magnetic circuit is open [4, 5] and dis-

regard the transverse edge effect and the surface effect, then we ob-

tain from the equations of magnetohydrodynamics for the channel of a

planar Induction pump [3] the following equations, which describe un-

steady plane-parallel flow:

a la. AV e21

6V -- -31n'(64-aX),
(F )

with a- 0 ,conditions u"-0 for V- (2)

-0O for Dm0,

where p is the density, a the electric conductivity, and v is the

kinematic viscosity of the liquid, while p is the pressure and u the

velocity in the direction of 0X.

Doo0ooo0 oooooooo 3Z

Fig. 1. Channel of planar induction pump:
I - Winding; 2 - current conducting buses.

Equations (2) can be readily solved by operational methods under

the assumption that the external pressure drop P is cor•stant.

As a result of solving the problem for the velocity, the follow-

Ing expression was obtained:

pas 5c4M-2- 1  ,
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.j.Z\|•eL ( .%12. + 112)

where

L Is the channel length, • is the dynamic viscosity of the liquid,

and M is the Hartmann number.

The series In the right half of formula (3) converges uniformly

in the region a > y > -a, 0 < t <_ . Solution (3) satisfies Eq. (2)

and vanishes when t = 0 and y = +a. It determines the law governing

the variation of the velocity with time for any value of t..

Putting t = In (3) we obtain the steady-state value of the

velocity:

M
c " , -ch-h

____ zv__V_M _

where u 0 is the steady-state value of the velocity at the center of

the stream. Expression (4) coincides with the known solution [3].

The settling time of the stationary mode is determined by time

constants of two types. The buildup of the first velocity component

is due to the constant

which Is proportional to the mass density and is inversely proportional •

to the square of the effective value of the induction B and the j
electric conductivity. It is characteristic that formula (5) contains fI

neither the kinematic viscosity nor the height of the channel.

The buildup of the second term In the curly brackets of expression

(3) Is due both to T1 and to a time constant of the form
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whrich depends only on the kiiiem-atic viscosity and on the sq?.are of the
half height of the channel. The val'...es of Tk decrease rapidly with In-

creasing k.

Figures 2 and 3 show velocity profiles for different Instants of*
time, as calculated from formula (3).

FF4

T1 7 7T J~l

Fig. 2. Velocity profiles In the
channel of an induction pump for
different instants of time T.= t/T1 -at M1 = 5.

The expression for the velocity In the absence of a magnetic
field can be determined from (3) by putt Ing In it M- 0:
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we obtain .... (7Fig. 3t Velocity profiles in the r
channel of an induction pump for
different instants of time t =
=t/Tl, for M = 10.

u..• -- - -- . -- ? --- co 1*2a iIl -u-- ,4

Recognizing that

2 (- *'cos (i, • (8)

we obtain from (7) the formula of ordih-a-y-ydrndz!namics
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321 (9);1.

which determines when t = = a parabolic velocity profile.

In conclusion let us determine the friction force stress

(10)

Using (3), we obtain after transformations

(r M2 wPlLt M 2- A

where T, and Tk are determined by formulas (5) and (6).

It follows from (ii) that T = 0 when t = 0. When t = - we have

the known expression [3]:

w P41thM

' ~ a * 71JW* (12)

In the absence of a magnetic field we obtain from (11) the ordina-

ry hydrodynamic result

Pa' 8 (13)
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DEVELOPMENT OF LAMINIAR FLOW OF A VISCOUS

ELECTRICALLY CONDUCTING LIQUiD BEz"rEEN PARALLEL PLANES

UNDER THE INFLUENCE OF A TRANSVERSE MAGNETIC FIELD

N.M. Okhremenko
Leningrad

0

The problem of the stationary linear-parallel flow or a viscous

incompressible liquid between Infinite parallel stationary planes in

the presence of an external constant homogeneous magnetic field per-

pendicular to the walls was first investigated by Hartmann [i].

A similar problem was solved by I.M. Kirko and I.A. Tyutin [2, 3]

for the case when the conducting liquid moves under the Influence of

a traveling magnetic field. The solutions obtained can be regarded as

valid for channels of limited length only if the section of the channel

under consideration is located a distance exceeding the length of the

initial portion away from the inlet section.

The investigation of the character of flow of a viscous incom-

pressible liquid in the initial portion of round cylindrical pipes

and channels of rectangular form, within the framework of classical

hydrodynamics, has been the subject of an appreciable number of'

papers. The problem was first solved by Bussinek, and then by Schiller

and L.S. Leybenzon [4-6]. S.M. Targ and N.A. Slezkin investigated the

development of laminar flow in tubes and diffusers with the aid of

approximate equations, In which the acceleration and viscosity terms

were partially taken into account [7-9]. Such a method turned out to

be quite effective and yielded results which for round pipes is in
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satisfactory qualitative agreement with the experimental data [7].

As far as the author knows, the solution of the problem of devel-

opment of laminar flow under the action of a transverse magnetic

field was not developed In magnetohydrodynamics-in either the domestic

or the foreign literature.

Using the method or partially taking Into account the inertial

and viscosity forces, as used by S.M. Targ and N.A. Slezkin [7-9], we

can Investigate the development of laminar flow of a conducting liquid

between parallel planes under the influence of a traveling magnetic

field perpendicular to the walls. Such a flow occurs In the channel

of a planar induction pump. The approximate magnetohydrodynamic equa-

tions describing plane-parallel flow of a viscous incompressible liquid

between two parallel planes y = +a under the Influence of a transyerse

traveling magnetic field at

B, = s.l (B t -i ). (

where w is the angular frequency, a = r/T, and T is the pole pitch,

can be represented In the following form

dX - --- +-v -+j -W - -. (2a)

ap a
•Lo. (2b)

ix =0. (2c)

Here u is the velocity, p the pressure, V the velocity of the liquid

in the inlet cross section, Bm is the amplitude of the magnetic in-

duction, p is the density, a the electric conductivity, and v the

kinematic viscosity of the liquid.

In these equations the inertial terms are partially taken into

account In (2a), while the termrs due to viscosity are taken into

account In the same manner as in the boundary layer theory. Equations
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S(2) are obtained under the aZsstption that there is no transverse or

longitudinal edge effect and no attenuation of the magnetic field over

the height of the channel, and that the main component of the velocity

is uniformly distributed over the Initial section of the channel (Fig.

1). The boundary conditions for these equations are as follows:
• ~f.;rz=o, hyl<a. n-V;}

ff-z>o. y-±a. u=0, V=O (3)

Fig. 1. Channel of planar Induction
pump:
1 - Winding; 2 - current conducting
buses.

After time-averaging the mass forces and the pressure in Eq. (2a),

the system (2-3) can be solved by operational methods. As a result of

the solution we obtain the following expression for the velocity:

cbM -ch L4Y
u(x~y)=Va

Oc.COs T. COs Ta

where R = aV/v is the Reynolds number for a planar channel, M is the

Hartmann number, ym are the roots of the transcendental equation

tgz==. (5)

The series in the right half of (4) is, in accordance with the

Weiekstrass tests, uniformly convergent, since the series-Zr con-

verges.
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This zolutlon satisfies Eq. (2a) and the boundary conditions (3).

It enables us to obtain the value of the velocity profile at any

distance from the inlet in the presence of a transverse traveling mag-

netic field.

Formula (4) will hold true also in the case of a constant trans-

verse field.

The value of the velocity at an infinite distance from the Inlet

M Mcb - C •a chM -ch jy
chM--ch~ M-S(co. y) =, =t..s~ s a~h-- (6)

where u 0 is the velocity of the center or the stream, coincides with

the known solutions [1-3]. The velocity profiles at an infinite dis-

tance from the inlet to the channel and for different values of N are

shown In Fig. 2.

toQ

o 1 20 VO !)a~ to 70 so 90 no

Fig. 2. Steady-state velocity pro-

files.

In the particular case when 14 0, we obtain from formula (4) the

expreýssion derived by S.M. Targ [7, formula 6.59)]:
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U(Jr.Y)t V(~ I-

-2V e ,mom .. .CosT (7) :i

which at an Infinite distance from the Inlet determines a parabolic

velocity profile.N

It is of Interest to determine the influence of an external

transverse magnetic field on the length of the initial portion, over

which the different disturbances, which unavoidably arise on entering

the channel, become attenuated.

We shall define, following Bussinek's suggestion as used by

S.M. Targ [7] the length of the Initial portion LM as that distance

away from the inlet section, over which the actual velocity, calculated

by formula (4), deviates Xfrom the actual velocity determined by formula

(6) by not more than 1%. Then the approximate expression for the

length of the initial portion can be obtained in the following form:

( 200 +Tm----M (-)fc--l)

where T, 4.493 is the smallest nonvanishing root of equation (5)

[10].

When M -. 0 we obtain from formula (8) an expression for the

length of the initial portion in the absence of a magnetic field [8,

p. 3561:

L R In 400 (ccsT-1)
T&2 3T cosy,

Comparison of (8) with (9) shows that the Influence of the trans-

verse magnetic field on the reducticn In the length of the Initial

portion is manifest in two ways, since the quantity M is contained in
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formula (8) both under the logarithm sign and In the coefficient pre-

ceding it.

The expression under the logarithm sign determines the velocity

profile. With increase in M, the steady-state velocity profile (see

Fig. 2) approaches the velocity profile in the initial cross section,

assumed in our problem, which formally leads to a reduction in the

number contained under the logarithm sign.

On the other hand, the action of the electromagnetic mass forces

shapes the stream more rapidly, suppressing the disturbances that

arise upon entering-into the channel.

This circumstance influences the magnitude of the coefficient

preceding the logarithm. The effect of the latter on the value of the

initial portion is more noticeable and is decisive.

To illustrate the quantitative influence of the magnetic field

on the length of the initial portion, we present the following example.

By substituting the numerical value of the root y, in (9), S.M.

Targ [8] obtained an approximate value for the -length of the initial

portion of a planar tube:

4t0=O.18aR. (10)

Substituting the value of 11 in (8) we obtain

for M= S 4 ==O.OQS6aR. Z03;

for M= l0 .,4-10 0.0177a R. Lo 10.1l.

Usually in electromagnetic pumps M is large and reaches 102-103. At

large values of M, and if the laminar mode is conserved, the length

of the initial portion Is of the order

If M 100 and R = 40 , then a. For the case when M O.and:R f
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2000, the length of the initial portion is LM = = 360 a.

Under the influence of the magnetic field, the length of the

initial portion is greatly reduced.

The dependence of the pressure distribution along the channel

axis can be represented by the following expression:

p-p=pj M !____"

-2 ~ (12)

where p0 Is the pressure on the initial section of the channel.

Formula (12) is valid only for a traveling field.

When M-.-O we obtain from (12)

S. -2,Y(13)R a ,a-1:F .14 im J•

which coincides with the dependence established in [7 (Formula 6.59)].

The relations (4), (8), and (12) which were established above are

physically correct. The electromagnetic mass forces shape the velocity

profile over a considerably shorter distance from the inlet into the

channel. The author knows of no experimental data with which to esti-

mate quantitatively the correctness of the relations obtained. The

organization of proper experiments is highly desirable. However, the

foregoing formulas can in themselves serve as a base for a suitable

organization of experiments.
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BATCHING OF LIQUID METAL WITH THE AID OF
ELECTROMAGNETIC INDUCTION PUMPS@)

I.N. Kirko, Ya.Ya. Lielpeter

Riga

The operating features of an electromagnetic induction pump used

for batching of liquid metal are considered in the paper. Principal

attention is paid to an analysis or the steady-state motion of the

liquid metal for a specific batching scheme, in which the induction

pump serves the lift the liquid metal to a given height and to

measure a definite batch. The total cycle of supplying a single batch

is divided into Intermediate stages: filling the supply pipe, pouring

out the liquid metal, and moving it by Inertia after the pump is

turned off. Approximate expressions are obtained for the dependence

of the poured batch on the pump characteristics and on the pipe con-

figuration; these expressions are of significance principally for

qualitative derivations and estimates.

Some results of experiments performed on a batcher model are

also reported.

The results of the experiments agree with the results of the

derivations.

The paper was published in the collection "Works of the Physics

Institute of the Academy of Sciences of the Latvian SSR" Vol. XII,

1961.
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CONCERNING THE TRANSVERSE EDGE EFFECT IN INDUCTION PUMPS

L.Ya. Ulmanis
Riga

Experimental Investigations of the transverse edge effect In In-

duction pumps were carried out on metallic plates and In the channel

of a mercury pump with flow Q = 0 [1]. The reduction of the experl-

mental data yielded an empirical formula for the coefficient K which

characterizes the transverse edge effect in induction pumps

1(1=I +C~j. ~

where T is the pole pitch of the pump, a is the width of the metal

layer in the orifice of the pump, C is the constant (C = 1).

A theoretical calculation of the transverse edge effect was

carried out by A.I. Vol'dek [2] and N.M. Okhremenko [3]. A.I. Vol'dek

derived the following formula*:

2., (2)(2,•)xt,+)-

where

L= sbiK -

ch 1i + c0"s

5 I.
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o - electric conductivity, i . magnetic permeability, c - velocity of

light, w1 - circular frequency of traveling magnetic field relative

to the moving medium,

c - circular frequency of traveling magnetic fleld relative to the

stationary system, v - velocity of the medium, KOs - attenuation coef-

ficient, equal to I/KA.

When y - 0 formula (2) becomes

a (3)

N.M. Okhremenko derived an analogous formula for the attenuation

coefficient K(V) for Individual harmonics
Os

Here v is the serial number of the harmonic. Summing K(v) over
03

all the harmonics we obtain formula (3).

A formula similar to the one derived by the two aforementioned

authors was obtained also by modeling [4] of the electromagnetic

phenomena in induction pumps by means of an electrolytic trough and

on electrically conducting paper.

In the present article we attempt to check the applicability of

the methods for calculating K., confirmed by experiment for Q = 0, to

the design of induction pumps in the operating mode (Q 0).

The ratio
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Si

Z (5)

i 1 Here p, and p2 are the pressures
Fig. I developed by the traveling magnetic-

field In the induction-pump model in the presence of solidifled and

liquid, metal in the channel, respectively, while F, and F2 are the

theoretical relative pressures under the same conditions.

If the expression for X holds true also when Q- 0, then obviously

To calculate F, and V2 we assumed that 1) a layer of electrically

conducting medium of thickness b (Fig. 1) extends without limit in the

x and y directions, 2) the medium moves as a unit, that is, the re-

distribution of the velocity in the pump channel Is neglected..

The normal component of Induction Bz of the traveling magnetic

field in the conducting medium Is

B, - Re O'•-[a - (8)

where BO - induction amplitude, t - time, I =

The following boundary conditions were assumed

1)for z=O Bg:i8,..
2)for z=b B0=ise. (3)

where B1 and B are respectively the induction amplitudes in the layer

of the conducting medium at z = 0 and z = b, while 9 Is the angle

through which the magnetic induction vector is rotated on passing

through the layer of the conducting medium.

Solving the system of Maxwell's equations by a method similar to
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S

.A y.~,'2:."- [5] and -ire Lo,:,daa- ccA.dir., (9), Ie oC~a!r,

" -- ,, =,sh•#,ashp(b -z)+Bai'sX,•,. . (10)

-- [,si p(b -z)+ Biel shzj
i=- ta[jh~-)BoVhz

S~(12)

where

YJWIT-& = ' • (13)

Let us cut out mentally a~region of width a and length 2nT from

the infinite layer of the medium. The average p_ of the pressure over

the section of the layer in the region under consideration V will be

Corresponding to a definite current in the stator is a definite

value of the tangential component of the induction on the surface of

the layer of electrically conducting medium (at z = 0). Consequently,

in order to compare.the calculations with experiment, it is convenient

to refer p_ to the square-of the tangential component of induction at

z = 0:

P7. (15)

After several mathematical transformations we obtain from exp-,-es-

sions (10-12, 14, 15)

B(z6)

B'P

n=-*,, (iR)

where
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ch 2P.b -- cos 2pb .R. (19)

5h 01b,(! + X2)ch lb 2x cos•16osy]-

-sin. ,b(( +x ')cos pzb - 2x cha•,b cos 4p] , (20)

2 sh'Plb cos pb (p, cos -- P2 sin 4) + 2ch Pabsin p2b(pj sin 4p4+ (21)

+ P: cos y) - x(, (Ph 2Pab + pisin 2p1b) . Y.

( 122)

Prom (17, 18, 7) we get that if the expression for K. is correct,

we should have at QI 0
• a- ",RM1 i . (23)

The subscript 1 refers here to the solid metal and 2 refers to

the liquid metal,

The measurements were carried out In a model of an infinitely

.* long channel [6]. The liquid metal moved through a closed annular

gap between two cylinders placed in the stator of an induction motor.

Measurements were made of the pressure developed by the rotating

magnetic field in a layer of sodium in both the solid and in the.

liquid state, and of the average speed of motion of the metal in the

gap between cylinders. The average gap radius was 9.25 cm, T = 7.26 cm,

b = 1.64 cm and a = 10 cm. The moment of inertia of the moving system
5I

of the measuring installation was 6.39-10 g cm2 , while the elastic

torsion of the wire was 2220 g-cm2 /sec 2 . The temperature of the solid

sodium was 88 0 C and that of the liquid 1160 C. The stator was fed with

50 cycle three-phase current. The coefficient K or the experimental

channel calculated from formula (1) was 1.52.

The phase lag of the induction resulting from penetration through

the layer was measured with the aid of coils located on both sides of

the channel. The voltages U1 and U2 induced in the coils were fed to

a phase sensitive voltmeter, which In this case was used as a null
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indicator. The -aximum values of U1 and U2 were measured with a

vacuum tube voltmeter. The quantity x was defined as

U.

where k Is a prcportionality coefficient which depends on the para-

meters of the coil.

Knowing c, c, and the parameters of the apparatus, a value •' =

= 1.24 was obtained theoretically from formulas (19-21 and 23). The ex-

perimental value of 4 obtained with the apparatus was 1.27. The dis-

crepancy between the results is 2.4%. This is fairly good agreement

if It is recognized that the theoretical calculation does not take

account of the bending of the channel and of the metal velocity dis-

tribution of the cross section of the channel.

We can thus conclude from the experiment that at slips 0.83 <

< s < 1, at which the measurement was carried out, it is possible to

use formula (1) in the design of induction pumps.

The work was carried out under the guidance .of I.M. Kirko.
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MEASURE4ENT OF VELOCITIES OF A LIQUID

IN MAGNETOHYDRODYNAMICS BY THE ELECTROMAGNETIC METHOD

Yu.M. Mikhaylov
Moscow

The measurement of liquid velocities is of great interest for

experimental magnetohydrodynamics. In the experimental investigations

11,2], the velocities were measured, as In ordinary hydrodynamics,

with the aid of a Pitot tube. It must be noted that In the Investiga-

tion of magnetohydrodynamic phenomena the Pitot tube distorts not

only the flow profile but also the distribution of the electromagnetic

forces. This Is particularly important in experiments where the volume

of the metal or electrolyte Is small.

In the paper presented here we consider the possibility of employ-

ing an electromagnetic method for the measurement of liquid velocity.

This method, by virtue of certain inherent features (small dimensions

of the measuring probes, possibility of working over a wide range of

temperatures and in active media, possibility of remote recording of

the readings, etc.) can in many cases turn out to be more convenient

than the ordinary hydrodynamic method.

In the case of magnetohydrodynamric motions, there exist in the

liquid strong electric and magnetic fields, E0 and HO, which greatly

influence the motion of the liquid. These fields will from now on be

called force fields. Their frequency is usually that of the commercial

line (50 cps). Even if constant electric and magnetic fields are used,

the 50 cps background component usually has sufficiently large magni-
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tude.

The gist of the proposed method consists of the following.

An auxiliary indicator field Hind, with a frequency that differs

appreciably from the force field frequency, is applied to the Inves-

tigated volume cf liquid. The amplitude of the indicator field is

chosen to be small so as to exclude the possibility of Interaction be-

tween the liquid and the indicator field. The measurements are carried

out in the indicator field in accordance with the ordinary procedure

employed when working with a.c. electromagnetic flow meters.
1 2

315 4-

Fig. 1. Diagram of apparatus for
the measurement of the velocity of
liquid in a homopolar unit.

11 Selective amplifier, k = 106;2phase detector; 3) phase shift-
er; 4) automatic recorder.

Figure 1 shows a block diagram of an In-

fralow frequency electromagnetic flow meter,

suitable for the aforementioned measurements.

Y The flow meter operates at frequencies frcm 1

Sto 5 cps. A similar flow meter for 11 cps was

section throughplanar flow.gThe described by James [3], so that we shall notplanar flow. The

velocity of the
liquid is directed present a detailed description here. We only

perpendicular to point out that the apparatus Is synchronized
the plane of the
figure In the di- by a NGPK-2 low-frequency generator, the signal
rection or the y
axis, from which is fed through an amplidyne (Em,) to
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the winding of the Indicator coil 3.

The emf Is proportional to the velocity of motion and Is picked

up from the measuring electrodes and then fed to a narrow band vacuum

tube amplifier tuned to the flow meter frequency. Special measures are

used In the apparatus to eliminate the Influence of the force fields

on the reading of the instruments.

The signal from the amplifier is fed to a phase detector, which

generates a signal propdrtional to the velocity and In which the sig-

nal due to the variation of the magnetic flux Is suppressed.

The electromagnetic method makes it possible to measure both

average and local liquid velocities. In the latter case, however, its

use is limited, and therein lies the shortcoming of the electromag-

netic method. One can point out only individual flow geometries In

which measurement of the potential gradients yields directly the dis-

tribution of the flow velocity. In the case of planar flow (Fig. 2)

bounded by walls z = 0 and z = h, in the presence of small velocity

gradients at a distance h in the x direction, the direction of the

indicator field can be chosen to be along the x axis; in this case,

the distribution of the potential gradient ýc/pz is proportional to

velocity.•//z = v-Hind [4].

Analogously, for a rotating liquid with axial symmetry, it is

advantageous to choose an axial magnetic indicator field. In this case

the distribution of the potential gradient ý?/ýr Is proportional to

the p component of the velocity of the liquid 3p/Zr = v-Hind*

There exist also other flow geometries, In which the local ve-

locity of the liquids can be measured directly [5].

In experiments carried out in the magnetic laboratory, the indi-

cated method was used to measure the average velocity of electrolyte

In a homopolar unit of small dimensions (rI = 10 mm, r 2 = 25 mm).
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Figure 1, as already Indicated, shows the general arrangement of the

apparatus. N and S are the poles of the electroma.gnet used to produ.ce

the vertical field H . a and b are the concentric cylindrical electrodes

of the homopolar unit, I and 2 are the measuring probes, and 3 Is the

Indicator coil. The velocities measured were on the order of 1 cm/sec,

and the small dimensions or the homopolar unit didn't make It possible

to compare quantitatively this method with the ordinary hydrodynamic

methods. This comparison will be made once apparatus of larger size is

constructed.
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USE OF ELECTROMAGNETIC FOW gETERS FOR THE MEASUREMENT

OF THE FLOW OF LIQUID MEDIA WITH IONIC CONDUCTIVITY

L.M. Korsunskly

Xharbkov

The work dealt with a theoretical and experimental investigation

of electromagnetic flow meters with rectangular channel. The result

or the experiment confirmed the theoretical conclusions that the

readings of electromagnetic flow meters with rectangular channels and

with electrodes that average out the electric field are independent.

of the velocity diagram for any arbitrary distribution of the veloci-

ties in the channel of the instrument.

The paper was published in the Journal "Measurement Technique,"

10, 1960.
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SOME RESULTS OF AN EXPERIMENTAL INVESTIGATION OF

TURBULENT FLOW OF LIQUID METAL IN A TRANSVERSE MAGNETIC FIELD

G.G. Branover, O.A. Lielausis

Riga

The question of the flow of liquid metal in channels in the

presence of a magnetic field occupies a somewhat unique position in

magnetohydrodynamics. Some of the specific magnetohydrodynamic Phenom-

ena are missing here. A flow takes place, in which in addition to the

force fields that are customary in hydrodynamics, such as gravitation,

viscosity, and inertia, it is also necessary to take into consideratlon

the field of electromagnetic ponderomotive forces. As shown by

Hartmann [1, 2) the foregoing forces give rise in the case of turbu-

lent flow in a transverse magnetic field to an equalization of the

velocities in the central part of the section (the Hartmann effect)

and to the appearance of turbulent velocity pulsations. The influence

of the magnetic field on the hydraulic resistance is determined by

the relationship between these two oppositely directed but interrelated

effects. For turbulent flow at low Reynolds numbers (Hartmann's

experiments) [2] the resistance decreases with increasing magnetic

field. In the case of large Reynolds numbers (the Mureatroyd experi-

ments [3]), the resistance increases. For a definite Reynolds nimber

interval, the resistance will not change with increasing field, that

is, the two mentioned effects cancel each other.

In the case of flow in a longitudinal field [4), one cannot ex-

pect the Hartmann effect. The resistance in this case decreases mono-
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tonically with the Increasing field, this being due to the s-,.pprezslon

of turbulent pulsations.

Harris [5] attempted to develop a semi-empirIcal theory based on

the results of Hartmann's and :Zurratroy'd's experiments and on several

assumptions. Another scheme for constructing a suml-empirical theory

was proposed by G.G. Branover [6]. However, the available experimental

data are undoubtedly insufficient for a satisfactory development of

the foregoing theories. Experlments must be carried out to study the

internal structure of turbulent streams in a magnetic field. It is

necessary first of all to develop a procedure for such experiments.

We have undertaken an attempt at an experimental study of the In-

fluence of the transverse field on the velocity distribution. In an

earlier paper [7] we traced the Hartmann effect in the case when

there Is a sharply pronounced nonuniformity in the velocity distribu-

tion, brought about by the curvature of the channel.

In the present work the experiments were continued as applied to

the case when the velocities without the field have the distribution

usually prevailing for turbulent flow in channels.

The experimental setup (Fig. 1) comprised a hydraulic system

with closed circulation of mercury, set in motion by means of a d.c.

electromagnetic pump K. The operating parts of the setup were two

straight-line rectangular channels three centimeters wide, one of

which, 150 cm long, was placed between the poles of an electromagnet,

which produced a field up to 1750 Gauss, while the second, 100 cm long,

was used for ccmparison. The channels were glued together of organic

glass and interconnected with polyethylene tubes with inside diameter

4.5 cm. The average depth of the mercury in the channel was 4.5 cm.

The flow was measured with a Venturi type flow meter made of organic

glass.
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Fig. 1. Diagram of experimental
setup (plan).

"The motion in the channels was without

pressure head, so that the velocities could

be measured with the aid or a Pitot tube. The

tube was so'Installed that the dynamic pres-

sure transmitter, which comprised a glass

- _fitting 0.35 cm in diameter and 3.5 cm long,

- with an Inlet aperture or 0.15 cm diameter,

"" could move over the entire area of the

channel section and come in the limit as

close as 0.175 cm to the walls. The static

pressure transmitter was a piezometric aper-

ture in the channel wall in the same section.

The transmitters were connected to a differ-

ential manometer (Fig. 2). The minimum

velocity that could still be measured was

about 3 cm/sec at an error on the order or

10-15%. At higher velocities the raeasurement

Fig. 2. Diagram or accuracy increased correspondingly.
Pitot tube and dif-
ferential manometer. All the experiments were carried out

with turbulent f1ow conditions. The velocities were measured in a

section 130 ¢cm away from the entrance of the flow into the magnetic
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field. Control neasurements have Shown that this length is sufflcient

for complete development of the e-ffect of the magnetic field on the

flow.

The Reynolds number

Re, pvR

where p - density or the liquid, v - average flow velocity, t - dynam-

Ic viscosity coefficient, R - hydraulic radius, equal to the ratio of

the cross section area to the wetted perimeter* ranged in the experi-

ments from Re = 6680 to Re = 18,oo0.

The Hartmann number

S---- BR

where B - induction oa the field, a - electric conductivity, ranged

In the experiments from M = 0 to M = 41.5.

if PC- P6-Mo Pe.,s.W
00U

1.50

o o m So e B ifo e '

'5FTUFF 0 FT f J0 Il
oa 0 X a 2 0 a 0

0 z 0IQ
" ttI I I. 1 1 $ 1 k

Fig. 3. Velocity distribution in a chan-
nel with smooth walls as a function of
the field Intensity. 1) :m/sec.
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Re
Fig. 4. Variation of the coeffi-
cient of'resistance in a channel '
with artificial roughness, as a
function or the field Intensity.
The Reynolds number values are:

0-6680, v - 9650, X - 11,900,
0 - 13,000, -14,9oo. Curve 1
corresponds to the Blasius value
of X at Re = 12,000.

@6

Some of the results of' the measurement of the velocities in

different points of the channel width, at half depth, are shown In

Fig. 3, where one can trace the flattening of the velocity diagram

with increasing M, that is, the Hartmann effect at different values

of Re. i

The equalization of the velocities can be characterized by the

ratio of the velocity at the point closest to the wall to the velocity

on the flow axis. As a result of" all the measurements it turned out i

that this quantity ranged on the average from 0.7 or M. at M =0O to

0.97 at M =29. •

The measurements or" the velocities• at different depths have •..

shown that the vertical velocity diagram does not experience any

changes upon application of the field, up to the largest value of •

74 at which the measurements were still carried out.

1n addition to measuring the velocities, we measured In the •
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experir.ents the change in depth over a length of 95 cm and calculated

the resistance coefficient. However, for all the experimental values

of the Reynolds number, the changes in the resistance coefficient

turned out to lie within the limits of the measurement accuracy, which,

In view or the small absolute value of the depth difference, was

approximately +10%.

Until recently all the Investigations of the flow of a liquid

metal In a transverse magnetic field, whether experimental or theoret-

Ical, pertained only to flows bounded by smooth walls. One of the main

results of these investigations is the conclusion that the coefficient

of hydraulic resistance varies with the field only Insignificantly

over a considerable portion of the region where the turbulent flow

exists, and corresponds approximately to the Blasius formula for

smooth pipes. We have attempted to study experimentally the flow of a

liquid metal in a transverse magnetic field between walls that had

artificial roughness.

We used the experimental setup described above (see Fig. 1).

Artificial roughness was created on the side walls of the channel,

in the form of rectangular strips 5 mm wide and 2 mm high, placed at

intervals of 5 mm. The roughness was made so coarse in order to dis- J,

close primarily the principal features of the phenomenon.

The experiments were carried out in the same Reynolds number in-

terval as for the smooth walls. It turned out that in the case of

rough walls the neutralization or the Hartmann effect by the suppres-

sion of the turbulent pulsations, which apparently occurs in the case 0

of smooth walls, no longer holds true, and a sharp increase In the

resistance coefficient is observed with Increasing magnetic field

Induction.

Figure 4 shows the dependence of the resistance coefficient
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0

in a magnetic field, Xm' on the ratio

""'tM 2/Re for different values of Re. Figure

"*U 5 shows the modification in the velocity

( cnhec.) diagram over the width of the channel
* a

resulting from the magnetic field. The pro-

"ae e| cedure for measuring the velocities was the

same as in the case of a channel with

o .smooth walls.
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EFFECT OF THE MAGNETIC FIELD ON THE
RESISTANCE IN THE FLOW OF MERCURY AROUND SOME BODIES

O.A. Lielausis, A.B. Tsinober

Riga

In the present communication we report the results of experi-

ments on the measurement of the resistance in the case of the flow of

a homogeneous -mercury stream around bodies in a homogeneous transverse

magnetic field. The bodies tested were a sphere and a plate.

1. EXPERIMENTAL SETUP

An annular magnetghydrodynamic channel of rectangular cross

section was used in the experiments. The channel comprised a ring of

rectangular section with average diameter 50 cm, width 3 cm, and

depth 6 cm, placed in the gap K of a magnetic circuit M, in which the

coil 0 is located under the bottom of the channel [1].

The entire channel was uniformly rotated, and after a relatively

short time interval the mercury in the channel acquired a velocity

equal to the velocity of the channel, that is, was stationary relative

to the channel. Thus, a homogeneous stream oV" mercury was incident on

a stationary body placed in the gap of the channel, if we neglect the

curvature of the channel.

Three gold spheres 0.5 cm were immersedin the mercury, secured

with molybdenum wires P 0.3 mm in diameter at the vertices of an

equilateral triangle T, which formed a trifilar suspension over the

channel (Fig. 1).

The depth of innersion was half the total depth of the mercury,
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which In turn was 5 cm. To prevent corrosion, a protective layer or

BF-2 glue was placed on the sphere.

The rezistance force was measured by determining the angle or

rotation of the trifilar suspension.

The resistance of a plate 0.8 cm wide and 0.1 cm thick, immersed

at a depth of 3 cm, was also measured, and photographs were taken of

the Karman vortex street in the magnetic field.*

Figure 1 shows a schematic section through the apparatus.

I
I

r4

S" -0

Fig. 1. Schematic section through
the apparatus.

2. EXPERIMENTAL RESULTS

Figure 2 shows the experimental curves of the dependence of the

resistance coefficient of a sphere at C= I on the Hartmann
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number M= Bd for four values of the Reynolds number Re [,vd/l),

where f is the resistance force, p, v, 0, and T are the density,

velocity, specific electric conductivity, and the dynamic viscosity of

the mercury, respectively, B Is the magnetic induction and d Is the

diameter of the sphere.

In the upper left corner of Fig. 2 are shown the experimental

curves of the dependence-of the resistance coefficient of a plate, at

"C Re

(tD Re

IM, .-, I. . :

Fig. 2. Curves showing the dependence of the
resistance coefficient c of a sphere and of f

a plate on the Hartmann number M.

i-= on the artmann number •--Ba for two values of* the•,ý-s onth Hrman ume
Reynolds number Re = pva/i, where S is the area of the immersed part

of the plate and a is the width of the plate.

Figure 3 shows photographs of the Karx.an vortex street in mercury F
behind a plate in a magnetic field (Re = 7000).

As can be seen from Fig. 2, at small magnetic: fields the resistance

or the bodies in the stream changes little, and then monotonically in-
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creases with the Increasing magnetic

field.

Photographs ol" the Karman vortex

street in mercury behind a plate in a

M I20, magnetic field show that with Increasing

field the apparent length of the street

decreases, which confirms the fact that

29 the magnetic field suppresses the vor-

tices.

In conclusion, several remarks should

be made.

Fig. 3. Effect of trans- As is well known, under ordinary
verse magnetic field on
thre Kamagnevtc streetd oconditions the surface of mercury is notthe Karman vortex street,
in mercury behind a a liquid, but is covered by a practical-
plate.

ly solid film.

In order to eliminate this film, the surface of the mercury was

covered with a 3-5% solution of nitric acid, making it possible to

greatly attenuate (but not completely eliminate) the effect of the

surface film on the measurements.

It must also be emphasized that the described experiments are

preliminary and are aimed at disclosing the character of the phenomena,

so as to set up more accurate experiments.
5i7

I'

S. . .. . . .I ,,
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:;tructurc of' the turvbulenxt otreana, and on t~he dinnilpat iont of. er(-rrgy

In tht: c.dd ic.n that are abourved wheniever the trari:nvcrne. cro-t o octi.Trt

of* the -,trcamu chanige:; P'ortri abruptly.

Ira the. pren-exit paper we reoprt the reouito of* ant experirrienatal

invertijratlora of* thio que.ntioz a.; applied to plaric-p~r;irrl f' low oP'

mtercury !it u trannsvcroe mtagnetic field. The experimental -otiq) ;fifjriw

Ira Fig. .1 comrrj-Ine.d a cloned :;yLtem consint hag 01r a d.c. pumip. K. the

operatrirag part P, and a VeniturI, type flow meter B, intte rconnec tecd by

rubber tubling. The operiatring portion: of' the netup wa.n !ir the form of*

a channel )4.0 cm high and 0.3 cut wide in it:; narrow port ion anid O."j

cmr wide lIn t~hQ broad portion. The chatnnel waz glue:d toget_,,her o1'

ovarr~ilc la;.It wa., placed between the pole.; of' ana eleetromalret .1

Jpr'oduc trig a riQol d up 1. 00~0 Gritu.x, coirre:;pond ing to a Ilart~mazin zr:

The juvroon_ of.: the expcmernert., wao to mrake :;uve the(- prenn.-.'e dr-op



cau.::d by th- local hydraulic ro:'l:tarice, Lour which Ltrp,::c I.wo

)iezovicter; were u:;ed, brought out o1" point.. lo:ated 0.!j cm :h,:ad or -

the expanso1n and 3.0 cm behind It. The third plCzonIeT.c:r waI; brolig1hl,

out from a ledge In the wall In the cros; :uecl.loit wher. the abr,•Pq.

e.xpan.;ion took place. A:; can be scen front the Ilgure, the JI:aiSIfl I,

tub!:; of the plezoni|terz had cylindrical thickened portions, III which

the mercury bordered on water poured above It. With tho thickur por-

Lion having a diameter 3.5 cm and the thin tube haflng a diar|,e-ter O.5

cm, thu changes in the level in the thin tube., were magnified 13 tlmes

compared with ordinary piczometern [3].

Fig. 1. Diagram of experimental setup.

/ In the experiments, the Plow1 03 , O ranged from 6.0 to 52.3 dn 3/sec, cot-

a •responding to a variation In the

--ps J4( -Reynolds numbers over the Investigated4C

portion oF the stream from Re -: 680 to

0 02 0 0.5 of to Re = 5960. In each of the experiments,

Flg. 2. Change In the coef- a certain constant value of the flow••!
ficient of resistance as a
fUnction of the magnetic was maintained, and the readings of
field intensity.

the plezometers were fixed for stecee'-

slvely increasing values of the magnetic !field irvIdction. The results

of the measurementc o1" the pressure drop are- shown In Fig. 2. The.
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vertical axis represents here the local

S.resistance coefficient

.0." where AP - pressure drop, v2-- average

e Z .4 4 4S flow velocity In the broad part or the

Fig. 3. Change in pressure channel, p - density of the mercury.
on the ledge of the wall
as a function or the mag- The horizontal axis represents the
netic field intensity.

ratio M2/Re (M Is~the Hartmann number

referred to the half-width or the channel past the expansion and Re

is the Reynolds number, referred to the same width), which, as is well

known, has the meaning of the ratio of electromagnetic forces to the

inertia forces.

It is easy to show that the specific per second energy loss

necessary to overcome the magnetic braking or the eddies formed on

both sides of the Jet Is proportional to 42/ýRe. In the absence of a

field, the values of Cm are in approximate agreement with the Borda

theorem. When the field is applied, the values of Cm begin to decrease,

the explanation of which must apparently be sought In the suppression

of the turbulent pulsations by the field; a minimum of these values Is

reached when M2 /Re is close to 0.2. Further increase In M2/Re causes

the braking effect to predominate over the suppression-of the turbu-

lence, and the experimental points approach the straight line Cm

M2/Re. There are still not enough experimental points to be.able to

suggest what takes place when ?2/Ee > 0.4.

Accurate to the scatter of the experimental data shown in Fig. 2,

we can assume that im Is independent of Re.

Figure 3 shows an example or the variation of the pressure on

the ledge of the wall with increasing field induction. The vertical
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axis reprezents the difference between the presZ-,re p' on ti.e led.le

and the pressure p, in the channel prior to the expanlon, referred

to the velocity head.

REFERENCES

1. G.11. Abramovich. Izv. OTN AN SSSR [ Bulletin of the Academy

of Sciences USSR, Division of Technical Sciences], 12, 1956.

2. G.1. Abramovich. Tr. TsIAI4 [Transactions of the Central Sclenti-

fic Research Institute for Aircraft Engines], 322, 1958.

3. G.G. Branover, I.M. Kirko and O.A. Liyelausis, Tr. In-ta fizk•kt

AN Latv. SSR [Transactions of the Physics Institute, Academy of

Sciences Latvian SSR], XI, 1961.

- 582 -
)Q4Q



C.o

EF7ECT OF MAGNETIC FIELD ON TURBULENT TRANSPORT

P2ROCESSES IN A STREAM OF MERCURY-

0.0. Branover, O.A. Lielausia

Riga

Various magnetohydrodynamic Installations with liquid metal'

have already proved their effectiveness. However, for a better utiliza-

tion of their capabilities, and also to take into account the specific

features In the construction of these devices, more accurate informa-

tion is necessary concerning the Influence of the magnetic field on

turbulent transport processes In liquid metals. Even Hartmann [1] ad-

vanced the suggestion that radical changes take plece In the structure

of turbulence in a magnetic field. This is directly evidenced by the

work of Globe (2], who established that a longitudinal field that

does not act on the average velocity diagram decreases the resistance

In turbulent flow. Such a deduction follows indirectly also from our

own work [3, 4j].

It is necessary to stop and discuss the specific features of

the analysis of experimental results on the influence of the trans-

verse magnetic field on the coefficient of turbulent resistance. We

make use of the remarkable experimental fact that the coefficient

of resistance mi, at which the flow loses its laminar character,

Is independent of the applied transverse magnetic field. We find that

for the region or turbulent flow where X at H = 0 exceeds the value

x• = const, the magnetic field will decrease the resistance down to

total laminarization at = " The results of Hartmann's work
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pertain to thi3 region. For ReynoldZ n-mbers stch that . at H = 0 Is

less th~an mkr , an increase in the field gives rise to an increase in 1

the resistance. This is seen from the work ofx 1uratroyd [51. It

follows from the foregoing that a study or the influence of the mag-

netic field on the turbulent flow of a liquid metal In which only the

change in the coefficient of resistance Is taken Into account may be

misleading. There exists a region of Reynolds numbers in which the

magnetic field does not influence the coefficient of resistance, in

spite of the fact that the structure of the flow is greatly modified.

It is possible to study the influence of the magnetic field also

by using otter features, say the change in. the mass transfer process.

A study of the influence of the field on mass transfer Is of great

significance in itself. In almost all magnetohydrodynamic installa-

tions we encounter the problem of corrosion of the structural materials

in the liquid metals, and the phenomena of turbulent mass transfer

play a primary role here.

We have set up experiments on the study of the influence of the

magnetic field on the dissolution of lead in a turbulent stream of

mercury. An amalgamized specimen of lead of rectangular form (3 X 1.5 X

X 0.25 cm) was inserted in a cut made at the center of a rectangular

organic glass plate measuring 25 X 3 X 0.25 cm. This was a crude imi-

tation of the conditions under which a material Is dissolved away from

a wall. One plate with the specimen was placed in the mercury stream

vertically along the axis of the experimental portion of a straight

magnetohydrodynamic channel [3]. The second plate was immersed hori-

zontally to half the depth of the mercury in the channel. Tao other

plates, intended for comparison, were placed in strictly analogous

fadhion In a second linear portion of the channel where H = 0. After

a certain time the plates were removed and the reduction in the
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weights of the lead opecirren3 determi1ned. All the 
zpeclre-ns had the

same dimenziofls, so that the -absolute reduction In the weight of the

specimens can be regarded as characteristic.. Table 
1 lists the average

values of the experimental results. As can be seen from 
the table, the

magnetic .field slows down the dissolution of the lead. 
This must be

attributed to a reduction in the turbulent mass transfer, 
that Is,

to a reduction In the pulsating components of the velocity 
In the

magnetic field.

-TABLE1I

fle aranT. 3 aus M

On" -cow

11C91011 21:1 J . 2.0 1.6 QJO4 WS.7

1) Average flow velocity v ~cm/sec); 2) magnet-
Ic field induction B (Gus;3) absolute de-
crease in the weight of the specimen outside the

magnetic field; 41) absolute decrease In the
Weight of the specimen In the magnetic field;
men Ap"(r).
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CERTAIN PROBLEMS IN THE

CONTACT PROPERTIES OF METALLIC SURFACES

R.K. Dukure, G.P. Upit

Riga

In the present Investigation we measured the electric resistance

In the zone or contact between a solid metal and a liquid metal.

Systems comprising stainless steel with mercury, gallium, sodium,

potassium, lead, and Its alloy with bismuth were Investigated.

The contact resistance was determined as the difference between

the system resistance In the presence of contact resistance on the

investigated surfaces and In the absence of the contact resistance,

using a direct method with a Thomson double bridge.

The absence of contact resistance was attained by wetting the

solid metal with liquid metal.

It was established as a result of the measurements that In the

presence of wetting the contact resistance completely disappears.

In the absence of wetting, the contact resistance is unstable

and may assume different values depending on the thickness of thŽa

oxide films and the degree of contamination of the surfaces by the

adsorption films.

When the systcm Is heated to 400 0 C, the adsorption films dls-

appear and the contact resistance drops to a stable minimum.

The paper was published In the collection "Works or the

Institute of Physics, Academy of Sciences Latvian SSR," Vol. XII,

1961.-
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CONCERNING THE STABILITY OF FREE SUSPENSION OF A

DROP OF LIQUID METAL IN AN ALTERNATING MAGNETIC FIELD

I.M. Kirko, A.E. Mikel'son

Riga

In a paper delivered to the Magnetohydrodynamic Conference of

1958, R.G. Zhezherin Indicated'(1] that the realization of an "electro-

magnetic crucible," namely a freely suspended floating mass of metal,

is frequently hindered by instability. The center of gravity of the

drop of the suspended liquid sometimes goes into oscillation .with

increasing amplitude for some unknown reasons.

Our own investigations have shown that the buildup of oscilla-

tions in a drop suspended in an alternating field Is not a specific

property of the liquid state, but is brought about by the electro-

magnetic interaction between the suspended body and the electric

circuit of the inductor.

Let us consider first the general conditions for the equilibrium

of a solid body suspended in an annular inductor. Figure 1 shows the

diagram of the installation and the dependence of the expulsion

force acting on the sphere on the distance between the centers of the

lower inductor and the sphere for a constant value of the current I

flowing through the inductor. We see that the force has a maximum F =

Fmax at a certain finite value x = xm. If the condition I = const is

not fulfilled, and only the condition that the electromotive force

E iii the circuit be constant is in effect, then the current In the

inductor increases with decreasing x and reaches a maximum when x =0
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(see Fig. 1, curve I), which In turn influences the value of the

maintaining force F.

The equilibrium position of the suspended sphere at x = X0 is

determined by the equality of the expulsion force to the force of

gravity acting on the sphere.
S(.

20

~il2O

Fig. 1. Diagram of setup far the Investigation or stability:
curve I - dependence or the current flowing through the induc-
tor on the distance between the centers of the sphere and of
the lower solenoid at constant voltage; curve -F - dependence of
the force acting on the sphere on the distance between the
centers or the sphere and the lower solenoid.

Figure 2 (curve 1) shows the dependence of the maximum force

Fmax acting on an aluminum sphere 9.6 cm In diameter on the ratio

=d/d, where d is the diameter or the sphere and d. the Inside

diameter or the solenoid.

To estimate the mass that can be suspended under given conditions

by a given inductor, Fig. 2 (curve 2) shows the dependence of the

weight of an aluminum sphere on the value of U?. The condition for the

sphere to be suspended will obviously be ia?> d 0. For spheres made of

den!3er mraterial (such as lead) it may turn out that curve 2 is always

above curve 1. The given spheres will not stay su.spended when the
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current In the ind.uctor corresponds

F-10 to curve 1.
dyn

Let us proceed now to examine

the connection between the sphere

position and the circuit parameters.

As was already noted, a change In

the position of the suspended

sphere relative to the inductor

leads in the case of constant volt-

age to a change In the current flow-

•j ing through the ind-ctor (see Fig.

a 425 450 d- 475 1). The latter, in turn, causes a

Fig. 2. Dependence of the max- change in the force acting on the
imum force acting on the
sphere on the diameter of the sphere, and consequently on the
supporting solenoid.

position of the sphere. A result of

this interaction is the occurrence of self oscillations, which cause

the sphere to be ejected from the potential well of the electromag-

netic field.

In the case of small deviations from the equilibrium positions,

the oscillation of the sphere in the magnetic field can be described

by the following system of equations:

&Ix dtm•y+,• =F--mg. (1)

dLj + Rz11+ dM2 =QCSw.(2)

+ = +.(3)

here m - mass of sphere; g - acceleration due to gravity, I1 - current

in the inductor circuit, 12 - equivalent current In the sphere, M-
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--utual ind:ctance of the sphere and the turn, L1 - self ind..ctance of

the inductor, L2 -- self Inductance of the sphere, • -proportionality

coefficient which depends on the form of the inductor and which Is de-

termined from experiment.

Inasmuch as the frequency of the sphere oscillations Is as a

rule-much smaller than the frequency of the alternating current feed-

Ing the inductor, we can regard the sphere velocity dx/dt In Eqs.

(2) and (3) as a constant quantity.

Then the current in both circuits can be expressed In sinusoidal

form

( -(5)

R, +1wL, + R, +i.,

E(w )( 6)
(R, +P*L1 ) (R2 iL)- ,)

The effective electromagnetic force acting on the sphere is

F =-k-Re [Ijj, (7)

where k is a certain proportionality coefficient which depends on the

form of the inductor. Upon substitution of (7) in (1) we obtain the

equation for the oscillations
le dx•- e[p( -x)=O

m, + (r - Ap) (8) (

where

[RtR 2-u!LzLr2(Ad)± +W,1" +[RjtaL 2+R2ttL 3 + 2toMf~

and

- ,,'L•M., mg.
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It follows fr:- (3) that the cor.JIl.on for the occurrence of

self oscillations is

r - R p O ( 9 )

With increasing coefficient of dissipated forces, r, res*lting

from placing the sphere in a more viscous medium than air, the self

oscillations vanish and the suspension becomes stable. Self oscilla-

tions can also be suppressed by superimposing an additional constant.

magnetic field, which gives rise to a unique type of magnetic viscosity,

proportional to the velocity of the sphere. Finally, a decrease in the

frequency w decreases the relative magnitude of the second term in

(9), which also leads to a disappearance of the self oscillations.

Figure 3 shows the experimentally obtained dependence of the loga-

rithmic damping decrement 6 on the relative frequency criterion

S= 41&.gd 2 (o, 1L and d are respectively the specific conductivity, the

magnetic permeability, and the diameter of the sphere). We see that

when Z < 60 the damping decrement becomes positive meaning that the

.oscillations damp out.

5y

!4

Fig. 3. Dependence of the logarithmic •.
damping decrement on the relative fre- •i
quency criterion.
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Many papers dealing with the equilibrium of a condiuctlng medium

or infinite conductivity in a megnetic field have been published.

B.B. Kadomtsev and S.I. Braginskiy [2] End Berkowitz and Fried-

richs et al. [3] have shown that in such media stability will be at-

tained only if the centers or curvature of the interfaces between the

conducting liquid and the magnetic field lie in the magnetic field.

Thus, a "cusped geometry" is produced - a system o! bodies bounded

by surfaces with negative curvature.

In accordance with these notions, the figure shown in Fig. 4a can

stay in equilibrium in a system comprising two coaxial turns.

However, in the case which we are considering, where a liquid-

metal medium is in equilibrium, such a cusped form obviously is not

realizable, since the Laplace pressure of the curved surface of the

liquid would reach infinity at the cusps. In the experiment set up by

the authors where alarge sodium sphere was suspended in paraffin oil,

the liquid assumes a pear-shaped form with the stem on the bottom, as

shown in Fig. 4b.

Let us consider the total pressure at a given level in such a

liquid-metal sphere.

For a certain fixed value of x we obviously have

P +aPAX(A X) Pg(X"(10)

where B - effective value of the field, a - surface tension, r1 and

r- raximum and minimum radii of curvature at the given section,

9M' rn - the density of the metal and surrounding medium, respectively.

x- coordinate of the liquid surface (see Fig. 4b). ..

In the upper and lower points of the body we have B = 0 and the

corresponding pressures will be
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a). b)

Fig. 4

P1,~ + Pik -Pagr.,

Subtracting one equation from the other we obtain a relation be-

tween the height of the body and the radii of curvature of the upper

and lower surfaces:

h 2x _i•

Sometimes [1] folds begin to form on the surface of the sphere,

in its lower portion, parallel to the magnetic field force lines, as

a result of which the stability of such a configuration sharply de-

creases. The projection between two neighboring folds begins to grow

rapidly, for no apparent reason, and all of the metal pours out

through the resulting "slot."

It is easy to visualize this phenomenon. The appearance of folds

increases the resistance to the induced currents flowing over the

surface of the suspended mass, and decreases the secondary current 1.

The.reason for the appearance of the folds is the secondary pinch

effect: when the current 12 reaches a certain density It-starts inter-.
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acting with Its own field and corpreszez the conructor, tending to

decrease its cross section.

In order to combat this type of instability, the double frequency

method is used [1], and also special Inductors are produced with a

strong field gradient preventing the appearance of progressing stubs.

Both methods give under certain conditions good results, but call for

considerable elaborations.

REFERE4CES

I. R.P. Zhezherin. Problema elektromagnitnogo tiglya [The Problem

of the Electromagnetic Crucible], Voprosy magnitnoy gidrodina-

milk I dinamiki plazmy [Problems of I4agnetohydrodynamics and

Plasma Dynamics], Izd-vo AN Latv. SSR (Publishing House of the

Academy of Sciences Latvian SSR], Riga, 1959.

2. B.B. Kadomtsev and S.I. Braginskiy. Stabilizatsiya plazmy s

pomoshch'yu neodnorodnykh magnitnykh poley [Stabilization of

Plasma with the Aid of Nonuniform Magnetic Fields], Trudy II

Mezhdunarodnoy konferentsli po mirnomu ispol'zovaniyu atomnoy

energii (Transactions of the International Conference on the

Peaceful Uses of Atomic Energy], Geneva, 1958.

3. Berkovich, FridrIks et al. Ostrokonechnaya geometriya [Cusp

Geometry], ibid.

-594 {

• I• -I • I I , ,I ' , , i ' ' ' ' . ..



MOTION OF NONINTERMIXING LAYERS OF LIQUID METAL AND

NONELECTRICALLY CONDUCTING LIQUID IN A TRAVELING MAGNETIC FIELD

V.A. Briskman

Perm'

The article reports the results of the measurement of the dis-

tribution of the velocity of mercury in a bath made or stainless

steel, and also in vessels of different shapes. The motion of the

metal Is produced by a traveling magnetic field.

The article was partially published In "News of the Academy of

Sciences or the Latvian SSR," 8, 145, 1959.
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SMIXING OF M4ETAL INSIDE A FREELY SUSPENDED DROP

A.E. Mikel'son

Riga

When using melting without a crucible [i], It is desirable to

know the character or motion or the metal inside the freely suspended

molten mass of liquid metal, particularly in order to determine the

place where alloying elements should be added to the melt, to estab-

lish the instant when the melt is ready, etc. The character or motion

cf the metal Is of interest also when it comes to explaining the dis-

tribution of the electromagnetic forces acting on the liquid metals

In the magnetic field, to studying the stability of the suspension of

liquid metals In apparatus of similar types, to explaining the possi-

bility of modeling by means of metals the processes occurring in a

plasma, etc.

In order to simplify the experiment, the measurements were

carried out with a suspended drop contained In a glass bulb. The dia-

gram of the setup is shown in Fig. 1. A bulb with liquid sodium w3s

placed in a potential well of an electromagnetic field produced by

coils L and L2 . The bulb could be freely suspended In the space be-

tween the inductors. In order for the bulb not to turn over, its neck

was held by a special mechanism in a vertical position. The numbers

of the inductor turns were L1 = 50 and L2 = 700.

To measure the velocity of the metal In the bulb, the PItot tube

principle was used. The velocity of the sodium was determined from the

difference in the levels in the tube and In the neck of the bulb with
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and without a magnetic field. The diameter of the meas,.ri.g ttube was

chosen to be 10 ram. If thinner tubes are .sed for the meas-.rements,

the hydrodynamic pressure forces become commensurable with the forces

or interaction between the metal and the material or the tube, so that

the tube gives false results. In order for the tube dimensions not to

influence noticeably the velocity distribution pattern In the bulb, it

was necessary to make the measurements with relatively large volumes of

sodium. In our case, the diameter of the bulb with the sodium was

chosen to be 135 mm.

Measurements have shown that the

motion of the metal inside the bulb has

a strongly developed turbulent character.

-D The velocity fluctuation exceeded in many

cases by a factor of several times the

average value of the velocity of the

Y metal at the given point. In order for

the fluctuations not to affect the read-

ings of the measuring tube, a diaphragm

D (see Fig. 1) was placed inside the

Fig. 1. Sketch of overall tube, somewhat above the level of" the
view or installation and
approximate velocity dis- sodium. The layer of paraffin oil, lo-
tribution pattern in the
bulb. cated above the sodium, had a high vis-

cosity and on passing through the diaphragm strongly suppressed the

fluctuation oscillations in the tube, resulting from the fluctuation

of the sodium velocity In the bulb. Before the measurements, the tube

was calibrated under identical conditions with the aid of water. The

results of the measurements are shown in Figs. 2-4. Figure 2 shows the

distribution of the vertical (in y direction) component or velocity

along the x axis at y = 6 cm. The distribution of the vertical corpo-
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Fig. 2. Distribution'of vertical component of
velocity or sodium along the x axis for I = 20 A:
0 - 50 cps; X - 200 cps.

nent of the velocity along the y axis at x = 0 is shown In Fig. 3.

We see that the main volume of the liquid in the suspended bulb

moves upward. Along the walls of the bulb, in a layer approximately

1.5 cm thick, the metal moves with much larger velocity In the opposite

direction.

Inasmuch as in the present case the thickness of the layer In

which the metal moves downward was comparable with the dimensions of

the measuring tube; it turned out impossible to measure the distribu-

tion of the velocity in the stream moving along the walls. To measure

the velocity in the surface layer we used a dirferent method. The

bulb with the sodium was cooled to a temperature close to the solidi-

fication temperature of the sodium. The colder bulb walls caused the 4

sodium to crystallize primarily on the walls of the bulb. After such

dendrite formations and individual crystallites were formed, the mag-

netic field was turned on and the surface of the bulb photographed in

intermittent light. An Intermittent trail of the sodium crystallites

which were torn away from their location and moved together with the

metal was traced on the surface of the bulb. From the length of the

trail and from the time of elimination one determined the velocity of

motion or the metal on the surface. The measurement results obtained
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by photography at an inductor cu,;rrent frequýency of 50 cps are shown in

Fig. 2.

Since the motion in the bulb is closed, the volume of" the liquid

rlowing per unit time in one direction should equal the volume flowing

along the walls in the opposite direction. Graphic integration or the

volumes moving In-the bulb in opposite directions has shown good

agreement between the methods of measuring velocity with the aid of

tubes and with the aid or photography.

Control measurements of the vertical component of the velocity

along the y axis were made wlth the aid of a bronze sphere 0.6 cm in

diameter. The velocity of the sodium was determined from the force

acting on the sphere suspended in the sodium. The results of the

measurements are shown in Fig. 3.

% Jv~cma see, ,

.I t I/ I -,,'•

, ',] I f

Fig. 3. Determination of the ver-
tical components of the velocity
along the y axis in a bulb and-
suspended drop: *- measurement with
Pitot tubes at f = 50 cps; X - the
same at f = 200 cps; 0--measurement
with bronze sphere at f = 50 cps;
A- measurements with Pitot tube in
a suspended drop 11 cm high and
transverse diameter 5.6 cm at f
= 200 cps.
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To determine the dependence of

the velocity of motion of the sodium
m/ on the intensity of the magnetic

field, the bulb was fixed in position

4 and the vertical component of the

velocity was measured at x = 0, y =

= 7 cm for different values of the

current flowing through the inductor

I winding. The results of the measure-
* a .e amp

ments are shown in Fig. 4.
Fig. 4. Dependence of the
velocity of the metal in the In order to ascertain the influ-
bulb on the current in the
inductor winding. ence of the walls of the bulb on the

velocity profile in the suspended drop, that is, in order to ascertain

the extent to which the processes occurring In the suspended bulb with

sodium are similar to those in a freely suspended drop, we measured

the vertical component of the velocity of the retal inside the mass

of liquid sodium freely suspended in paraffin oil. The results of the

measurements are shown In Fig. 3.

We see from the course of the curves that the absence of the

bulb does not make any essential changes in the velocity distribution

pattern inside the freely suspended drop. The results obtained by

measurements In a bulb can be extrapolated with certain approximation

to the case of metal suspended without a bulb. Obviously, the mixing

of a metal freely suspended in vacuum or in an inert gas medium will

be somewhat more intense, in view of the fact that the velocity of

the metal on the surface will not be zero in this case, as was the

situation in the experiments with sodium.

It is interesting to note that measurements of the velocity dis-

tribution for a freely suspended drop were carried out with a measur-
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Ing tube without a diaphragm, but no fluctuation oscillations were

observed. Obviously, the velocity fluctuations are the result of the

interaction between the sodium stream and the stationary walls o1 the

bulb.

The results presented here enable us to present the following

picture of velocity distribution In a suspended mass of liquid sodium.

A recalculation o0 the results obtained by measurement in sodium for

other metals can be carried out by methods of similarity theory. It

is necessary to produce here experimental conditions such that

equality of the following definfng criteria holds true for both the

model, that Is, the sodium drop, and the drop of the given metal:

ai-4apcaod', (2)

-= (3)

(4t)

Here I - current in the solenoid winding, n - number of solenoid

turns, a, p, p, a and d - the conductivity, density, magnetic perme-

ability, coefficient of surface tension, and dimension of the sus-

pended liquid metal drop, respectively, p1 - density of the medium in

which the drop of given metal is suspended, g - acceleration due to

gravity.

The constancy of the foregoing system of criteria in the model

and in nature guarantees the constancy of the nondefinlng criterion

which characterizes the velocity v of motion of the metal at the

corresponding point of the drop.
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1. H.P. Zhezherin. Problerna elektromagnitnoCo tiglya [The Problem

of the Electromagnetic Crucible], Voprosy magnitnoy gidrodinamiki

I dinamiki plazmy [Problems of .•agnetohydrodynamics -and Plasma

Dynamicsa, Riga, 1959.
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BASIC PARAMETERS AND CONSTRUCTIONS OF ELECTROMAGNETIC

STIRRING DEVICES FOR ELECTRIC ARC FURNACES

Ya.P. Zvorono

Leningrad

In the melting of high grade steel In arc furnaces of large

capacity, the liquid metal must be stirred. At the present time

electromagnetic stirring of liquid steel is finding an ever increasing

application.

Electromagnetic stirring is produced by means of a developed

stator which is located above the furnace and produces a traveling

magnetic field in the furnace bath. The traveling magnetic field of

the stator interacts with the eddy currents induced by the field in

the liquid steel, and the mechanical forces produced thereby give

rise to directed motion which causes stirring of the entire mass.

BASIC ELECTRIC PARAMETERS

Number of Stator Poles

Since the lining or large furnaces is 60-100 cm thick, the weak-

ening of the stator field Is quite large.

The dependence of the induction component normal to the borce

surface of the stator on the distance above the bored su..rface in air

has the following form for a flat stator:
--Ks

Bi= B.., . (1)

Accordingly, for a stator in arc form

B& B9.
(2)
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where B• -- Induction at a height above the bored su.rface, B0 -

induction on the bored surface, 6 - height above the bored surface,

- pole pitch, R - boring radius.

Both formulas disregard the influence or edge effects.

Formulas (1 and 2) show that the attenuation of the field Is In-

versely proportional to T and, inasmuch as the stator dimensions are

bounded, it Is best to use a two-pole stator.

Frequency

To obtain circulation of the molten steel it is necessary that

the forces act only on Its lower layers: from the bottom to half the

depth of the bath. Since the depth of the bath In a large furnace

amounts to 50-100 cm, to obtain the necessary depth of field penetra-

tion the frequency of the current supplying the stator should be quite

low, on the order or a fraction or a cycle. Nonetheless, even at such

a frequency the Jacket of the furnace must be nonmagnetic so as to

avoid appreciable screening or the stator field. Usually only the

bottom of the Jacket, directly above the stator, is made nonmagnetic.

Number or Phases

The stator is made two-phase with a split phase the winding of

which is located on the ends of the magnetic circuit. Such a place-

ment of' the winding guarantees better wave form of the induction

above the stator.

Inasmuch as the stator has an open magnetic system, and coils

belonging to one phase are located on the ends of the core, the phase

windings are subjected to dirferent conditions. Therefore, in order

for the phase impedances to be equal, the number of turns in the phase

winding should be different. Usually the ratio of the phase turns

ranges between 3/4 and 4/5.

The use of a two-phase stator simplifies the supply equipment.

-6o04 -
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Line Load o!" the Stator"

Inasmuch as the stator field io highly attenuated at the location

of the liquid steel (by a factor of several times), the line load on

the bored surface should be on the order of" 1000-1500 A/cm In order to

obtain the necessary stirring Intensity.

STATOR CONSTRUCTION

The fact that the magnetic circult is open and the singularities

of the electric parameters of the stator exert an appreciable Influence

on its construction, which differs appreciably from the constructions

of ordinary electric machines.

Owing to the low frequency of the current, the losses in the ac-

tive core steel are negligible, so that the stator can be assembled of

relatively thick laminations of' ordinary non-electrotechnical steel.

Such a core is quite rigid and does not require a special mounting

housing.

The skin effect in the winding can likewise be neglected and the

42,
A . . ...._

Fig. 1. Type SEP/40 1 - 400/100
stator for a furnace of 40-ton ca-
pacity (withouc covers).

winding made of solid conductors of large cross section.

The relatively high line lcad or the stator, and also the heat

radiated from the furnace Jacket, the temperature of which reaches

3000 C, ral-se dIfficulties with cooling of the winding. The stator



winding can be cooled both wlth air and with water, but the latter Is

preferable.

Since.the stai.or has no rotating part, Its ventilation can be

effected only by external means and no closed cycle can be used. This

leads to contamination of the winding and reduces the operating reli-

ability of the stator. In the case'of air cooling, individual parts of

the winding are considerably overheated, so that silicone Insulation

must be used.

In a directly water cooled winding made of hollow conductors the

temperature drop between the copper and water Is a fraction.of a degree,

resulting in both a low average winding temperature and in high uni-

formity of cooling.

A typical stator construction is shown In Fig. 1.

The main core assembly is made of type ST. 3 sheet steel 10 mm

thick. The core Is clamped together on Insulated pins. A drum type

winding consisting of four coils, two for each phase, is placed on

the side of the core facing the bottom of the furnace. The coils are

made of copper tubing of rectangular cross section measuring 22 X 22

mm with a round aperture of 111 square nun, which Is continuously

wound on a form. The coil turns are insulated by liners made of asbes-

tos-textolite 3 mm thick.

The stator is covered on the top with a refractory cover made of

asbestos-cement plates; this cover protects the stator against the

entrance of liquid steel or slag.

The stator winding is cooled with water that runs directly

through the hollow conductors.

The main parameters of some of the stators designed by the

Leningrad branch of the Scientific Research Institute for Electric

Machinery and the "Elektrosila" plant are listed below.
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CharacteristicZ of Stators for Electric Stirrers

Capacity of furnace (tons) 20 40 80 180
Rating (kva) 830 460 520 1100
Voltage(v) 160 115 130 230

Current (A) 2600 2000. 2000 2400
Power factor 0.55 0.6 0.6 o.67
Line load (A/cm) 1500 1160 1080 1500
Frequency range (cps) 0.8-i 0.5-1.5 0.55-1 -0.3-0.6
Double pole pitch (cm) 360 400 400 460
Length of active steel (cm) 110 100 160 180
Number or turns in phase I 44 52 48 614
Number of turns in phase II 60 64 60 80
Total weight of stator (tons) 18 16 20 40

SUPPLY UNIT

The stator is fed from a dynamo electric supply unit, a simplified

diagram of which is shown in Fig. 2.

The supply assembly consists of five machines: two single-phase

low-frequency slip ring generators, a synchronous drive motor with

exciter, and a constant voltage generator intended to supply the fre-

quency transmitter and the control circuits.

The low frequency generators are revamped series "P" d.c. machines

and have cast bedplates.

The three-unit exciter consists of two type EMU 110 amplidynes

and an induction drive motor.

The pre-exciter consists of a d.c. drive motor, a two-phase

rheostatic converter (low frequency transmitter) and a tachometer

generator. The transmitter is a stationary drum corrmutator, similar

to the co-mnutator used in a d.c. machine, with two pairs of brut.;aes,

shifted relative to each other by one-quarter or a cycle, rotating

around the commutator. A sinusoldally subdivided potenticmetric resis-

tor is connected to the commutator segments.

The frequency of the transmitter Is regulated by varying the

velocity of the pre-exciter motor.
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Fig. 2. Typical power supply circuit for stator.
Designations used In circuit:
SD - synchronous motor; G1 , G2 - main generator;

GPN - constant voltage generator; VD - exciter
for synchronous motor; AD - induction motor; EMU 1,
EMU 2 - amplidynes; RP - rheostatic converter; D -
motor of rheostatic converter; R - reduction gear;
TG - tachometer generator; Sh., Sh 2 - shunts, 0.5
cps; 1 A, 2 A - automatic circuit breakers; PRR -

starting rheostat; RUN - voltage regulator; A1,
A2 , A3 - ammeter; VI, V2 , V3 - voltmeter; Pj' P2'

P3 - fuses; f - frequency meter.

1) Off; 2) forward; 3) reverse; 4) stator.

OPERATING RESULTS

At the present several electromagnetic stirring units of domestic

construction are in operation In furnaces of 20, 40 and 80-ton

capacity.

Detailed tests of the Installation in the 80-ton furnace of the
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Novollpetzk retallurgical plant made In Nay of 1959 yleldei res-.lts

that agreed with the calculations. The power fed to the llq.ii steel

was about 3.5 kw, and the corresponding stator efficiency about 1.5%.

At nominal current and at a frequency of 0.55 cps, the speed of

a brick floating in the bath reached 0.35-0.4 m/sec. The closed cycle

water cooling system maintained the stator winding temperature below

500 C.

FURTHER. DEVELOPMENT OF ELECTROMAGNETIC STIRRING UNITS

The operating experience with the installed stirring units has

shown that they work to the metallurgist's satisfaction, so that

further development of these units is aimed at simplification and

cost reduction.

One or the ways of reducing the stator. cost is to make Its wind-

ing of aluminum.

The power supply can be simplified and Its cost reduced by re-

placing the motor-generator system with an ionic frequency converter.

The ionic frequency converter is best made or sealed rectifiers with

an electronic frequency transmitter. In this case the entire stirring

unit will have no rotating machinery, so that Its operation becomes

greatly simplified. Among the advantages of the ionic converter are

its lower dimensions, lower weight, and lack of foundation, something

of particular value when the electromagnetic stirrer is Installed in

furnaces already in operation, where limitations In shop area m-ke it

difficult to locate the dynamo electric Installation.

At the present time all the large arc furnaces produced In the

Soviet Union are being equipped with electromagnetic Rtirring units.
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script [List of Transliterated Symbols]
Page

NO.

609 CI = SD = sinkhronnyy dvigatel' synchronous motor
609 = Sh =shunt = shunt
609 r = G = generator = generator

609 tnH = GPN = generator postoyannogo napryazheniya = constant
voltage generator

609 BA = VD = vozbuzhditel' dvigatelya = motor exciter

.609 PYH = RUN = regulyator ... napryazheniya = voltage ... regulator

609 AIL = AD ='asinkhronyy dvigatel' = induction motor
609 3MY = EMU = elektromashinnyy usilitel' = amplidyne

609 PI = RP = reostatnyy preobrazovatel' = rheostat converter
609 A = D dvigatel' = motor

609 P = r reduktor = reducing gear

609 Tr = TG = takhogenerator = tachometer generator

609 A = A - avtomat = circuit breaker; = ampermetr = ammeter

609 17PP = PRR = puskoregulirovochnyy reostat = starting rheostat

609 = P - predokhranitel' = fuse
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ELECTROMAGNETIC STIRRING OF STEEL IN THE LADLE

M.G. Rezin
Sverdlovsk

Metallurgists have long been aware of the need for stirring

metal in many melting processes.'Effective stirring using the simplest

means is mpde difficult by the high temperature of the molten steel.

The use of electromagnetic stirring in arc steel melting furnaces

yields certain advantages compared with other methods and points to

the possibility or extending this method to other steel production

processes such as vacuumizing, desulfurizing pig iron, etc.

In vacuuming without stirring, the degasification t~kes place

only in the upper layers of the liquid steel. The operpting depth of

the vacuum is determined essentially by the boiling of the bath. In

the lower lpyers, owing to the appreciable metallostptic pressure,

practically no gas is liberated. These lower nondegasifIed layers

must be raised upward in order to subject them to the direct action

of the vacuum, and the degasifled layers of the metal mUst be moved

downward, that is, the metal must be stirred. Electrom~gnetic s''rrtng

in the ladle, in addition to providing degasification and ultimate

deoxidation, can make it possible to dissolve the alloying addIttves

directly in the ladle, which in addition to reducing the melting time

affords appreciable economy of expensive alloying additives, coni~der-

able waste of which occurs In steel-smelting furnaces.

As a result, various Installations intended for stirring In the

ladle during the degasification of the steel have appeared recently
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in the USSR and abroad. These installations can be s..bdlvlded Into

those using electromagnetic devices and those wItho'.?t such devices.

a). b J Without considering all the in-

?a=-W.MLf§ . .stallations In which electromagnetic

\\units are used, let us stop to dis-

•:-. "cuss only two:

Fig. 1. Stirring with one or 1) installation with flat stator,
two stators ("A" and "B") the winding of which Is fed with low
installed outside the jacket
of the ladle, frequency current;

2) installation using the circulating degasification method.

The use of low frequency for the stator supply in place of the

commercial 50 cycles makes it possible to place the stator outside

the ladle Jacket (Fig. 1) and in addition increases the stirring

effect while appreciably reducing the reactive power.

In many cases the hydrodynamics of the liquid steel can be

modified and its speed increased by using in addition to stator "A"

a second stator "B" diametrically opposite the stator "A".

Simulation of the hydrodynamic processes has shown that in the

presence of two stators the hydrodynamics of the liquid steel can

be appreciably modified by chpnging the direction of the current in

the phases of the stator, as a result of which the direction of a

portion of the field of stators "A" and "B" is changed. If the field

of stator "B" is directed opposite to the field of stator "A", then

the motion will be produced essentially In-accordance with the scheme

of Fig. la. If the fields of stators "A" and "B" have the same direc-

tion, for example from the surface of the metal towards the bottom,

then the motion of the metal will be produced in accordance with

Fig. lb (the arrows of the solid line). If the direction of the

traveling field is simultaneously reversed in stators "A" and "B", the
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metal will move as shown in Fig. lb (arrows of the dashed line). In

this case the metal near the walls of the ladle will- rove upward. flow

over the surface, and drop downward outside the active zone of the

stators.

The Department for Electric Machinery and the Department of

General Electrical Engineering, together with the MOMZ Department of

the S.M. Kirov Ural Polytechnic Institute, have preprred designs of

electromagnetic stirrers for a ladle of 70-ton capacity.

For effective stirring of liquid steel using two diametrically

located stators, the depth of penetration of the field should be

equal to half the average diameter of the ladle.

If D = 210 cm is the average ladle diameter, p - 1,36 ohm-mm2 /M

is the specific resistivity of the liquid steel, then the necessary

frequency is given by the expression O,-T-- hence f-0.315

cps. The range of frequency variation adopted in the design Is 0.3-1

cps.

In order to reduce the cost of the power supply and to simplify

the construction of the stator winding, a two-phase winding is used.

To guarantee minimum damping of the normal component of the

induction in the air gap, the stator has been made of the two-pole

type in accordance with the expression

where B - induction at a distance 6 from the stator; B0 - induction

on the surface of the stator; • - pole pitch of the stator.

The stator is made flat In order to fit It better Into the

chamber, and the ladle needs less revamping if the stator Is flat.

The winding used is annular, since under the vacuum chamber con-

ditions a stator with such a winding occupies less place than other

types of windings.
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An essential feature of the stators Is the lack of any artificlal

cooling, something made possible If the stators operate for 15-20

minutes. The two stators are fed from rotating generators with a

total rating 160 kva.

The stator is placed vertically in the vacuum chamber housing

and is driveh by a special mechanism to the wall of the ladle after

the latter Is installed in the chamber. When the stirring is completed,

the stator Is moved away from the ladle and pl~ced in its previous

nonoperating position.

Let us consider the installation with circulating degasification,

which can be used in comparison with the previously considered in-

stallation with flat stator whenever large masses of metal are pro-

cessed, for it is not necessary in this case to place the ladle into

the vacuum chamber, to close the chamber and to seal it after the

L) &-(VV- .v "aatv installation of the ladle.

This process is characterized

by-pumping the molten steel through

a vacuum chamber of small size as

"- -compared with the ladle. The steel
4

23 #04 * is continuously driven by Fn electro-

3.4p, Apiý jmagnetic pump from the ladle through

an intake tube "A" inside the degas-

. .. Ificatioxi chamber, and after degasifi-

cation It flows back into the ladle

- through a drain pipe "B" (Fig. 2).

Fig, 2. Degasification of The power for this circulatlon is
steel by the method of pump- produced additionally by the gas re-
Ing through vacuum.
1) To vacuum pump; 2) elec- leased from the steel ur.der the In-
tromagnetic pump; 3) argon;
4) 5 cps; 5) transformer
....f" hetr, 200-300 kva. fluence of the vacuum chamber.
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An advantage of this process is the favorable redistrlbution of

the steel for vacuuming in the degasification chamber. The rising gas

bubbles due to the dissolved gases in the steel will increase in vcl-

ume with time as they ficat upward, *and the steel enters into the

degasification chamber, under the Influ:ence of- these gases and the

action of the pump, at a high velocity, causing it to be e.'ected up-

ward, splash vigorously, and get rid of the dissolved gases.

Other important features of the process are the insignificant

heat losses, inasmuch as the volume of the degasification chamber Is

small, and the possibility of'offsetting these heat losses by simply

using transformer heating. This is effected by placing on the drain

pipe "B" a magnetic circuit with a winding fed at commercial frequency.

The secondary winding is the closed circuit of the molten metal, which

comprises a single turn of the secondary winding.

The degasification chamber gives rise to constant heat losses in-

dependently of the volume of the metal in the ladle. Therefore if the

volume of the metal in the ladle is low, the temperature drop will be

greater. To offset the heat losses, the temperature of the melt is

raised or additional heating is used.

The use of an electromagnetic pump to replace the compression

action of the neutral gas in such installations does not lead to a

deterioration of the vacuum.

The use of a neutral gas (argon) to exert pressure on the metal

in pipe "A" deteriorates the vacuum in the degasification chamber and

calls for the use ot powerful vacuum pumps.

Calculations show that the necessary pressure on the metal can be

produced by an electromagnetic pump.

The choice of the type of pump to move the liquid steel depends

on many factors, the most important of* which are indicated below.
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The material ofthe neck or pipe walls cannot be steel. as is

u ! the case for pumping metals at low temperature. The high

temperature of liquid steel (1600 0 C) calls for the use of ceramic

materials which have the necessary properties..

The thickness of the ceramic wall of the neck (pipe) must exceed

by a factor of several times ten the thickness of a metallic wall

which is used for pumps for low temperature metals, in order to provide

mechanical strength and thermal insulation.

The thickness of the layer of liquid steel cannot be assumed to

be the same as in pumps for metals with lower temperature, since the

steel may cool down on the walls of the pipe, in spite of preliminary

heating.

If the thickness of the ceramic wall of the neck is assumed to be

45 mm and the minimum thickness of the liquid steel to be 30 mm, then

the minimum distance between the inductors (in the case of a flat in-

duction pump) is 120 mm. Such an "air" gap calls for rather large

magnetizing current and consequently for high line current loads on

the surface of the stators.

With so large a gap, it is desirable to produce the current in

the secondary circuit of the pump (in the layer of liquid metal) by

conduction using direct or alternating current. However, to supply

current to a layer of liquid steel is a rather dirficult matter. The

electrodes that supply the current to the liquid steel must withszand

a high temperature, be good electric conductors a:id •Dcr heat cond.ic-

tors, and must not dissolve in the steel and deteroisate its prcpýr-

ties. The most suitable-electrode for this purpose could be graphite,

bui it may carburize the steel. In addition, direct contact between

the metal and the electrodes causes the latter to wear and -akes it

necessary to displace the electrodes through a hlgn Iacuum seal or to
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replace the electrodes completely. All this makes the pump construc-

tion very complicated. The difficulties connected with providing re-

liable current supply to liquid steel make It necessary to forego for

the time being the use of conduction pumps.

It becomes necessary to choose a flat induction pump, where the

current In the liquid metal IS produced by induction, and the problem

of electrodes and the associated tight seals Is eliminated.

The Departments of Electric Machinery, General Electrical

Engineering, and XOMZ of the S.M. Kirov Ural Polytechnic Institute

have completed a design for a degasification unit for liquid steel

using the circulation method with an electromagnetic pump at two fre-

quencies:

a) at 50 cps with a liquid steel layer 30 mm thick, power P =

= 2050 kva, and a rating of 85 m3 /hr;

b) at 16 cps, 80 mm layer o" liquid steel, P = 1650 kva, and

rating 173 m3/hr.

The practical utilization of the designs calls for the Installa-

tion of pipes made or high grade refractories.

The refractory material used to manufacture the pipe should have

high mechanical strength at a temperature 1600-18000 C. In addition,

the wall of the pipe should be sufficiently resistant to wear result-

ing from friction produced by the moving metal at this temperatu'e, l

and also dense so as to prevent air from being sucked in throug! the

walls. of the pipe.

Electromagnetic stirring can find extensive use In the desulphur-

Ization of cast iron. Usually cast iron Is desulphurized In a drum into

which the liquid cast Iron Is poured from a ladle and covered with a

slag of necessary composition, after which the drum Is rotated so as

to mix the cast iron and the slag. After the end of the process the
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metal Is again poured out Into a pouring ladle.

This process has appreciable shortcor.lngs. It is not technologleal-

ly sound, since It calls for repouring the molten cast Iron through the

neck of the ladle Into the opening of the drum. Multiple repourIng of'

the cast Iron leads to large heat loss and to the cooling oifthe cast

Iron. Wher. the drum rotates, Its lining Is damaged by the molten cast.

iron and calls for time-consuming repairs.

The use of electronwgnetic.stirring makes it possible to desul-

phurize cast iron directly in the ladle, thus yielding appreciable

technical and economical advantages.

In many cases It may prcve advantageous to use electromagnetic

stirring in open hearth furnaces, In foundry production, etc.
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POWER SUPPLIES FOR INSTALLATIONS FOR

ELECTROMAGNETIC STIRRING OF LIQUID STEEL IN LADLES

Ya.I. Drobinin

Sverdlovsk

Unlike the Installations used for stirring in arc f'urnaces,

where the depth of the bath does not exceed 0.8 meters arid Ihe re-

quired depth of penetration is not larger than 0.4 meters, when steel

I:; mixed In large ladles with capacity on the order- of 100 tons. a

large depth of" penetration of the magnetic field Into the liquid

metal (up to I meter) Is required, and consequently the frequency of

the current fed to the stirrer must be. lower (on the order of' 0.2-

0.4 cps).

On the other hand, the small thickness of the ladle lining,

which usually does not exceed 10 or 20 centimeters. is several times

less than the lining of electric arc L'urnaces, where it reaches O.S.

I meter, so that the rating of the power supply can be reduced and

consequently a different power supply system can be used and differ-

ent equipment.

Fig. 1. OscIllogram of the voltage of a slip
ring type two-pkase low frequency 0.5 cps
converter.

The systen used for stirrers In th.e USSR Is that of the "Elektro-
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sila" plant [1], which contains 10 machines. This system can be reduced

to four or even three machines by replacing the rheostatic frequency

transmitter and the amplidynes by a slip ring frequency converter. The

use of a slip ring converter as a transmitter for infralow frequency

was investigated at the Ural Polytechnic Institute. An oscillogram

taken from a two-phase 0.5 cps transmitter Is shown in Fig, 1.

"Q The machine stage can be simplified by re-

placing two single-phase generators with one two-

phase generator, which saves, by calculation,

about 30% of material and reduces the area occu-

pied and the weight of the foundation. The dia-

gram of such an installation is shown in Fig. 2.

Fig. 2. Three- Two-phase low frequency generators for stirring
machine system: purposes have been in operation in Swedish In-
G - two-phase
generator; SD - stallations for ten years and have given good
drive motor; K -
slip ring con- results.
verter used as r
exciter. The system can be further simplified by

feeding the stator directly from a slip ring converter of suitable

rating (Fig. 3). The Ural Polytechnic Institute has developed.the

design of such an installation, and its technical and economic indices

as compared with other rotating-machine systems are listed in Table 1.

The converter power rating is 500 kw. The stator voltage is 130 volts,

the frequency is 0.5 cps (adjustable), and the current is 2000 A. The

slip ring converter can be made in two variants: with rotating arma-

ture and with stationary armature and rotating brushes.

If the armature is stationary, the machine can be made of the

vertical type to reduce the occupied area, but the rotating brushes

make the construction more complicated, although the overall losses

are reduced.
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To obtain current at infralow fre-

T quency, one can also use ionic frequency

converters. An ionic frequency converter

with pumped-out rectifiers was considered

previously [1-31. Less power is needed to

AC stir in ladles, and the converter can also

be made with sealed rectifiers of theFig. 3. Slip ring con-

verter as the main Zaporozh'ye electric apparatus plant In
generator of two-phase
low frequency current: accordance with the circuit of Fig. 4.
K - converter; T -

regulating transformer; Contacts K-i and K-2. have been introduced
R - rotary winding (im-
bedded in the stator into the circuit to shut the rectifiers
steel); DS - two-phase
stator, off during the time when the low frequency

TABLE 1

Cost of Annual Oper- Hourly
Equipment, ating Cost, Losses,

Name of System Thousands Thousands Rubles
of Rubles of Rubles

System of the "Elek-
trosila" plant 18.34 1.13 1.03

System with two-phase
generator 12.91 0.81 1.08

System with slip ring
converter 7.92 0.53 0.79

current reverses polarity. The contacts are made necessary by the

fact that the rectifiers have a common cathode for all the anodes of

a given rectifier. The grid control, as in installations with isolated

cathodes, is operated by a selsyn rheostat. Contacts K-i and K-2 are

turned on and off by a frequency transmitter, with which they are

mechanically coupled. Thus, they operate in synchronism with the Ire-

quency of the voltage applled to the cohtrol grids. The switches have

each two pairs of normally closed and two pairs of normally open

contacts. Simultaneously with the switching of the rectlflerý, the

null point of the two-phase stator is switched over, thereby reverslrS
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the current In both stator phases, P.

-CP. and the disconnectlng of the Irn-

" ]operative cathodes makes It possible

C to avoid a short. circuit between the

2 off, ,xI . rectifiers. Sealed rectifiers are

produced by the Zaporozh'ye plant

with a rating of 250 A with 6 recti-

AC fiers in a single cabinet. The use

Fig. 4. Ionic frequency conver-
ter using sealed rectifiers of two cabinets makes feasible an
with common cathode:
1, 2, 3, 4 - multiphase recti-" installation rated at 750A in ac-
fiers with common cathode;
K- K1 and K2 - contacts operated cordance with a circuit previously

by the drive of the selsyn described [(1. Sealed rectifiers
rheostat; SR -selsyn rheostat;
T - transformer; S - grid con- with common cathode are manufactured
trol; DS - two-phase stator of
electromagnetic stirrer. with a rating of 500 A. This circuit

is made up of four rectifiers (see Fig. 4).

A promising development for further use in circuits for generat-

ing infralow frequency is a mechanical frequency converter which has

higher efficiency than all others as a result of the smaller voltage

drop in the converter contacts (1-2 V) as against 15-20 V voltage

drop in the rectifier arc, which is p~rticularly important at the low

voltage used to operate the stator of the electromagnetic stirrer.

which usually does not exceed 100-200 V.

The mechanical frequency converter is based on a mechanical

rectifier with adjustable voltage. The converter diagram Is shown in

Fig. 5. In analogy with the ionic converter, the role of the grid in

the adjustable mechanical converter is assumed by rotation of the

stator of a synchronous motor, which regulates the phase shift at

which the converter contacts are closed. By periodically varying the

stator angle as set by the drive mechanism In accordance with a
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specified law, we change the voltage at the ot.tput of the converter

from zero to the maximum. At a freqerency of 0.5 cps, the duration of

one half cycle of the alternating current will be one second. During

that time the contacts of the converter, which are operated by a

synchronous motor at 3000 rpm, will close 50 times per phase, and in

the case of three-phase current and full waverectification the con-

tacts will close 50 X 6 = 300 times, which provides a sufficiently

smooth variation of the voltage wave form.

The wave form of the current will be

smoothed by the inductance of the circuit

and of the reactor In the neutral lead.

rThe angle of stator rotation governs also

the direction of the current flowing

9 CD through the converter contacts. Rotation

V in one direction causes the converter to

Fig. 5. Mechanical fre- operate on the positive half wave, and
quency converter:
T - transformer; R1 and rotation In the opposite direction causes

R2 - adjustable reac- operation on the negative half wave.

tors; D - drive motor;
tosreductionvger mtor Unlike the ionic converter, which does not

rotate the selsyn rheo- pass current in the opposite direction,
staw and the mechanism

stMt) ofithe rcsynchren the mechanical converter Is Indifferentstator of the synchron-

ous motor (SD); lf.and to the direction of the current flov:Lng
2f - 2 phases of the
low frequency 0.5 cps through Its contacts. This makes It possi-
stator.

ble to reduce the number of circuit ele-

ments necessary for the converter, that is, to leave the number of

contacts the same as in ordinary rectifying circuits. Inasmuch as in

this case a periodically repeated process is necessary (the generation

of'a current at a frequency 0.2-1 cps), the stator must also be ro-

-...... tated periodically to permit the contacts to operate at reversible
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polarity, somethlng effected by a nechanrsm which rocks the sta.or

with a periodicity corresponding to the operatinig frequency. The I
voltage of the mechanical converter can be regulated by magnetizing

an adjustable reactor connected in the supply circuit of the converter.

In both cases the start of the commutation is shifted relative to the

voltage of the supply line, so that the ragnitude of the rectified

current changes, and by shifting at the same time the stator angle

(from +x to -a) we change periodically also the polarity of the curve.

The auxiliary winding of the commutation choke makes it possible to

shift'the hysteresis loop, and consequently to control the current.

through the contact during the time that they are at a given step

and control the slowing down of the on time. This can also be attained

independently of the commutation chokes by connecting in the prlmary

or secondary side of the main transformer an adjustable reactor, in

which the magnetization is produced with direct current. This method

yields smooth and rapid regulation, which can be made periodic or

to follow a specified law by'suitable design of the steps of the

selsyn rheostat (SR - Fig. 5), which feeds current to the magnetiza-

tion winding of the adjustable reactor, that is. a sinusoldal wave

form can be obtained for the current. A two-phase current with a

phase shift of 900 is produced by magnetizing reactors RI and R2 by

currents from the selsyn rheostat, which are shifted 900 by mounting

the brushes on the rheostat at an angle of 900.
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HYDROGAS ANALOGY IN MAGNETOHYDRODYNAMICS

L.A. Vulls, P.L. Gusika
Alma-Ata

The advisability of generalizing and employing in magnetohydro-

dynamics the well known hydrogas analogy proposed in the works of

N.Ye. Zhukovskly is pointed out. The gist of the analogy is to simu-

late Isentropic flow of a conducting compressible gas with the aid of

a hydraulic trough, by observation of the flow of an incompressible

conducting liquid (with free surface) subjected to the action of

electric and magnetic fields. The use of this analogy for one-dimen-

sional and two-dimensional flows is briefly discussed. The decisive

significance of the magnetic Reynolds number Rem is indicated, and

features of simulation in limiting cases of large and small values

of this number are discussed.

A complete exposition is found in the authors' article "Hydrosas

Analogy in Magnetohydrodynamics" (ZhTF, 7, 31, 819, 1961).
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CERTAIN PROPERTIES OF SUSPENDED LAYER.-
OF FERROMAGNETIC PARTICLES IN A MAGNETIC FIED

3M.V.\..Plippov

Riga

In the present communication we descr~ibe certain properties of

a suspended layer of ferromagnetic particles in a magnetic field.

The suspended layer is a two-7phase.mixture which has a far

reaching similarity to a liquid which ifsi'tn'the state of turbulent

motion, and is therefore frequently: called semi-liquefled. If the

particles of the solid phase of'the'&,suspended layer are ferromagnetie,

then the latter can be.regardedin tnmany'irespects a a certain ferro-

magnetic pseudoliquid, a study oftwhich is of interest all the mores

since there are no known liquiid, ferroznagnets, The lack of a the6fdy

and of much information on the .mechanism of the phenoment6n mike§ the

accumulation of experimental data and laws even more important,

Among the main parameters of' a suspended layer is primariiy the

critical velocity, that is, the velocity of the stteam at which the

stationary layer goes into the suspended state.

This is followed by the expansion law, that is, the donnedtioh

between the porosity, the fractions of the free Voium-e of the iayer,

e, and the velocity of the stream v, usually expressed in criterial

form in terms of the Reynolds number Re = vd/iv. and the Archimedes

number Ar = (g~d3)iv• (pb -- pc)/pc, or example in the form

I Me+0.36W.
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where d - defining linear dimension of the particle. " - kinematic

viscosity of the suspended medium, pc- Its. density, Pb - density of

the solid-phase substance.

Among the Important characteristics of the suspended layer are

also its resistance, which is practically equal to the weight of the

layer peo %fti& aea Of the 4olomn cross sectLon, .and the viscosity.

The preaS* at W SIUvst1gatola performed was to establish the.

character of te tffleVe £Xeitt% oa all these parametevs by a

homogeneos C giudi4 a•teat|• magaetlo• ield.

* -*Tht itaftomagnetic phase * Made Up orfsmalt %ran .yllnders and

smaill.ea3t ir* spheres, ¥4th. average GLameter.3'67 % 0.07 mm, and

also parti41es of "gotd Mt"tP* Magnet to : Ibe"on 1btrsk magnetic

anomaly, mCaOUV12 0.07-4.4 mz2 The sagapetdUng .edlum n the experi-

ments w~bh t* Stop and Cost, 1rQof p#aticles 'asi water6, -while in the

experiments 911th m ette 16li' ftaSp ed, ',

Seas'ureeflt8 or the dependent* ag tWe heIhV @oS %he layer on

the stpeaA :VeIoIty, carrleO out at ma~netia £ed tMtenaltles up to

150 oera•te&. 1ave eastabllahe4 that the "au.p sao, of the layer, in

either wat*3 O" Us air 3trO&" tems, eS &t the iam value of the

crItea1 vel@Stti Vk & wIthout the fleld. At velveites greater than

Vk, the layel broadms, but tht eha"acterts%1a random motion of the

particies fno lotger set3 tv. The motior of the particles now reduces

to slow displacementS - migratlons in the direction of the magnetic

field flux lines. The particles gather gradually along the flux lines,

and the pattern of the gathering depends on their hydrodynamic re-

sistance. Thus, whereas spherical particles form chains stretching

along the axis of the column and separated by channels that are free

of the solid phase as they are gradually slowed down in the magnetic

field, cylindrical particles, which have a larger hydrodynamic resis-
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tance, behave somewhat differently In this respect.

The cylindrical particles gather Into coarse clusters with a

pronounced although incomplete longitudinal orientation, reminiscent

of the ramified complexes of polymerized molecules. so that we can

frgurativeiT e1I4 41. 3tate of the suspended layer stopped by the mag-

oe t. t1e• l4 8 paewiopealrsel state.

*b atoms&l 4P*ppraum. o a pseudopolymer layer of spherical

"I . :~a4d @fijiwtrAj~ ;MM1@l. IS phown in Fig. 1.

2fti I," O p eg 8UCh 6 layer is usually outlined by formations

•.. n• r fiis O611Sfl Matil•9* difficult to determine exactly its

I.'" Jh~igatp the MeaSSUemmat Or @wu@Ic h~s in this case a tentative charac-

* e .. -

Vi,- 'turther Ingcre e fst the stream velocity, the pseudopolymer

' .tructure Ot the Rayw beeaks up and its particles are gradually set

.. -IntO So~t~n; the Spe r1eeomes pseudoliquefied.
~~~~%I ...-.•C C•'A:""• •U.T' at$ melatively low magnetic field intensities. However,'

: -. I the magnett, field intensity at which the above-described phenomenon

.- kea pilee i surfliclently large, then when the stream velocity

-:. a�yp"Cheo the soaring velocity of a single particle, the entire -

... st-dee,4lymer layer is carried out as a unit from the working volume t

* - of the column.

Sometimes such a layer along with being carried out of the column (

also breaks up into pieces of larger or smaller dimensions.

It should be pointed out that there is a difference In the

structure of the pseudopolymer layer of particles suspended by water

streams and those suspended in air. Whereas in the former case all

the particles of the layer are in a stationary state, in the latter,'

even when the intensity of the retarding field was large, one or

more sources of particle gushing was alWays observed. These sources
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Fig. 1. External view of pseudopoly-
mer layer of spherical and cylIndri-
cal particles.

were channels along which the suspending air stream flows with a

velocity which greatly exceeds its average value, so that it breaks

away individual particles, carries them with it, and ejects them up-

ward out of the pseudopolymer layer.

The described gushing phenomenon must be taken into consideration

in the development of practical applications of this phenomenon.

To ascertain the feasibility of controlling a layer of ferro-

magnetic particles by means of a magnetic field, it is interesting to

establish the character of the influence that the latter exerts on

its height.

Figure 2 shows the dependence of the porosity of the layer on

the Reynolds number, plotted at different values of H from 0 to 75

oersted, for cylindrical particles suspended by a water stream. The

course of this dependence discloses the existence of two regions. in

each of which the magnetic field acts on the suspended lryer in

different fashion.

At expansions up to E = 0.65, the magnetic field hardly Influ-

ences the height and it is perhaps more correct to speak here only of

a tendency towards a certain compression of the layer subjected to

the retardation by the magnetic field. Regardless of the magnetic
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field Intensity. the expansion of the
layer follows here the law that holds

true when H = O.

W hen the expansion of the layer

exceeds e = 0.65, the influence of the

magnetic field on the porosity S (and

consequently also on the height h) of

the layer increases and it becomes

possible to control the height of.the
71r" the mantcfield
.*, Alayer by means of magneti

Fig. 2. Connection between within technically acceptable dimensions.
the porosity of the layer
and the Reynolds number It must be recognized, however, that
for different magnetic
fields: -H = 0; + - H when the: layer is sharply precipitated
= 10 oe; 0-- H = 20 oe;
X - H = 30 oe; A - H = 40 under the influence of the magnetic
oe; - H = 60 oe; = H
= 75 oe. field, it is subject to such phenomena

as channels, plugs, bubbles, and

gushers, which give rise to nonuniform escape of groups of particles

and to sharp fluctuations in the pressure, etc., so that the stream

conditions become unstable. The start of the-precipitation of the

layer coincides with a sharp decrease in the velocity of the random

motions of the particles and precedes'&p Jc" W. c"

the transition of the bulk of the

layer Into the pseudopolymer states at

an even larger increase in H. Thus, the

process of controlling the height of a

0 e suspended layer of ferromagnetic parti-
H40e

icles by means of a magnetic field oc-Fig. 3. Connection between

the resistance of the sus-inded• l~ayer and the magnet- curs at different rates of particle

ic field intensity. motion.
1) centimeters water column. motion.
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Figure 3 shows the variatlon of the rezistance Lp for a suspend-

ed layer of iron particles of cylindrical form In a magnetic field.

As can be seen from the plot, small fields do not exert a noticeable

influence on the resistance of the layer. Then, at a certain value of

H, sharp oscillations of the resistance begin, which usually tend to

decrease It. This corresponds phenomenologically to the start of a

sharp precipitation of the layer and to the formation of disturbances

to the stream conditions in it, and also a considerable decrease in

the velocity of motion of the particles. As the layer is gradually

stopped and the pseudopolymei structure formed, the 'resistance of the

layer becomes equalized and assumes the same value as when H = 0,

although the height of the stopped layer is much smaller than that of

a layer suspended without the field.

The reason for it must be sought in the presence of channels in

thb pseudopolymer layer, which separate the accumulations of the

particles stretched out along the field, and through which the stream

moves with decreased resistance. The formation of a pseudopolymer

state of a suspended layer proceeds in such a way as to guarantee

automatically the constancy of Its resistance by suitable clustering

of the particles in accordance with their hydrodynamic properties.

The viscosity of the pseudopolymer layer is much higher than

that of the layer when H = 0, as was demonstrated by many researches

of qualitative character.

The effect of a magnetic field on a suspended layer of ferrc'7ag-

netic particles can be greatly Intensified by placing one or several

thin iron rods either Inside the layer or above its upper edge.

The high induction of these ferromagnetic bodies contributes to

the occurrence of new peculiarities In the suspension of the layer.

Although the experiments carried but in this direction were tentative
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In character, It was possible to establish nevertheless that this

method can greatly increase the critical veloclty'and the rate of

removal of the layer, and also to change the course of the expansion

curve and reduce the resistance of the layer.

Further experiments in this direction are being continued.

In 'conclusion let us discuss the use of this phenomenon.

When speaking of practical applications, it must be pointed out

that themagnetic field can be used as a supplementary regulating.

factor in all processes involving boiling-layer techniques, where the

solid phase comprises ferromagnetic particles. We note, in particular,

the possibility of using a magnetic field in coal-dressing installa-

tions with magnetite filler used to reduce the inhomogeneities of the

suspension conditions. Favorable results are obtained also by using

a magnetic field to separate a suspended mixture of particles, one

component of which has ferromagnetic properties.

The retardation of the particles and the formation of a pseudo-

polymer structure of the ferromagnetic phase In the magnetic field

mpke it possible to assume that this method makes feasible the con-

trol of the heat exchange process in the suspended layer, the intensity

of which is connected with the velocity of the pulsation motions of

the particles. Further study of the properties of the suspended layer

of ferromagnetic particles in a magnetic field will undoubtedly dis-

close many other ways of employing this phenomenon.
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MAGNETIC SEPARATION OF PARTICLES IN SUSPENDED STATE

;1.4y. Filippov

The presence of ~Mih SAjjst~oft%2 umhllcp Th a s~jspe&jj*& 4*eae

brings about a conti~uoW8 ~ifplasaeftbO of -6. pattic~es, tba ftevett-

Ing the separatlon ftea ftI Uds4tF 0* t QrW@on* tha% d LfteV ftom

one another In 81men.AQ)nu, 4*91y *240

If thie Vartlale Wv&Xtl~fl Oou~p=pa& Stle GjtfereMt feiioitgfletUc

propertilea, thol Can bt L"isrt*G W a $tat# 9? *"erv~szef M ZR 44
-stream by Dle1st" 12W W"hi a in the 50*16mel 9 of. clb e01& V s

shown IN Fig. I

- The .*Verlausil Woef 109"104 AM att s Mturv t ofQSAa 9.a4
and a gkolaa4 frft~a~ftt M"ely Mgmetite. ist a.3b Weias Vlen/1%i.

so that th. helieb of the qtst1ww"'7 13"r 1A~ slaa S11A 8.1 sGa as n.

meter was b 0 19.? Co. The etffecttv iano o1utr f tIM Vartlati,

which were detetmtnod experImenta11y ty naeSur5C %bep att~as vitq4e~r

VS. pz".;sure Nea Cbme~tei1stl ftr Via statloaft" 1410r. ao-ote*

to d =0.012 cm Cor Uot.19 %hs Van* "n4 for ;0*Ma'a 22tflw ft &494~.

The specifle 4easttief ef Vie jUz4 ee4 of SA 246riI1le vate*Zv1

were 2.65 and 41.75 g/cmr~ respact~vely.

The measured critical velocity of the mixture z-s~e~kaon was

vk = 4115 cm/sec and was In between the value for sand, vk = 3.2 cm/sec.

and for magnetite, vk = 5.7 cm/sec, for the Investigated diameter.

The particles were susPended In an air stream flowing through the
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free section of the coltmr with a velocity v =

= 7.5 cm/sec. The relative suspension height

was In this case h/h 0 = 1.15. The boiling of the

.-. ""layer was quiet; small bubbles were continuously

formed Las&de the Mayev, afid above the edge

'"K there were %1wMp two Oi qree oestesntly gushing

mq JmoYing q9MUgS92y.6 Us 04114 S9 the layer'

.SaPOthese uUi0 was very flow $P,ý Fle main mass
of WNO b~e •, Wag appbrestabl gegeleftted heav

V•g. 1. 5efemat%*
42agram e1 t~e of U g hidhi Veglefe

R 3) hr. VO duagon of the Suis 4a wee give
P- *100e %Al.k WAS 04 togthftt mSucteG feld. worf ahlah Uv m~ttuee

#9

"wts fev#aw troin the eOLONS lov 1b laere. Ina set fuaeft•ei Otb aed

"*� IthIhS %MSII. tW Sagtite maS aeptsted t•re Rho Se@'tG meawee.• 9

It& ".c, - 1ttre ac.loe et, ea nd t%"S tle Oets
jS

• • -|iVea 1&aeu or the Slatutw we*p weigbeO.

|The •ongitudinal alterastli% (50 gjio)
to 0• • • .. , magnetic field pro4uce& by a ol C gotiit-

ed cosa1il it '%tt~~a Colum~ bad sueb 0

. d/,eg"* or 2 ahefetter, that It 4e.2eaxed

00 29 4. CO N In U the rIZI WO-1e0U 21ong th~e Ae~g~t

Plir. 2. Vonleetloft Uo Of t"e %arm' Ssor% h to 30 oersted, fol-
tvef th* heieght of t~ Sftw21t aL ftaarly 11fear law.
laye• erid thie relatve
content of the mixture
components: -- in the The results of the experiments are
absence of a field,' X- shown in Fig. 2, where the vertical axis
in a magnetic field.
1) Magnetite; 2) sand; shows the height of the layer, and the3height Of lay, .

horizontal axis shows the per cent con-

tent by weight of the sand and magnet ite after the experiment. The
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circles denote the results of the experiments made In the absence of

the field, and the crosses those In a magnetic rield.

It Is seen from the course of the curves that whereas without a

field, complete mixing of the particles occurred in the entire layer

during a given suspension mode, with the exception of the lowest part

of the layer, in a magnetic field a clear cut separation effect was

observed. The upper part of the layer was richer In sand and the

lower vas richeP In the fe.~omagnetic agn*4Lte.

Obaepvatlons of 4he exteetot bLetuee ot the supeftslon of the

Itlture In the Maahetse tZ1014 e tXe 3. 4%p of the eoL•4A disclose

the foullvgO•w • S )e¢ M WI•t of %bMu thea•o4•ae•. ZbA thetite pprti-

4e%6 Glop* 4qes&#e itnad MAmww4 g eltkeP IsS. 41%sto*j al Vve. oa$-der

st1o9u•e. Vw 5.74 ;aftic.eo•, i tlke otlie uarA, vieN?& 4l*e e9ltuaed

In lhis set# jetveeft the M&SgAttt1a tl~o31to ot thll3o %a* T%&%4t' al-

StSeSE. jT74 ner1ease t the pdtoiltty si e oDes 46 Ato4. totes* wst

14" Shte* the upper part at the tayir.

"M*A Is alses aweenwrile4 by a toltantlimut St tl~a.on @o b jjeriain

ftuctloa of %UI Maeet1t2e pa1tleleS fow tt %u84a•• eje* er the cl-usters.

ur4 o Deaetr4tla *: thWib 94,I~iti %aSvtpi* 3. hM& 1%. ;ý,aration Is

not etrfeet,, The Uqtltn art4 TA4 Aotlo% c2 17s. paý2cQ -, 'the upper

portion of Mhe mtxt,4re, whteA is enrIched with sand, :s raore intense

In the magnetic field than without a magnetic field.

After the suspension terminates and the particles are stopped.

one can see clearly the separation boundary between the mixture com-

ponents which is made choppy by the termination of the ramified

groupings of the pseudopolymer structure of the magnetite layer.

The quality of the separation depends to a great degree on the

coirect choice of the working magnetic field intensity.
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EXPERIMENTAL STUDY OF THE INFLUENCE OF

ELECTROMAGNETIC FORCES ON THE FLOW OF AN
ELECTROLYTE AROUND SOME BODIES*

R.K. Dukure, O.A. Lielausis

Riga

Recently several papers were published In which the influence

of electromagnetic forces on the flow of an electrolyte around bodies

Is demonstrated [1-3]. In these experiments, an obstacle in the form

of a round cylinder [3] or a semicylinder [1, 2] is placed in a

laminar stream having a velocity on the order of 10 cm/sec. Electric

current Is made to flow through the electrolyte perpendicular to the

generatrix of the cylinder. The cylinder is clamped between pole

pieces of a magnet, that is, a magnetic field is directed along the

generatrix of the cylinder. The liquid around the body is acted on here

by a ponderomotive electromagnetic force, directed along the body

parallel to the velocity field.

In all the cases under consideration, the gradient of the

electromagnetic forces in a direction perpendicular to the surface of

the body is determined principally by the decrease in the magnetic

field intensity in the zone of the stray field beyond the limits of

the volume contained between the pole pieces. As is well known, the

field decreases here approximately exponentiplly and decreases by a

factor 2.7 over a distance on the order of the distance between the

pole pieces, which in the aforementioned experiments was approximately

I cm. This means that the gradient of the electromagnetic forces near
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the body is also characterized by a distance on the order of 1 cm.

One cannot speak in this case of the action of electromagnetic forces

in a boundary layer, the thickness of which under these conditions Is

on the order of 1 mm. The ponderomotive electromagnetic forces act on

much larger liquid masses. Naturally, under such conditions the effect

of improved flow around the body Is most clearly pronounced if the

electromagnetic forces are concentrated in the stagnptlon region be-

hind the body [3].

It is possible to produce an electromagnetic force field with

large gradient, for example, *by placing on the surface of the body

magnetic poles of alternate signs, between which electrodes of alter-

nate polarities are placed. The force gradient in such a case Is

characterized by a distance which is of the same order of magnitude as

the distance between the poles [4, 5]. However, in small-scale experi-

ments where the'characteristic dimension of the. body is on the order

of several centimeters, it is difficult to realize such a system in

practice. To localize the electromagnetic forces near the surface we

have set up experiments with a liquid of uneven conductivity. A stream

of nonconducting liquid, distilled water, was made to flow on the

obstacle. The electrolyte was used to color the boundary layer only.

A stationary fixed body made of organic glass in the form of

a semicylinder or wedge was placed in an annular magnetohydrodynamic

channel. The arrangement of the channel is described In (4]. The

channel was rotated uniformly together with the distilled water placed

in it. Under such conditions, liquid with uniform velocity distribu-

tion flowed around the stationarily fixed body. The location of the

body in the channel is shown In Fig. 1. The figure is not to scale.

A coloring liquid having the samne density as water (ethyl alcohol,

HCI, and the organic dye methyl orange) were Introduced into the
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Fig. 1. Diagram of the experiment.

wI

Fig. 2. Pattern of Fig. 3. Pattern of flow
flow around a semi- around a wedge: a --
cylinder: a - with- electromagnetic forces
out application of act against the direction
magnetic field; b - of flow; b - without ap-
electromagnetic plication of magnetic £
forces act in the field.
flow direction; c -

electromagnetic
forces act against boundary layer through apertures C in the
the flow.

front part of the body. The body was In

a relatively homogeneous magnetic field, directed perpendicular to

the direction of the stream and to the generatrix of the body. The

magnetic field was produced In the channel with the aid of a coil D,
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fed through slip rings. Electric current was made to flow along the

generatrIx of the bcdy through the colored boundary layer. The elec-

trodes were two copper wires A and B. It must be noted that in the

case of a semicylinder the wires were drawn in such a way as to make

the electromagnetic forces act in the boundary layer only up to the

point of detachment (shaded region in Fig. 1). In the case of a wedge,

the zone where the electromagnetic forces were in effect occupied the

distance from the holes for the coloring to the rear edge. Depending

on the orientation of the magnetic and electric fields, the electro-

magnetic forces acted either in the flow direction or against it.

Figure 2 shows photographs of the streamlined patterns around a

semicylinder of radius 1 cm and of height 1.5 cm. The distance between

electrodes was 1 cm. The upper photograph shows the case when there

are no electromagnetic forces. The central photograph is for electro-

magnetic forces acting in the flow direction, while the lovfer one is

for forces against the flow. The current between electrodes was 2 mA,

and the magnetic field intensity was 2000 Gauss.

Figure 3 shows photographs of the streamlined pattern around a

wedge 1.5 cm wide and 2.5 cm long. The distance between electrodes

was 1 cm and the electrodes were 1 cm long. The liquid flowed over

the investigated side of the wedge at an angle of attack equal approx-

imately to 5 . The lower photograph shows the case when there arc no

electromagnetic forces. In the upper photograph the electromagnetic

forces are against the flow, causing detachment of the stream. The

current between electrodes was 2 mA, and the magnetic field intensity

was 2000 Gauss.

In all cases the water flowed against the obstacle with a

velocity on the order of 5 cm/sec.
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HEAT TRANSFER TO LIQUID METALS
*

V.M. Borishanskly

Leningrad

Polhausen, Schlichting, Kruzhilin, Schwab, Levich, Kutateladze

and others use the concept of thermal layer for the calculation of

heat transfer In different flow conditions (internal and external

problems). As applied to liquid metals flowing in pipes, the general

theory of the problem, which was developed by Levich, gives a computa-

tional solution in the form of a two-layer thermal flow scheme (tur-

bulent thermal core and a thermal molecular-transport layer near the

wall), with simultaneous use of the two-layer dynamic stream scheme

of Prandtl and Taylor in the calculations. Calculation based on this

scheme gives qualitative agreement with experiment.

This theory can be further developed by using the concept of a

three-layer thermal scheme for the stream (thermal turbulent core.

intermediate thermal region, and molecular heat transport layer near

the wall), with simultaneous assumption of the three-layer dynamic

flow scheme of Korman and Schwab.

A comparison of the experimental material on the velocities and

the temperature fields In the flow of liquid metal, available in the

literature, confirms the theoretical notion that the dimensionless

fields of thc velocity defect and of the temperature coincide In vhe

* thermal turbulent core of the stream. On this basis, the connection

between the thermal Pnd dynamic boundaries of the turbulent core can

be written in the form
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where yIs the distance from %atll ý:o the boun~dary of the thermal
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q',alltative agreement with the experlnental data for the temperature

fields and the heat transfer coefficients obtained in the absence of

oxides In the stream and on the wall (Figs. la and lb).

The existing experimental data on heat transfer accompanying the

flow of. liquid metals show rather noticeable discrepancies (up to a

factor 3-4) at not very large Peclet numbers. This Is usually attribu-

ted to the presence of the so-called "contact thermal resistance" on

the boundary between the stream and the wall of the contour. A study

of the distribution of oxides and other Impurities over the cross

section of the stream, and also of the physical and chemical phenomena

on the boundary with the wall will make it possible to develop en-

gineering methods for Increasing the intensity of heat transfer.
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641 T = t = teplovoy = thermal
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SOME PHfSICAL AND CHEMICAL PHENOMENA

OBSERVED IN FLOWS OF LIQUID METAL COOLANTS

A.S. Andreyev

Leningrad

In an operating heat exchanger, a dynamic equilibrium is estab-

lished between the liquid meial coolant and the parts of the system

in contact with it (the metal of the circuit walls, the protective

gases, etc.). Contact with gases causes the latter to be dissolved in

the metal, and insufficient purification of the gases leads to .,

formation of oxides, hydrides, and other compounds. Metals predom-.

nantly from the iron group are dissolved from the walls of the cir-

cuit, and the dissolution may be selective in character. The compost-

tion and the state of the coolant which is in constant contact with

the metal of the circuit walls and with the protective gases changes

continuously, and its change depends on the properties of the liquid

metal and its temperature.

At high temperatures, sodium oxides and hydrides are dissolved in

the metallic sodium, along with the metal from the circuit walls. In

the cooled portions of the circuit one observes the opposite p!.,ture

the release of gases, oxides, hydrides, and solid metallic phases,

resulting from the decrease in their solubility.

Particles of the solid phases (oxides, metals) can be releatsed .

both directly on the cooling surfaces, as well as in various points of

"the metal stream. In the former cases crusts may form, causing a re-

duction in the cross section and the plugging of the main lines of the
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heat exchange P.IruIt. The solid metallic particles carried by the

stream into the high temperature zone are again dissclved In the

liquid metal, to be again separated In the cold portions. In the zone

of the maguietic fields of flow meters and magnetic pumps, these may

cluster together and reduce the passage area of pipes and the flow of

liquid, and also shield the magnetic fields and disturb the operation

of the magnetic pumps.

lzb j ~A study of the behavior of solid

'•-••-•,.•OE•I 'suspended particles in a "dusty"

-P -•--f v• - -I •
metallic stream discloses that their

-- "distribution is quite unique. In

S .! : - -I-- vertical portions light particles,

- L " ! which have a lower density than the

. 1 liquid metal (carrier) move towards

1 I .4. the periphery of the turbulent

. ] Lt j~4zj 4 - stream, while the heavier ones move

A! towards the axis of the stream (Fig.
'- - 1).

-i I l l I ! I

- 5f1! and IThe separation of oxides, gases.

V.-:McgV..? CM o'-w l.-PY: 5• $ and other particles and their segre-

Fig. 1. Change In concentra- gation from the liquid metal onto
tion of the excess phase
(a or p) over the cross sec-
tion of the stream (Pb-Sb al- the cooling surfaces Is one of the

loy): Series I (excess of a
phase), alloy 5% Sb, 95% Pb possible causes of deterioration of Z,
at 5 = 280 C. Series II (ex-
cess of • phase), a llgy 26 heat transfer, which is usually at-

Sb, 74% Pb at t = 300 C. tributed to the so-called "contact
Series III (excess of .
phase), a~oy 32% Sb, 6 Pb, thermal resistances." This collective
at t = 300 C; v = 2.2 m/sec.•I Excess phase; 2) series;1)Excess/ hase;; 2)ist efrie; title essentially unifies several
3) m/sec; 4+) distance from
pipe axis in mm. physical phenomena of different

character, which include In addition to the formation on the separa-
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*

tion boundary or a layer consisting o' oxides and gases with lcw

thermal conductivity, also the following phenomena which should be

thoroughly studied: a) diffusion of liquid metal Into the adjacent

metal of the contour and formation of a diffusion layer with different

structure In the layer at the contact; b) increased concentration of

carbon and change in the composition of the layer near ttle contact.

resulting from the selective dissolution of Individual steel compo-

nents, c) thermal phenomena (on the separation boundary), connected

with the appearance of the Peltier effect, and many others.

To prevent oxidation of the heavy metals, It is advisable to

protect them not with pure Inert gases, but to produce a reducing

medium (mixture of hydrogen or water gas with an inert gas).

Control over the chemical composition (principally the Impurity

content) should be exercised on local samples taken from different

spots In the stream, which characterize not only the content but also

the relative distribution of the suspensions In the given portion of

the circuit.
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